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Prefi 


ace 


lUl book, the first edition of which appeared in 1909, was originally 
lllli'ndml to lerve as a short, elementary text for classroom use. That a 
l|(•llU«hll for lUCh a text existed was shown by its wide adoption among 
I liP tiOhnIfll ichools of this country, and by the fact that its printing 

liilititui muiy thouiand copies. 

lit MUMldl&l yoari, it passed through three revisions and in 1934 was 
to Include a discussion of hydraulic turbines and centrifugal 
IHIliiliii Hbl iMt complete revision was made in 1925 and, during the 
■dnti'tOl )Mfl tot have since elapsed, much progress has been made in 
IllwliWrt iuid flow by rational analysis. The result has been 
i talt&w Ulltli'iHliiltillllK of flow phenomena and of existing correlations. 

Ity lItU lulvitnni, thi author presents this new and fifth edition. 

I«N litivD Iti'i’lt completely rewritten, and the chapters on 
(BHililhi'i-r liiiiualil ahfiait of modem practice. New material 
wiuMt- iIwkiiimI Mfibic, and the order of presentation 
In a liiHtii luulial ili'vi'lopmrnt of the subject, 

to tot is ilt'vnhal iiHililly III liyilniullis, the flow of other 
uf eOHffSMsIltla fliltiU Is lith'lly illsctissed in order that the 
M ftfflf Iff IsKilllitl wllli sihlt Miitiiiiiin problems, and grasp the 
Uitfly id llli' tiiisli |I||||I Ijili'S WItNilIni all fluid flow. The material 
mi i MliiplMsIbli' Ibtlds bus iton Included In such a way as to permit its 
iiiiiIhIiiii by to lor or student whose allotted time is limited. 

Hli' lllolliillolll Imposed Ufion the amount and scope of subject matter 
Irwticil Ml to M#uU of more than thirty years of teaching experience 
with MudMts In different branches of engineering. The material does not 
1 MVef to flild of aero-dynamlcK, nor floes it infringe upon the field of 
IlieMnoilyiiaiiilis, The book Is designed to meet the needs of students and 
eimlHi'i'is whose professional work requires a sound knowledge of the 
lljlMllMoeiibil [irlnclples of fluid flow, particularly those relative to the 
(li'bl of hydraulics and hydraulic engineering. 

G. E. R. 

iimbrldie, Massachusetts 

ilitiMr, IU4I 
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Properties of Fluids 


I, (fcneral 

'l'h(‘ word hydraulics by its derivation signifies the flow of water in a 
but is generally used to designate that branch of mechanics which 
fieldH with the laws governing the behavior of water and other liquids 
In the states of rest and motion. Hydrostatics, hydrokinetics and hydro- 
tlynamics are terms applied to subdivisions of the subject—statics, pure 
motion and forces involved in motion, respectively. However, hydro- 
4yf\oniics has been commonly used to indicate that particular branch 
nf mathematics dealing with the motion of an idealized fluid which is 
Irlrl-lonless (non-viscous), cohesionless, inelastic and sometimes assumed 
Welghllcss. For two hundred years, by such an approach, mathema- 
llciiins and mathematical physicists attempted to solve the problems of 
fluid motion without producing results of much value to the engineer. 
rilP fluid properties which they neglected were the very ones which 
Urgely control a fluid’s motion; and only by a process of reasoning which 
iftkcK those factors into account can reliable conclusions be reached and 
filullonships established. 

SIlU'o the beginning of the present century, our knowledge of fluid mo¬ 
tion lias made rapid progress owing to a combined use of strict analytical 
fKOtoiiing and the valuable results of experimental research. We have 
liHi'iitsI tliat certain fundamental laws apply to all fluids, whether gaseous 
01 ll(|iiid; that fluids differ in behavior because of differences in such 
|Mo|M'i'lit‘S as density, viscosity, cohesion and compressibility; that it is 
poH.lltle to analyze and correlate the effects of these properties and pro- 
ilin ti II unified discussion of general fluid motion, which we may call/«id 
fHft hiiiiUs. 

'I'liti present volume makes use of the principles of fluid mechanics to 
jirweiit some of the common problems which confront hydraulic and other 
Ihglnrers. 'I'he di.scussions will center upon the one liquid, water; but 
Imiiorliuue of oil. air and gas (low in pipe lines, and through orifices, 
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PROPERTIES OF FLUIDS 


warrants the inclusion of other fluids and makes a general treatment of 
basic principles necessary and desirable. 

2 . Definition of a Fluid 

We s hall define a fluid body as one which readily changes its shape un¬ 
der the action of very small forces. If confined, it can withstand com¬ 
pression, but under ordinary conditions can withstand tension only to a 
negligible degree. Its inability to withstand shear stress also differentiates 
it from a solid. Under the action of such a stress, however small, a fluid 
deforms and continues to do so as long as the stress is present. A fluid 
at rest, therefore, cannot have a shear stress on any plane, real or imag¬ 
inary, passing through it. It follows that the fluid pressure on such a 
plane is always normal to the plang. 


3, Properties of Fluids 


Although a fluid yields under the action of a very small shear stress, it 
offers a resistance which is said to be due to its viscosity. The greater 
the viscosity, the greater must be the stress intensity to perform a stated 
deformation in any given time. Fluids differ widely in their viscosities, 
and the viscosity of any one fluid varies with temperature. 

Fluids are also characterized by their weight, mass and density. 

Weight is the earth’s gravitational pull upon a body and varies for a 
given body with its position on the earth’s surface, that is, with elevation 
above sea level and with latitude. The variation is directly proportional 
to the variation in g, the acceleration produced by gravitational pull in a 
freely falling body. However, the extfhme variation in ff, and therefore 
in weight, is only about one-half of one per cent as we go from the earth s 
equator to the poles at sea level. Weight decreases with elevation above 
sea level, the variation being approximately one-twentieth of one per 
cent for each mile increase in elevation. Evidently changes of weight 
with location may be neglected in all but precise computations. 

Specific weight is the weight of a unit volume of a substance and will 
be designated*i3y w. It has the dimensions of force divided by volume. 


or 




where L denotes length. In the American system of units its 


value is expressed in pounds per cubic foot; in the metric absolute units, in 
dynes per cubic centimeter; and in the metric gravitational units, in grams 
per cubic centimeter. For all fluids, specific weight varies with tempera¬ 
ture and pressure, more markedly for gases and vapors than for liquids. 

Mass is a quantitative measure of the amount of matter in a given 
body, and in all systems of measure is computed by dividing the laxly’s 
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by j?. The mass per unit volume is said to be its density^ desig- 


w 


Mild by the Greek letter p (rho). It is equal to — in all systems of 

being expressed in slugs per cubic foot in the American system 
him I In fTftnil per cubic centimeter or in metric slugs per cubic centimeter 
l»i mttrlc absolute and metric gravitational systems, respectively. 

M FT^ 

bi lU lyittmi It has the dimensions of ^ or -jy 

AU fluldi are more or less compressible, gases and vapors being notice- 
il'U Ml y^uidl are compressible but their change in volume, hence in 
ind iptclAc weight, is so slight, save under great pressure, that 
(* bi Mfleeted In most computations. The subject will be discussed 
MllM H dil«ll liter. 

I Im' \p>'i ffii v uf i fluid it the ratio of its density to that of some 
t4h«t NliMiditol iubliinc«i For liquldt the standard substance is pure 
WHO til lhi‘ IhHUH'iitlUr# of miilltium density (39.2° F. or 4° C.). Fre- 
illt id fill ' I illlpiciflid, For gases the standard for comparison 

td a li'm|irmturt uf .IJ" I'', (0° C.) under a pressure of 
(a<i lui li, ff glr frtii uf carbon dioxide at the same 

illf Mid dpM III! grivlly should not be confused with 

klfttiH It a moiM'rii lil nMtti while Ihe latter is the mass per 
'INmUim ilimt oiihoi* M il Wurlh Holing, however, that in 
titfOMi do. ill oiiiy gf I luhttence It numeric ally the 
Ifwat HisHtv iluie is thil Hyiteitti pure water at 4° C. 
but M ot utiilyi Thi NMHIl uf one cubic centimeter of 

WltW M ilO biiirpHHioii h sliiMinl Mietly one gram, and density in this 
tIHNii uiilka t> nil iiHioi >1 In grimi per cubic centimeter. 

l&iot inipt'idiNi III a lli|Ubl iri Ihote of vohnslon and adhesion. Cohe- 
llni n<>-Mi III ihi lulcuonlci uUr tllracllon by which the separate par- 
liiUa .n Inl'l M^lhfr Mini enable II lo witlisland an almost negligible 
tMldobi Adhesion refers (o ibe allractive force between the 
fl'l"lil Utllt^Mlfi MHd any aollil sulistance with which they are in contact. 
Nnili IMIIMMn ire discussed In detail in Art. 7. 


4 Wllfhl of Water 

Hm trifle Wvlghl of WMler vin'lcM with ifs temperature, purity and 
(inoiHOM MIUIhf which It \n lirldi Ah one would expect, water near 
[HillU U noich llghlrr than at 39.2° F. (4° C.) where it 
noMbluim deiislly, The accompanying table, based on the work 
ul f^liiltl, gives the speciric weight of pure water at various degrees uf 
leinfmitluiK end under standard utmuspheric pressure (14.7 pounds per 
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square inch). It will be noticed that for ordinary ranges in temperature 
the specific weight is not far from 62.4 pounds; and even at 100° the 
value varies from this figure by only two-thirds of one per cent. In a 
majority of engineering problems, 62.4 pounds is sufficiently exact for 
ordinary temperature variations. 

Salt water is heavier than fresh due to the impurities present. Its 
specific weight varies with temperature and, to certain extents, with 
geographical locality. An average value that will suffice for general com¬ 
putations is 64.0 pounds per cubic foot. 


Specific Weight of Pure Water 



Fresh water in its natural occurrences is never absolutely pure. Being 
a great solvent, it contains inorganic, as well as organic, substances. The 
effect of these on its specific weight is generally too small, however, to 
consider, save in precise computations. 

5. Compressibility of Water 

Water has prac^ally perfect elasticity of volume. It suffers sensible 
compression under great pressures, but apparently regains its original 
volume, if pure, upon removal of the pressure. By using a pressure of 
65,000 pounds per square inch, Hite obtained a reduction in volume 
amounting to approximately 10 per cent. The early experiments of 
Grassi showed that a pressure of 14.7 pounds per square inch, applied 
to a volume of water at 32° F., caused it to lose about 0.000052 of its 
original volume. This figure decreases with increase in pressure at con¬ 
stant temperature. At constant pressure, it decreases with increase in 
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temperature until a temperature of about 120° F. is reached, beyond 
which it gradually increases. Within ordinary ranges of pressure and 
temperature, a value of 0.000048 may be used to express the decrease 
In volume with each added atmosphere of pressure. On this basis an in¬ 
crease in pressure of 1500 pounds per square inch (approximately 100 
Rtmospheres) would decrease the volume by 0.48 per cent; and, since 
ipecific weight varies inversely as volume, the specific weight would be 
Increased by the same amount. It is apparent that variation in specific 
weight and density may be neglected save at very high pressure or in 
precise computations. 

Example.—Assuming a cubic foot of sea water to weigh 64.0 pounds 
per cubic foot at sea level, determine its specific weight at a depth of 
^0,000 feet. 

Let w = specific weight at the surface, 
w/ = specific weight at 30,000 ft. depth. 

V = volume of a given mass at surface. 

V' = volume of same mass at 30,000 ft. depth. 

/ 

Ulni'c specific weight varies inversely as volume, 

_V_ 

w ~ r’ 

AMUniing 0.000046 as the coefficient of volumetric compression, 

F' = (F — 0.000046F X pressure in atmospheres). 

Al It depth of 30,000 feet, it will be shown later that the pressure is 

, 30000 , j 1 r 

ippn >ximately ^ atmospheres (here 33.1 represents the depth of 

Ittll wmUt necessary to give a pressure of one atmosphere). 

We may therefore write 

, wV 

w = -, 

, 30000 ’ 

F - 0.000046F X 

Of) lilhce F in this example is 1 cubic foot, 

64 

"ic' = - - - = 66.8 lb. per cu. ft. 

1.38 ^ 

1 - 

33.1 

11 nuiy be noted that this figure is obtained under the assumption that 
Hll IhcreiiHc in pressure of one atmosphere follows each 33.1 feet of incre- 
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PROPERTIES OF FLUIDS 


ment in depth, whereas in reality the gradual increase in specific weight 
would cause this increment to decrease gradually as we descend from the 
surface. The involved error is about one per cent. 


6. Modulus of Elasticity of Water 


On the basis of the foregoing discussion we may compute the volume 
modulus of elasticity of water. It will be the ratio of the stress per unit 
area to the change per unit of volume. Using 0.000048 as an average 


value for , 

K = 


P 


AV V 


14.7 

0.000048 


306,000 lb. per sq. in. 


This value will vary from about 290,000 at a pressure of one atmosphere 
at 32® F., to 330,000 for a pressure of 1500 pounds per square inch at 
68® F.* A value commonly used is 300,000 pounds per square inch, for 
which value water is 100 times more compressible than mild steel. 

7. Cohesion, Adhesion and Surface Tension 

The molecules of all liquids are held together by an intermolecular 
attraction which, although slight in amount, enables the liquid to with¬ 
stand a small tensile stress. It is particularly noticeable among the mole¬ 
cules which lie in the free surface of the liquid, or in a surface which is 
in contact with another liquid but with which the given liquid does not 
mix. On any one molecule, so situated, the resultant attractive pull 
must be normal to the surface; but among the molecules making up the 
surface there exist tensions which are everywhere tangent to the surface 
and which tend to reduce the surface to a minimum possible area, con¬ 
sistent with other conditions present. Thus a drop of water, placed in a 
liquid with which it does not mix, tends to become spheroidal in shape. 
The phenomenon is spoken of as surface tension. In all but a few in¬ 
stances, some of which will be mentioned later, its part in engineering 
problems is insignificant. Its intensity, a (Greek sigma), in pounds per 
linear foot of surface rfas been measured by several investigators for a 
number of liquids; but, due to difficulties involved, discrepancies exist 
among their results. For water in contact with air, a has a value which 
ranges from 0.005+ at 32® F., to 0.004+ near 212° F. For mercury, the 
value is approximately 0.036 at room temperature. 

* For detailed values see “Some Physical Properties of Water and Other t'luids’’ by 
R. L. Daugherty, Trans, A,S.M.K.y vol. 57, no. 5, 1935. 


COHESION, ADHESION, SURFACE TENSION 7 


Most liquids adhere to solid surfaces, the adhesive force varying with 
the nature of the liquid and of the surface. If the adhesive force is greater 
than that of cohesion, the liquid tends to spread out over and wet the 
lurface. If the cohesive force is the greater, a small drop of the liquid, 
placed on the solid surface, will remain in the drop form. Water wets 
lolid surfaces while mercury does not. Free surfaces of these liquids 
therefore exhibit a difference in form at the point where they contact 
Holid surfaces. Fig. 1 shows vertical glass tubes placed in water and mer¬ 
cury. At point of contact with the glass, the water surface rises, while 



that of the mercury falls. Within the tubes, the water surface stands 
higher, and the mercury surface lower, than-the outside level. This phe¬ 
nomenon is generally described as capillary action, and the distance h 
In the capillary rise or depression. Its value varies with d, the diameter 
of Hie tube, and may be determined by the following simple analysis: 

'I'he adhesion of the water to the glass being stronger than the cohesive 
lori'cis, the water wets and spreads over the glass, creeping up the sides 
of Hie tube and raising the surface fihn of the water within the tube by 
viriue of cohesion. The rise of the film lowers the pressure just beneath 
ll iind water from below follows the film as long as its movement con- 
tliuu'H. If the angle at which the film meets the glass be 0, we may as- 
NUnu* that the upward motion will cease when the vertical component 
of the surface tension around the edge of the film, S cos 6, equals the 
weight of the raised water. Neglecting the small volume of water above 
I hr base of the curved meniscus, we may write 

{S cos B) = d'^wh, 


wlirir S has the value oird. 
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Accordingly, 


*h 


4(r cos 6 
wd ’ 


( 1 ) 


all dimensions being in feet. 

For water in contact with glass and air, Gibson gives the value of 6 as 


25° 32' and that of a we may assume as 0.005. If h and d be expressed 
in inches, (1) reduces to 


, .0416 . 

h = -—^ in. 
d 


( 2 ) 


A similar analysis of the mercury tube shows that the top of the column 
is depressed by the amount, h, given by equation (1), For mercury Gib¬ 
son gives 128° 52' as the value of and the specific gravity and surface 
tension may be assumed as 13.55 and 0.036 respectively. With h and d 


both in inches, (1) becomes 


, .0154 . 

h = —in. 
d 


(3) 


In the following table are given values of h and d for water and mer¬ 
cury as computed from these equations. 

Capillary Rise of Water and Mercury in Clean Glass Tubes 


Dimensions in inches 


Tube diam, ........ 

L 

1 a 

1 - 

p 1 

1 

2 

3 

4 

1 


Water..... 

0.667 

-.246 

0 . 

- . 123 

0.167 

-. 062 

0.083 

-.031 

0.056 

-.026 

0.042 

-.015 

—r*- 

Mercury.. 


The above values must be considered as approximate in view of the 
assumptions made in their determination. Glass tubes filled with water 
or mercury are frequently used to measure the pressure of confined 
fluids, the height of the column maintained being indicative of the pres¬ 
sure. The table indicat^that, for precise work, tubes of small diameter 
should be avoided. The interior surface should be kept clean, as the 
presence of dirt affects the capillary rise. 

8. Viscosity 

This has already been defined as that property by which a fluid offers 
a resistance to a change of shape under the action of external forces. All 
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fluids are more or less viscous, highly viscous liquids approaching the 
condition of solids. Such liquids may offer a considerable resistance to a 
sudden change of shape, but will gradually yield under the action of com¬ 
paratively small forces, if the latter continue to act for a period of time. 
That is, the time element, as well as the force applied, enters into the de¬ 
termination of the relative ease with which different liquids, or fluids, 
change their shape. 

Let it be assumed that a highly viscous liquid be enclosed between two 
parallel plates, as shown in Fig. 2. The bottom plate is fixed, and the 
lop plate moves slowly to the right under the applied force F. The liquid 
is assumed to be entirely homogeneous and to adhere to both plates. At 



6 a 

Fig. 2 


the end of the time interval /, the top plate has advanced through a dis¬ 
tance cc\ and the liquid has deformed as indicated by a%dd. The total 
deformation has been cd in a total distance x, and the strain per unit of 

distance is accordingly —• This was accomplished in the time, /, hence 

X 

cc' , cc\ 

the rate of strain, or deformation, has been —• Since — is the velocity, 

xt t 

f), with which the top layer of the liquid moved over the lower layer, 
the rate of deformation has been -• 

X 

1'he rate of deformation must be proportional to the force, F, and 
hence proportional to the intensity of the shear stress, r (Greek tau), 
exerted on the top surface of the liquid. We may therefore write 

V 

T = fX- , 

X 

^ (Greek mu) being the constant of proportionality. 

In the figure used, the liquid between the plates may be imagined as 
divided into numerous layers parallel to the plates. The velocity of any 
liiycT, relative to the one adjoining it, will be the same for all layers, 
xliu'c equal increments of velocity follow equal increments in distance 
along the X direction. The intensity of the shear between layers is like- 
















































10 


PROPERTIES OF FLUIDS 


wise the same for aU layers. Later when problems of fluid flow are studied, 
it will be found that the relative velocity of adjacent layers varies con¬ 
tinually in the direction normal to motion, so that r varies likewise and 
its value at any point must be computed from 


dv 


r = fi 


dx 


(4) 


which is the general expression for the intensity of viscous shear. 

To ju is given the name coefficient oj viscosity, and its value is used as 
a measure of a fluid’s viscosity. It is also called the absolute or dynamic 
viscosity of the fluid in order to distinguish it from the fluid’s kinematic 
viscosity, a quantity to be explained later. As to the dimensional value 

ofM, X F' ^ T FT 

fi = T-- L~ 1,2 > 

F, T and L representing force, time and length. The numerical value 
of ju is therefore expressed in pound-seconds per square foot. 

Experiment shows that the viscosity of fluids varies with tempera¬ 
ture, the viscosity of liquids- decreasing, and that of gases increasing, 
with increase in temperature. Change in pressure produces no notice¬ 
able change in viscosity, except for very high pressures and in the case 
of some mineral oils. 

For water, the experiments of Poiseuille and Reynolds indicated that 
JU may be computed from 

0.00003716 pound-s econds 

^ ^ 0.4712 + 0.01435r + 0.0t)00682r2 square foot ’ 

T being the water temperature in degrees Fahrenheit. 

If the metric system of units be used, y, is measured in dyne-seconds 
per square centimeter and may be computed from 

0.01779 dyne-seconds , , 

^ ~ 1 -|- 0.03368r -h 0.00022ir^ square centimeter ’ 

T being temperature in degrees Centrigrade. The unit of viscosity in 
this system is the poise, named in honor of Poiseuille, and is equal to 
one dyne-second per square centimet^ Numerical values are generally 
given in centipoises, a smaller, more convenient unit, one poise equalling 
100 centipoises. 

9. Kinematic Viscosity 

In studying the motion of fluids in a state of flow, it will be found that 
the density of the fluid and its relation to the viscosity are important 
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factors. For this reason the ratio of /a to p will often appear, and be desig¬ 
nated by V (Greek nu). It is called the kinematic viscosity of the fluid. 
Since p is mass per unit volume, the dimensions of v are 

y FT ^ FLT 
" ~ p~ ' L^~ M ' 


If for F be substituted 
^ ML 


its equivalent, Ma, expressed dimensionally 


V = 


t' 


In American units v will be measured in square feet per second, and 
In the metric system in square centimeters per second. 

'Phe common use of the American and metric units in viscosity meas¬ 
urements makes the following relations useful: 

1 poimd = 444,823 dynes 

1 dyne-second per sq. cm. = 1 poise = 100 centipoises 
1 pound-second per sq. ft. = 478.69 poises 
1 foot = 30.48 centimeters 
1 square foot = 929 square centimeters 
H in lb.-secs, per sq. ft. = ju in centipoises 47869 

V in sq. ft. per sec. = v in sq. cm. per sec. -r- 929 

centipoises 

V in sq. ft. per sec. = 0.000672 - -z - 77 

pounds per cu. it. 

(g assumed as 32.17 ft. per sec. per sec., or 980.7 cm. per sec. 
per sec.) 


The table on page 12 gives values of absolute and kinematic vis- 
tmnlly for pure water, computed from data obtained by Bingham and 
J^ckHoii.'*' Very close agreement will be found to exist between given 
V^UieK of ja and those computed by the Poiseuille equation. 

Rxumplc.—A fuel oil having a viscosity of 0.0062 pound-seconds per 
HqUftre foot flows through a circular 6 -inch pipe. At the center of the 
pip© the velocity of the oil is 4 feet per second and decreases to a 
ItlihInuiiTi value at the pipe wall. The value of the velocity at any point 
Ih ill© (TosB-section a distance, from the center, is 


^ NiiIIpIImh 14, 75, 1Q17, U. 8. Bureau of Standards. 











12 


PROPERTIES OF FLUIDS 


r being the radius of the pipe. Compute the intensity of viscous shear 
at a point midway between the^center and the wall. 


Solution .—From given expression for v, 


V = 0.4 


(.0625 - x^) 
0.0062 


4.04 — 64.5ji::^. 


dv 

dx 


-129x 


the minus sign indicating a decrease in v with increase in x. For x = 0.125, 
dv 

— = 16.14 
dx 

dv 

T = u — = 0.0062 X 16.14 = 1.0 lb. per sq. ft. 
dx 


Values of ft and v for Pure Water 


(Based on data from Smithsonian Tables) 


Temp. 

° Fahr. 

ft in 

Centipoises 

ft in 

lb.-secs, per sq. ft. 

V in 

sq. ft. per sec. 

V in 

sq.cm, per sec. 

32 

1. 792 

0.374 X 10-^ 

1.93 X 10-^ 

.0179 

39.2 

1.567 

0.327 

1.69 

.0157 

40 

1.546 

0.323 

1.67 

.0155 

50 

1.308 

0.273 

1.41 

.0131 

60 

1.124 

0.235 

1.21 

.0113 

70 

1.003 

0. 209 

1.06 

.00985 

80 

0.861 

0. 180 

0.929 

.00863 

90 

0.766 

0.160 

0.828 

.00769 

100 

0.684 

0.143 

0. 741 

.00688 

no 

0.617 

0.129 

0.670 

.00623 

120 

0.560 

0.117 

0.610 

.00567 

130 

0.511 

0.107 

0.559 

.00519 

140 

0.469 

0.0979 

0.513 

.00477 

150 

0.432 

0,0905 

0.475 

.00442 

160 

0.400 

0.0835 

0.440 

.00409 

170 

0.372 

0.0777 

0.4U. 

.00382 

180 

0.347 

0.0725 

0.385 

.00358 

190 

0.325 

0.0679 

0.362 

.00336 

200 

0.305 

0.0637 

0.341 

.00317 
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10. Viscosimetry ^ 

While ft for water may be readily computed from Poiseuille’s formula, 
the viscosity of other liquids is usually determined by use of an instru¬ 
ment known as a viscosimeter^ of which there are several well-known 
makes. The one used for water, gasoline, kerosene and other liquids of 
very low viscosity is the Ubbelohde viscosimeter. For liquids of higher 
viscosity the one in common use in the United States is the Saybolt. 
The Saybolt Universal is for liquids of medium viscosity, the Saybolt 
Furol for those of high viscosity. The essential part of each one is a 
short tube of small bore through which the liquid to be tested passes 
from an open vessel into the air. Certain conditions relative to the head, 
under which flow occurs, are maintained. The time of efflux for a quantity 
of 60 cubic centimeters is noted and the viscosity stated as so many 
Bttybolt seconds. The relation between Saybolt seconds and /x is given 
by the following empirical equations: 

I'or Saybolt Universal Viscosimeters, 

/x, in poises = ^0.00226^ — X specific gravity (7) 

for t up to 100 sec. 

ft, in poises = ^0.0022/ - ^ specific gravity (8) 

for t more than 100 sec. 


I'br Saybolt Furol Viscosimeters, 

ft, in poises = ^0.0224/ — X specific gravity (9) 

for t from 25 to 40 sec. 

ft, in poises = ^0.0216/ - X specific gravity (10) 

for t more than 40 sec. 


'I'hr value of ft, in poises, may be divided by 478.69 to obtain pound- 
iPidjulK per square foot. Specific gravity is to be computed as the ratio 
of I lie Hpecific weight of the liquid, at the tested temperature, to that of 
Wtilnr ul 39.2° F. (4° C.). It is then numerically the same as density in 
inelric absolute system; and, since ft = Fp, the parenthetic quantity 
In llir III H)ve eciuations equals v in square centimeters per second. 
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Example.— An oil has a specific gravity of 0.925 and a viscosity of 
400 Saybolt Universal seconds.'What are the values of m and .? 

p = ^0.0022 X 400 - X 0.925 

p = 0.87675 X 0.925 = 0.811 poises 

= 81.1 centipoises 

V = 0.877 sq. cm. per sec. 

In American units, 

a = 0.811 478.69 = 0.00169 Ib.-secs. per sq. ft. 

V = 0.877 -4- 929 = 0.000944 sq. ft. per sec. 

The value ot a for water at 68.72” F. (20.4“ C.) is one ceatipoise. 
The viscosity of a fluid in centipoises therefore 

in terms ot that tor water at th.s temperature. The oJ m the above 
example is 81.1 times more viscous than water at 68.72 t. 

TLity and density, therefore kinematic viscosity. Pl^y “ ^ 
tant part in many problems of fluid flow, as will appear m foUowi g 

chapters. 

11. Baume and A.P.I. Gravity 

Specific gravity of a liquid, as deflned in Art. 3, may be detennmrf 
for ordinal purposes by the use qf a floating hydrometer lie ^ 
^Iduatoon Z stem reading valu^ direefly. m ^ 

Lstrv the scale graduations are arbitrarily made and marked m de 
greefThis is notably so in the petroleum and chemical industries, where 
Se AP.I. (American Petroleum Institute) and Baume 

As markii for A.P.I. gravity, 10° on the scale --sp-ds to a^specr- 
fic gravity of 1.00, and 60° corresponds to a specific grav y • 

To convert degrees A.P.I. into specific gravity, the following relation 

used: .. c 

Specific gravity, relative ^ - (11) 

to water at 60° F., 131.5 + Degrees A.P.I. 

The specific gravity relative to water at 39.2° F. may be computed 

from 

• Specific gravity, 39.2° F. = Specific gravity, 60° F. X 0.99907. 

Since the gravity ot a liquid ^“"8“ 

gravity is determined for an oil temperature of 60 I and 60 
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often written after the stated gravity to indicate the temperatures of 
the oil and water for which the gravity is true. 

Since the flow of oil, as through pipe-lines, takes place at temperatures 
Other than 60° F., it becomes necessary to know the specific gravity 
Ot the indicated temperature. This may be determined from a knowledp 
of the coefficient of expansion for oils of different A.P.I. gravity. The 
following table gives values sufficiently precise. 


Coefficients of Expansion per De¬ 
gree Fahr. for Oils of Different 
A.P.I. Gravity 


Up to 14.9° A.P.I. 

C = 0.00035 

15° to 34.9° 

0.00040 

35° to 50.9° 

0.00050 

51° to 63.9° 

0,00060 

64° to 78.9° 

0.00070 

79° to 88.9° 

0.00080 


Example.— Determine the specific gravity of an oil having an A.P.I 
iruvil y of 40° if its temperature be raised to 110° F. 

. /60°\ 141.5 

Specific gravity oj = 131.5 + 40 " 

Increase in volume from 60° to 110° F. = 0.0005 X 50 = 0.025. 
Speeillc gravity = 0.825 X 

Speeilie gravity ^ 0.99907 = 0.804. 


Ilidimlrial chemistry employs several different gravity scales of whic 
the HinwnC is one. It was devised by a French cheniist of that narne 
ihirliig I lie eighteenth century. Like the A.P.I. scale, it is graduated m 
rtpyiees. two scales being used,-one for liquids lighter than water, one 
ItM tlioHe Iveavier. On the former, the scale begins at 10°, corresponding 
h) M xpei ilie gravity of 1.00, and at 60° corresponds to a specific gravity 
u| (l,7,UiH. 'The conversion equation is 

o ' 140 (121 

IpeillM gravity, relative to water at 60 I'-’ = i^^egr^Bf' ^ 
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For liquids heavier than water, the scale begins at 0°, corresponding 
to a specific gravity of 1.00, and at 66° corresponds to a specific 
gravity of 1.8354. ^ 

The conversion equation is 

145 


Specific gravity, relative to water at 60 F., = 


145 — Degrees Be 


(13) 


It will be noticed that there is but little difference between Baume light 
gravity and A.P.1. gravity. 

12. Properties of Air 

The wide use of air in engineering and industrial work warrants a brief 
discussion of its properties, especially those which enter into calcula¬ 
tions related to flow measurement. Since air is a fluid, it has all the prop¬ 
erties discussed in Art. 3, but differs from liquids in that its density and 
specific weight vary widely with changes in pressure and temperature. 
It closely follows the pressure-volume-temperature law for a perfect gas, 
thereby permitting values of w and p to be computed readily. 

For a perfect gas 

pv 


or 


= X, a constant, 

P ^ PqVq - 

T ' 


(14) 


p, V and T representing simultaneous values of pressure, volume and 
absolute temperature. (Absolute zero = —459.4° F. or —273° C.) 
Since volume is inversely proportional to specific weight, 


wT 


Po 

WoTo 


(15) 


At a temperature of 32° F, under 14.7 pounds per square inch prcs- 

P 


sure, the value of w for air is 0.08071 pounds per cubic foot, and 
has the value of 53.34 feet per degree Fahr. Accordingly, 

P 


w = 


53.34r 


lb. per cu. ft., 


wT 


(16) 


P = 


53.34pr 1716r 


slugs per cu. ft. 


(17) 


and 
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If a gas be compressed or allowed to expand without the loss of heat 
through the walls of its container (perfect insulation provided), the 
change in volume is described as adiabatic. If the walls absorb the heat 
of compression or furnish the heat loss due to expansion, the change in 
volume is described as isothermal. The above equations hold for both 
conditions. Special relationships for isothermal and adiabatic conditions 
ire as follows: 


i''()r isothermal, 






.. ^ ^ po 

pv = poVo, - = — ; 

w 

1 

= — and ~ = 

P-. 


(18) 

Vo p 

IVo 

Po Po 

po 


h'or adiabatic, 






pv'^ = poVo\ (-) = 

po 

. J 

and 

(' 

)‘- f 

(19) 

\Vo/ 

p 

\Wo/ po 

\Pi 

Po 


The value of k depends upon the molecular structure of the gas, its value 
for air, hydrogen, oxygen and nitrogen being 1.40.* 

The viscosity of gases, like that of liquids, changes with temperature 
hut is practically unaffected by pressure. The kinematic viscosity, de¬ 
pending as it does on density, varies with both temperature and pres- 
lUre. Values of ju for air at various temperatures are given in the accom¬ 
panying table, and for temperatures not given may be computed by 
Hnl man’s equation, 

p 1.7155 X 10“^ (1 + 0.00275/ — 0.00000034/^) poises, in which / is 
in degrees Centigrade. 


Viscosity of Air at Various Temperatures 


Temp. 

iji in poises 

ju in lb.-sec. 
per sq. ft. 

32° F. 

1. 733 X 10-4 

0.362 X 10-® 

59° 

1.807 

0.377 

120° 

1.945 

0.406 

210° 

2.203 

0.460 

360° 

2.559 

0.535 

576° 

2.993 

0.626 


'Tilt* lal)ular values are from the Smithsonian Tables and differ slightly 
Ifoiii lliose computed by Holman’s equation. 

* I'ur proof of pi^ « AAm t^^fl discussion of see any standard reference on thrrmo- 
NyiMtiiilcN. 
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Values of v, kinematic viscosity, may be obtained from v = with 

# P 

the aid of equations (17), (18) and (19). Both /x and i' enter into certain 
problems of air flow, as was pointed out in Art. 9. 


13. Fluid Transmission of Pressure 

One of the marked characteristics of a fluid is its ability to transmit 
pressure, applied to its surface, equally in all directions and with undi¬ 
minished intensity. Thus in Pig. 3, if a pressure of 10 pounds per square 
inch be applied to the water surface ah by means of a force exerted upon 
the piston, then this pressure will exist in all parts of the contained 
liquid and upon all parts of the reservoir walls 
in additioii to any pressure that may previously 
have existed by virtue of the weight of the water 
itself. 

This principle finds an application in the hydrau¬ 
lic press. Here a comparatively small force, existing 
on the face of a piston in a small cylinder filled with 
water,’or oil, is transmitted by a pipe to a larger 
cylinder, where it acts upon the face of a larger 
piston and exerts a total force in proportion to the 
face area. The ratio of this total force to that 
acting on the small piston will be as the ratio of the respective piston 
areas. 



Fig. 3 


14. Numerical Computations • 

In all numerical work in this book, except as noted, the American 
system of measuring units will be employed, and the practice should be 
followed in making formulary substitutions. The pound, foot and second 
will measure force, length and time, and the corresponding unit of mass 
will be the slug. 

In measuring viscosity, as already mentioned, the dyne, centimeter 
and second are sometimes used and the frequent citation of values for 
ju and V in these units warrants a certain degree of familiarity with the 
metric system. In Appendix II will be found a full description of the four 
systems of units in existence and should be carefully read by the student 
to whom they are confusing. 

Pressure intensity, when appearing in formulas, should be expressed 
in pounds per square foot, although it is common practice to quote it 
in pounds per square inch due to the smaller, more convenient number. 
Likewise volumes are to be computed in cubic feel, altliough gallons 
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fcre often quoted in given data. In this connection the following relations 
ire useful. 

1 cu. ft. = 7.48 U. S. gals. 

1 U. S. gal. = 231 cu. in. 

1 U. S. gal. = 0.8331 Imperial gals. 

The Imperial gallon is mostly used in countries of the British Empire. 

'I'he value of g may be taken as 32.17 feet per sec. per sec., this being 
the approximate value at sea-level and latitude 45° and designated as 
itnndard g. The variation of g, and its effect on weight, is discussed in 
An. 3 and in Appendix II. 

The U. S. Coast and Geodetic Survey use the formula, 

g = 32.08783 (1 + 0.005294 sin^ ^ - 0.000007 sin^ 20), 

(or the determination of g, 0 being the latitude of the place in degrees. 
The correction for elevation above sea-level is 

c = —0.000003086 ft. per sec. per sec., per ft. of elevation. 

No better way to familiarize oneself with the principles discussed in 
lliis book can be found than in the working of numerical problems. To 
IIiIh end numerous problems are given and should be worked out by the 
lliident. Habits of neatness and accuracy should be acquired in their 
lolution; and the problems, done in ink and bound into one convenient 
Volume, will prove of great value to him, not only in the training re¬ 
vived while making it, but for later reference. In general the use of the 
ullih' rule is recommended in numerical calculations, its accuracy cor- 
rcHponding to the use of four-place logarithms. 

PROBLEMS 

1 . If a body of water has a temperature of 40° F., what decrease in volume 

will follow the application to it of 588 lb. per sq. in.? What will be its final 
llirt ilu: weight? Ans, AF = 0.00203F/ie? = 62.56 lb. per cu. ft. 

2. I )<dermine the increase in volume of a mass of water, which at 50° F. 
lotiliiins 120 cu. ft., resulting from raising its temperature through 100° F. 

Ans. 2.4 cu. ft. 

3. A hydraulic press contains 30 cu. ft. of water. The areas of the small 
him! large iiistoris are f sq. in. and 100 sq. in., respectively. How much total 
lliivel will the small })iston be obliged to make, following the application to it 
Ilf a, force of 100 lb., if the large ])iston moves through a distance of 0.5 in.? 

A - 3()0,0()0 11). ])cr sq. in. Ans. 39.7 ft 
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4. If a vertical, cylindrical column of water contained in a standpipe is 

100 ft. high, what would be its height (cross-section constant) if water were 
incompressible? Assume K = ^00,000 lb. per sq. in. Ans. 100.011 ft. 

5. A fuel oil has an A.P.1, gravity of 36 degrees. What will be its specific 

gravity at 80 degrees? Ans, 0.836. 

6. An oil has an A.P.I. gravity of 30 degrees and a viscosity of 200 Saybolt 
secs. Compute its specific gravity, also p, /x and v in English units. 

Ans, Sp. gr. = 0.875; p = 0.793 X 10“^ Ib.-secs. per sq. ft. 

p = 1.7 slugs per cu. ft.; v = 0.466 X 10“® sq. ft. per sec. 

7. If air weighs 0.08071 lb. per cu. ft. at 32° F. under a pressure of 14.7 lb. 

per sq. in., what will be its specific weight at 100° F. under a pressure of 60 lb. 
per sq. in. (absolute)? Ans, 0.29 lb. per cu. ft. 

8. If a cubic foot of air at 60° F. and under a gauge pressure of 10 lb. per 
sq. in. be reduced to one-half its “volume and its temperature be raised to 
100° F., what will be the resulting pressure? Ans, p = 53.3 lb. per sq. in. 

9. An oil has a viscosity of 800 Saybolt 'econds and a specific gravity of 0.90^. 

What is its viscosity relative to that of water at 68.72° F.? Ans, 3, 

10. A liquid has a viscosity of 1.305 poises and a kinematic viscosity of 
1,484 sq. cm. per sec. Compute the equivalent values in English units. 

Ans. p = 0.273 Ib.-secs. per sq. ft. 

V = 0.0016 sq. ft. per sec. 
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.ydrostatics 


is, Intensity of Pressure 

Hy intensity of pressure we denote the pressure per unit of area. If 
itA represents a very small part of an area A, and dF the total pressure 
Upon it, then the intensity of pressure is 


P = 


dA' 


If I lie intensity be the same for the entire area A, we may write the 
lOtlil pressure on A as 


inn)} which 


-I 


p. dA = pA, 


p = 


P 

a' 


( 20 ) 


I Ilf student will see that if p is not the same over the entire area, equa- 
lion 20 gives an average value of p. 

|ii ticneral Relation between Pres¬ 
sures at Different Points in a 
lyt'quid 

tn I' ig. 4 let m and n be any two 
plllhls nrbitrarily chosen in the liquid 
upper or “free” surface is ab, 
m and n is shown an imagi- 
Hiity prism of liquid whose end faces 
^nUilu the points in question. The 
IhiM H(‘clional area dA of the prism 
liilim I nliiiitcly small, the pressure on 
fiKCH may be assumed as of uni- 
lonu liilensity. Denoting these intensities by pi and p 2 , the total end 
ph'nnureH lire p\dA and p^dA respectively. The other forces acting upon 

21 



Fig. 4 




















22 


HYDROSTATICS 


the prism are the pressures on its side faces and its own weight, which 
may be written wldA. Sinc^ aU these forces form a balanced system, 
they may be resolved into components along rectangular axes and the 
algebraic sum of each set put equal to zero. With axes as shown in 
Fig. 4, we may then write (remembering that the side pressures have 
no X comps.): 

SY = pidA — p 2 dA — wldA cos a = 0 

from which 

pi - p2 = -wh, (21) 

h being equal to I cos a, the vertical distance between m and n. From 
(21) we see that the difference in pressure is dependent solely upon the 
difference in elevation between-the two points. 

Note, — If the points lie in the same horizontal plane^ then the pressures 
are the same. 

Had the point m been chosen in the surface ah, p 2 would have been 
the pressure of the atmosphere above the liquid, or pa, and for the value 
of the pressure at any point lying a distance h below the surface, we 
should have 

p = pa + wh. (22) 

The appearance of pa in this expression is an illustration of the princi¬ 
ple of free transmission of pressure. 

The above relations hold for all liquids. Pressure variation in compres¬ 
sible fluids (gases or vapors) is treated in Art. 21. 

17. Illustration of the Foregoing VPrinciples 

In Fig, 5 the reservoir M is connected by the tube CD with the reser-? 
voir at the lower level N. All portions of the tube are assumed filled 
with water. 



The weight W on the piston at N is just heavy enough to maintain 
the water in M at a constant level. For the pressure at any point such 
as A we may write 

P\ ^ pa + whi, 
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ind for a point B at a depth h 2 below A the pressure is evidently pi 
Inc'reased by wh 2 . 

p2 = pi + ^^2- 

This value of p 2 must hold good for points C and D as they lie in the 
Ittmc horizontal plane. For a point E we have 

P^ — p2 A- u)h^, 

ihd for the pressure at N, beneath the piston, 


P4. ^ Ps - ^^h4, 


Which may be written, by aid of the previous equations, 


or 


p4: = pa + “whi + wh 2 + wh:i — wh^, 


— pa ^ wQii + + ^3 “ ^ 4 ) 


P 4 = pa + Wk 


This last might have been at once derived from equation (22), since h 
|| tfie distance of the point at N below the free water surface. 


}|, Relative and Absolute Pressure. Pressure Head 

In the previous problem, ^4 is the pressure on each unit area of the 
ytlder side of the piston at N, which is open to atmosphere on its upper 
lldc. Tt is clear that, as far as the effectiveness of the water pressure in 
lUstMining the weight W is concerned, pa need not enter into the dis- 
tUNrtion, as it acts on both sides of the piston and produces no resultant 
Eliminating pay we obtain a value for ^4 which measures the excess 
of (lu! pressure over, or above, the atmospheric. We call this relative 
pfrssure, or hydrostatic pressure. 

If pa be included in p^, the pressure is measured above vacuum, or 
Obptolute zero, and is called absolute pressure. This latter need be seldom 
Uurd in the simple problems of statics, as atmospheric pressure generally 
m M'MTs on a body as a set of balanced forces which may be discarded. 
Thus, if we are finding the pressure against a reservoir wall, we are not 
t'uii( (‘rned with the absolute pressure, since the atrriosphere is acting on 
ihr op|)osite face of the wall also, and has no effect upon its stability. 

F(|Uiition (22), therefore, becomes for most cases 

p = wh. (23) 

In either equation (22) or (23) it should be remembered that, in sub- 
Itlluling numerical values, care must he taken to sec that the units used 
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are consistent. If w be in pounds per cubic foot, then h must be measured 
in feet and p will result in pounds per square foot. Similarly h may be 
in meters; w, the weight'in kilograms per cubic meter; and p will be 
in kilograms per square meter. 

Example.—^Let it be desired to find the intensity of pressure at a' 
depth of 75 feet in fresh water. I 

p = wh = 62.4 X 75 = 4680 lb. per sq. ft. | 

In order to avoid the use of large figures, it is quite common in prac-| 
tice to express hydraulic pressures in pounds per square inch, in whichj 
case the above may be written ] 

62.4 X 75 75 

P = —144 - = ^37 = 32.4 lb. per sq. in. 

That is, to find the pressure in pounds per square inch corresponding to 
any head in feet, divide the head by 2.31. This is a very convenient rul& 
and points out the fact that 2.31 feet of water causes a pressure of l] 
pound per square inch. l 

Pressure Head, —The quantity h has been used to represent the vet-: 
tical distance from the free surface to the point in question. The 
tance is commonly called the head on the point, and because it causes 
the pressure p, it is also known as the pressure head. The same name is ! 

P , . ' , ' 

applied to its equivalent, ~, and it is advisable to become at once famUiar ' 

w 

with this way of expressing pressure head inasmuch as it constantly- 
occurs in this form when discussing problems of fluid flow. 

If we are using absolute pressure units, the pressure head will bej 
{h + 34) feet, since atmospheric pressure is equivalent to that producedl 
■by a head of water measuring 34 feet. (See Art. 20.) Whenever the presJ 
sure (/»o) on the free surface varies from the atmospheric, the pressurQl 
head in absolute units will be the sum of the hydrostatic head and that 
corresponding to the pressure po. That is, , 



19. Definition and Form of a Free Surface 

We have already referred to the water surface in contact with the 
atmosphere as a free surface. Properly speaking, if a liquid has a free 
surface, then upon that surface there is no pressure. It is common, how¬ 
ever, to regard a surface upon which there is only atmospheric pressure 
as a free surface. 
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It is at once evident that a free surface is one of equal pressure and 
hmvv is horizontal (Art. 16) if the liquid be at rest. 

li), Atmospheric Pressure, Water Barometer and Vapor Pressure 

The atmosphere, being a fluid, exerts a normal pressure upon all sur- 
Uw rH with which it is in contact. The intensity of the pressure has been 
experimentally found to be 14.7 pounds per square inch, at sea level, 
Ulidcr normal barometric conditions. Its existence may 
Ih' demonstrated by the following device: A long tube, 

I Umn\ at one end, is completely filled with water and 
till’ oi)cn end stoppered. It is then placed in an in- 
ViTinl position with the stoppered end beneath a 
WmIit surface and the stopper removed (Fig. 6). If 
(Uv height of the tube be greater than 34 feet, it will 
III' found that water remains in it up to a point, c, 
lit^ng maintained to that height by the atmospheric 
pri’SHUre on the base of the column. Assuming a per- 
flel vacuum above c and a pressure of 14.7 pounds per square inch at d, 
the height of the column is found from 

pd — pc = wh 

(14.7 X 144 - 0) = 62Ah, 

HI 

h = 33.92 ft. 

'I'lllH is said to be the height of the water barometer and is stated 
WUiflly as 34 feet. The computation assumes a perfect vacuum above c 
Dial a specific weight of 62.4 pounds per cubic foot. As a matter of fact, 
the space above c would be filled with water vapor formed by the con- 
Itoiii movement of water molecules away from the free surface. With 
VRpor conimed, as in the present case, its pressure increases until it at- 
lllhs 11 ( lefinite value dependent only on the temperature of the water. 

'ordiiigiy, the top of the water column at c would be subjected to the 
H\m pressure and its height decreased. Substituting for pc in the 
ihllVfl eipialion, we find that 

h = 14,7 X 144 _ Pc^ 

w w 


Ti' 


h 

1 



Fig. 6 


Values of vai)or i)ressure for water at different temperatures are given 
Ih lli« I iibli* (111 page 26, and values of w may be taken from the table in 

Am 
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From the table, pv has a value of 0.178 pounds per square inch at 50"" F.; 
the value of w is 62.41 pounds per cubic foot (Art. 4), and h is found to 
be 33.59 feet. At 100° F. the value of h decreases to 31.99 feet. 

Pressure oe Water Vapor * 

Temperature, F, in degrees Fahrenheit 


Pressure, p^^ in lb. per sq. in. (absolute) 



If mercury be substituted for water in Fig. 6, 

pd - pc ^ m.7 X 144 - 0 
^ w 848.7 

h = 2.49 ft., 29.92 in., or 760 mm. 

The height of the mercury column will not be sensibly affected by ; 
vapor pressure at ordinary temperatures. The above values of h corre¬ 
spond to a mercury temperature of 32° F., at which its specific gravity 
is 13.595, 

A knowledge of the vapor pressure is important in a number of hy¬ 
draulic problems. If a pump be placed above the level of the water.it W 
to lift, its operation depends upon atmospheric pressure to force the 
water up the suction pipe, while the pump creates a partial vacuum 
there. The amount of vacuum produced varies with each type of pump, 
but it also depends upon the vapor pressure and hence the water tem¬ 
perature. Under no condition could a pump be set 34 feet above water 

* Keenan and Keyes, Thermodymmk J^ropcrlics of Joiin Wiley and Son, Jjic., 19.^* 
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li«Vi'l and operated. In a few instances a suction lift of 28 feet has been 
alhiincd with satisfactory operation, but a good working lift should not 
15 to 18 feet (depending upon the type of pump) at ordinary 
Iwitpemtures. 

3li pressure Variation in a Compressible Fluid 

The law for pressure variation with elevation, as derived in Art. 16, 
ilni'f* not apply to a compressible fluid, inasmuch as its specific weight, 
li not constant but changes with pressure and therefore with eleva- 
I li HO For a small increase in elevation, dz, we may write 

dp = ~w dz (24) 


Mi the decrease in pressure. To find the decrease in pressure from p^j at 
rlMValion to p at elevation 2, we may integrate to obtain 


P-Po 



The integration cannot be completed without a knowledge of how w 
VMill's with z. In general the hydraulic engineer is not concerned with 
(iMilileins where the variation of pressure in a body of gas, or vapor, is 
lMi|H>rtunt. Usually the variation is very small, because of the small 
ipeiilir weight and difference in elevation involved, and may be neg- 
iMilpd. When large vertical distances are involved, as in the earth's 
Mbittmphere, the variation becomes important. Aeronautics, meteor- 
♦ilnay, and barometric levelling require means for its computation. The 
mibjrci is really outside the scope of this book, but one special case will 
hi’ ninsidered. 

The assumption will be made that the air temperature is constant 
^ihrmi^hout the range in elevation considered, so that 


) 

Mild 


— = — (see Art. 12), 

W Wo 


w 


Wo 


i-. 

Po 


Till* vitliie of w substituted in (24) gives 
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Po 

Wo 


being a constant. Integrating, 




Z — Zo 


— (log, p - log, po) 
Wo 


P 

= — (log, po - log, P) 

Wo 



(25)* 


The equation may be used for computing the height, in which a pres¬ 
sure change from po to p will occur, or for finding the pressure at a 

po 

stated height above a point, knowing — at the point. Actually the tern- 

Wo 

perature of the atmosphere decreases with altitude and a correct solu* 
tion necessitates a knowledge of the temperature variations with alti-* 

P 

tude and the use of the equation of state for a perfect gas, — = a 


constant. 

Example,—What would be the pressure in the atmosphere at a height 
of 6200 feet above sea level, assuming temperature constant at 60° F.? 


For t = 32° and p = 14.7 lb. per sq. in., 
w = 0.08071 (Art. 12). 

For t = 60° and p = 14.7 lb. per sq. in.. 


w = 0.08071 X 


459.4 + 32 
459.4 + 60 


0.07636 


p 14.7 X 144 

- =--- = 27,710 ft. (constant). 

w .07636 

By equation (25), 

6200 = 27,710 (log, po — log, p) 
loge po = log, (14.7 X 144) = 7.65671 
\ogep = 7.65671 - 0.22366 = 7.433^53 
p = 1691 lb. per sq. ft. 

= 11.75 lb. per sq. in. 

* T.oe of mimher to base c = 2.302585 X of number to base 10. 
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llml the solution been made assuming a constant value for w of 0.07636, 
14.7 X 144 - = 0.07636 X 6200 

p = 1639 lb. per sq. ft. 

= 11.4 lb. sq. in. 

t lin discrepancy between the two results would have been more notice- 
id fits had the difference in elevation been greater. 

il. Open Piezometers 

A piezometer, as the name implies, is an instrument for the measure- 
OiaiU of pressure. The open type generally consists of a straight glass 
ImIh' Inserted in the side of a vessel, containing a liquid under pressure, 
0 Md extending vertically upward to a height sufficient to prevent over- 
lloW (l*'ig. 7). The height h of the free surface in the tube, above any point 



h 



n In I lie vessel, exactly measures the pressure at that point, since p = wh. 
|(Mi obvious that the location of the point of insertion makes no differ- 
Hn e In the height to which the liquid wiU rise in the tube and ab marks 
(tie level of all such piezometer columns. Of course h measures the rela- 
##ii [ii'essure at m only, since the top of the tube is open to the atmos- 
plii're. In I he use of such a tube, care should be taken, especially at small 
|*h nnUd'H, that the internal diameter of the tube be large enough to pre- 
nipillary action from affecting the height A. From the discussion in 
Alii 7, it would appear that tubes having a diameter less than 0.5 inch 
•IimMIiI not be used with water, and for precise work at low heads the 
itlllhiM ri'roninicnds a diameter of one inch. 

If lilt' pressure in the reservoir (Fig. 7) be maintained at less than the 
HhnoNplierie, no column will rise in the piezometer and air will enter con- 
IlmionNly iil the lop. If the top be bent over and downward into a vessel 
of Willni (I' ig. 8), the atmosphere will cause a column of the water to rise 
In H Iu'IkIiI // in the tube, from which a measure of the jjressure is ob- 
Vdinul, Ni'glecting the weight of the air caught in the portion ab of the 


I >r I I ' 


I ; 
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tube, the pressure on the free surface in the reservoir is the same as that 
at c. This latter, from (21), we know to be 

p = pa - 

w being the specific weight of the water. 


23. The Mercurial Gauge 

With open piezometers as shown in Fig. 7, pressures of relatively small 
intensity require too long a tube for convenient use. To obviate thiSj 
mercury is often employed and the form of the tube changed. One ar¬ 
rangement is shown in Fig. 9. The tube is bent into a U-shape and mer¬ 
cury is poured into the U-portion. A petcodt 
at c permits the expulsion of all air from the . 
reservoir end of the tube. For the pressure 
at a point m in the liquid, 

p,n = — Wh, 

and w being respectively the specific 
weights of the mercury and the liquid. If 
the liquid be water^ 

Fig. 9 pm = W {sz - h), 












M 


z 


i y 


1 

> 





a 









s being the specific gravity of the mercury, or the ratio of to w. If 
the position of the U-tube is such that a is above w, then the negative 
sign in the above expression becomes positive. 

For ordinary computations, 13.6 may be used for the value of s, biXt 
if greater refinement in evaluating be sought, the value of s may be 
taken from the following table. Strictly speaking, s should be the ratio 


Specific Gravity of Mercury at Various 
Temperatures 


° Fahr. 


32 

40 

45 

50 

55 

60 

65 


Specific 

Gravity 


13.595 

13.584 

13.577 

13.570 

13.564 

13.557 

13.550 


° Fahr. 


70 

75 

80 

85 

90 

95 

100 


Specific 

Gravity 


13.543 

13.536 

13.529 

13.52^ 

13.516 

13.509 

13.502 
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llip Hpecific weight of the mercury, at its temperature, to that of the 
lit its temperature. 

Mf^n ury may be used in the tube of the vacuum gauge shown in Fig. 8 
tnil lli(' height, h, of the column reduced to a convenient value. For the 
jHi nmire on the free surface (either at c or in the vessel) we should then 
hdVe 

P — pa — 13.6zeA, 

H The Bourdon Gauge 

tlic measurement of high pressure, use is often made of the ordi- 
mry tyi )(■ of steam gauge as invented by Bourdon. Its construction is 
lUllHl lilt the pressure of the fluid is communicated to a coiled tube hav- 



B 

Fig. 10. The Bourdon Gauge. 


llh iiiluT end closed and connected by a simple rack and pinion to a 
ihUiil wlii< h is free to move back and forth over a graduated dial. The 
pl'Pnwiiic nf the fluid tends to uncoil the tube, resulting in a movement of 
liiiiid. 'I'he dial is calibrated by applying known pressures to the 
IIml noting the position of the hand. The zero reading corresponds 
iilnioHi»luTic pressure. The accuracy of the gauge will depend on the 
Hill vvllli which it is calibrated, and in careful experimental work it is 
iNhldile lo ( jilibrate it before and after use. Fig. 10 shows the gauge as 
luivd by the Grosby Steam Gage & Valve Company of Boston. 

'I'hr DifFcrential Gauge 

A tllllcicnlial gauge is one used to measure differences in pressure, the 

K lieiiil 111 rangenuait lieing similar lo that shown in Fig. 11 . In this case, 
'll tte|miiil(‘ vesst'Is I'onbiining water under jiressure are c’onnected by 
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tubing, the central U-shaped portion being of glass. A liquid heavier 
than water, and immiscible with it, occupies the lower part of the U, 
and petcocks at b and e permit the expulsion of air from the rest of the 

tube. Because of a difference in pressure at 
the points m and n, there exists a differ¬ 
ence in level, 2 , between the two mercury 
columns. From this difference we may cal¬ 
culate pm “ pn- 

By commencing at m where the pressure 
is pmj and noting-the changes in pressure as 
we pass to points d and n, the following 
expression for pn is obtained. 

— WX — w'z wy = pn 



Pn 


or 


and by substitution, 


pm - Pn = -Wix - y) -\- W'Z. 

Reference to the figure shows that 
X ~ y = —h — Zj 
— = ^'z — wz — wh 

= w [z {s — i) — h], 


(26) 


where s is the specific gravity of the liquid in the U-tube. If points m 
and n be in the same horizontal plane, h is zero and 

pm - pn = WZ (S - 1). (27) 

Mercury is often used in this gauge, in which case 
pm - pn = 12.6 wz. 

If the equation be written 

h: -tn = 12.6 z, 

w w 


it is seen that the difference in pressure heads at the points m and n is 
12.6 times the deflection, s, of the gauge. The use of mercury is advan¬ 
tageous where the pressure difference is large; but, with small pressure 
differences, mercury makes precise measurements difficult if not impos¬ 
sible. In the latter case it is common to use a liquid whicfcds only Slightly 
heavier than water. If, for instance, a mixture of carbon tetrachloride 
and kerosene having a specific gravity of 1.25 be used. 


pm Pn 


THE DIFFERENTIAL GAUGE 


33 


or z is four times larger than the actual difference in pressure heads 
(assuming h = Qi). 

If in place of using a liquid only slightly heavier than water, we use 
one lighter than water and change the tube as indicated in Fig. 12, large 
deflections on the gauge will correspond to small pressure differences. 
Valves at a and b permit the partial filling of the tube with water from 
the vessels. The auxiliary liquid is then poured in 
at e until the tube is filled and all air expelled. 

Commencing at m and continuing around to w, 
as done in the previous gauge, 

pm — WX + W^Z + wy = pnj 

pm - pn = W {X - y) — w'Zj 

X — y = z — hj 

pm - pn = W [Z (l - SJ - h]. (28) 

For h = 0, 

pm — pn = WZ (1 — s). (28a) 

Using kerosene with a specific gravity of 0.79, 

Pm — pn = 0.21s Fig. 12 

and the deflection, s, is approximately 5 times the difference in pressure 
heads. 

Frequently in using a differential gauge, the points m and n will be 
found to have the same level, and equations (27) and (28a) may be 
used. Equations (26) and (28) were derived for the special conditions 
shown in Figs. 11 and 12 . If the relative elevations of m and w, or of c 
and dj were reversed, the equations would not apply, but similar ones 
could be derived easily for any given conditions. 

When the gauge is used to measure pressure differences in liquids other 
than water, s must be computed as the specific gravity of the auxiliary 
liquid relative to the liquid in the vessels. 

The diameter of the tube used in the gauge is not important from the 
viewpoint of avoiding capillary rises of the menisci, since both menisci 
are similarly affected. 

With points m and n at the same level, equation (27) shows that an 
auxiliary liquid having a specific gravity of 2 will give a deflection, z. 
Just equal to the difference in pressure-head. The deflection will be less, 
(»r greater than the difference, according as the specific gravity is greater 
ur less than 2 . 
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Care must be taken to expel all air from the gauge and connecting 
tubeSj otherwise the readings^obtained will be of little value. The auxili¬ 
ary liquid should not contain a volatile element, since the partial evapo¬ 
ration of it would change its specific gravity over a period of time. Too 
great a magnification of the pressure difference should not be attempted 
by using a specific gravity close to unity, as any error in determining the 
specific gravity tends to cause a large error in the calculated pressure 
difference. The differential gauge is much used in experimental work, 
especially in connection with Pitot tubes, Venturi meters, pump test¬ 
ing and flow measurements in pipe lines, 

26. Pressure Measurement in Fluid Flow 

All the gauges described in theprevious articles may be used to measure 
the pressure of fluids in motion through closed conduits. Jng. 13a shows 
an open piezometer tube inserted through the side-wall of an ordinary 

I 

d --L 

-i 


Fig^ 13 



pipe in which a liquid flows under pressure. The liquid in the column 
above the pipe wall is at rest and its height measures the pressure at its 
base. That the pressure at a point in the moving stream, directly be¬ 
neath the column, is measured by the height of the piezometer column 
above the point, may be seen if we consider the motion of the elemen¬ 
tary prism of liquid directly under the column. Since the latter is moving 
in a direction at right angles to the column, it has no acceleration in the 
direction of the column; and the algebraic sum of all forces in this di¬ 
rection must be zero. Reference to the figure, in which these forces are 
shown, enables us to write 

pia — pa — wda = 0 , 
pi = P + 

a being the ( ross-sectional Jirea of Ihe prism, ddie pressure, />|, is greater 
than at the bottom of the i)iezomet('r ('olumn hy wd, whit.li also would 
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he true were the prism at rest. Evidently the pressure varies uniformly 
across the pipe, and later we shall see that under this condition the 
average pressure will be found at the center of the pipe (Art. 27), and 
will be measured by the height of the piezometer column above this 
])oint. The foregoing statements apply equally well to pressure condi¬ 
tions across the piezometer section of the pipe in Fig. 13b. 

When inserting a piezometer into the wall of a conduit, certain pre¬ 
cautions must be taken if its indications are to be dependable. The hole 
must be drilled normal to the interior surface of the wall and no part of 
the inserted tube should project beyond the surface. Any burr caused 
by the drill must be removed and the surface of the wall immediately 
upstream from the tube must be smooth; otherwise, turbulence and ed¬ 
dies produced by the irregularities will diminish the pressure at the open¬ 
ing and also the height of the piezometer column. If the hole be not 
drilled normal to the surface, the column will stand either too high or 
too low depending upon the direction of obliquity. These pertinent facts 
were first proved by Hiram F. Mills* in 1878 as a result of more than one 
thousand observations. Probably the most comprehensive investigation 
of piezometers was that of Allen and Hooper in 1928.f They employed 
various methods of construction and gave specific recommendations as to 
details. For small pipes they advocated holes one-eighth of an inch in 
diameter, and for larger pipes one-quarter of an inch. Rounding of the 
inner edge of the opening, using a radius one-quarter that of the opening, 
did not alter the accuracy of the piezometer. 

27. Total Normal Pressure on Plane Surfaces 

If a plane surface be immersed in a horizontal position, it follows from 
Alls. 15 and 16 that the total normal pressure on it will be 

P = Ap = Awh, 

d being the area of the surface. It will now be shown that for a plane 
surface immersed in any position, the total normal pressure may be 
iSilculated from 

P = AwHq, 

il //() be the head on the center of gravity of the surface. 

iMgure 14 shows such a surface, lying in the plane XYZ. This plane 
i Ids Ihe water surface in the line AT, and the angle between the plane 
niid Ihe water surface we shall call a. Selecting a very small part dA of 

* }*ro< a'dings of Am. Acad, of Arts and Sciences, 1878. 

I (’, M. Allen and I., J. lloo])er, “Piezometer Investigation,” Truns, A.S.M.F., IVlay 15, 
vol. 5-1, no. ‘7, 
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the total area, so small that the pressure over it is of uniform intensity, 
we have, as the total pressurj upon it, 

dP = p dA = whdA, 


For total pressure on the entire area, 



and may therefore be written x^A where Xq is the distance from the 
axis to the center of gravity of the area^ We may therefore write 

P = w sin a XqA, 
or 

P = Awk^, (29) 

where Hq is the head on the center of gravity. Hence the following theo- 
rem: 

The total pressure on an immersed area is the product of that area, the 
specific weight of the liquid, and the head upon the center of gravity. 

Example.—Find the total pressure on a vertical, rectangular sluice 
gate, 4 feet wide by 6 feet deep, the head on its upper edge being 10 feet. 

P = Awho = 4 X 6 X 62.4 X 13 = 19500 lb. Ans. 


28. Total Pressure on a Curved Surface 

It can be shown that the above theorem applies with eflual exactness 
to any surface, be it plane, curved, or irregular. However, the total pres¬ 
sure on surfaces of the last two classes is usually of little or no practical 
value to the engineer. It would be the algebraic sum of a system of 
forces all acting in different directions, and in general such a system 
cannot be replaced by a single resultant. 
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More often it is desired in the case of curved surfaces to find a com¬ 
ponent of normal pressure in some fixed direction. (See Art. 33.) 


29. Center of Pressure 

An immersed plane surface is pressed upon by a system of parallel 
forces, infinite in munber, which may be replaced by a single resultant 
force. The point on the surface at which this acts we shall caU the center 
of pressure. As noted in the previous paragraph, the pressures on a curved 
surface do not form a parallel system, hence they cannot, in general, be 
reduced to a single force. 

The case of the plane surface may be represented by Fig. 14. The re¬ 
sultant of all the pressures on the surface acts at the center of pressure 
and we are to determine first its distance from XY, the line of intersec¬ 
tion of the plane containing the surface and the plane of the water surface. 

Considering a very small area dA, we have as the total pressure upon it, 

dP = dA wh, (a) 

and its moment about AF is 

dP X = dA wh X. (h) 


If in this way the moment of the pressure on each elementary area be 
found, we may place their sum equal to the moment of the resultant 
[pressure by its arm Xc. That is. 


or, from (a) and (b) 



I'rom Fig. 14, 


^ J' dA wh — J' dA wh x. 


A = sin a, 


which substituted in (c) gives 





d'he integral of dA will be recognized as the moment of inertia of the 
lu’t'a, and the integral of x dA is the expressed moment of the area about 
(he chosen axis, or its statical moment. 
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It is evident that Xc measures only the distance to the center of pres¬ 
sure down from JCY and doe^ not fix it in a lateral position. To do this 
it is necessary to take moments about another axis (not shown in Fig. 14) 
lying in the plane JCYZ but at right angles to the previous axis. If by y 
we represent the distance from any elementary dA to this axis, we shall 
have as the moment of the total pressure on dA about this axis, 


and as before, 


and finally, 


dP y = dA w hy; 

Py,= JdPy, 

ye J"dA w h = J'dA w hy, 
h = x^\n a, 



(31) 


In applying this formula,' it is necessary that y be expressed as a 
function of x. 

In general the engineer is concerned only with the vertical position of 
the center of pressure and (31) is seldom used. For some special cases 
the lateral position is easily located, as will be shown in the following 
paragraphs. 

In applying equation (30) it should be noted that I and S must be 
computed about an axis formed by the intersection of the given plane 
with the water surface, and that Xc measures the distance from this axis 
to.the center of pressure. 

Reference to the equation also shows that the position of the center 
of pressure is independent of the angle a (Fig. 14) provided it has any 
value other than zero. Hence we may vary a by swinging the surface 
about XF as an axis without the center of pressure changing position, 
provided Xq be unchanged. 

Horizontal Surfaces—li the surface be horizontal, the head on all 
points being the same, the elementary pressures are all equal and the 
center of pressure will lie at the center of gravity. 


30. Centers of Pressure for Common Figures 

The forms of surfaces most commonly met in engineering work are 
the rectangle, triangle, and circle. For these we shall now derive special 
equations for locating the center of pressure. We shall assume each figure 
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in turn to be placed in some inclined plane, and Figs. 15 to 18 will be 
used to present views of each figure taken normal to its own plane. 

The Rectangle (Fig. 15).—The figure will be assumed to have one side, 
h, parallel to the axis XY. 

From equation (30) 

I 

and from the principles of mechanics, 

I = lo + AXo^, 



I I 

Fig. is 


lo representing the moment of inertia of the rectangle about an axis 
through its own center of gravity and parallel to XY, 


'I'herefore 


Xq — 


lo + AXf^ lo 

Axo Axo 


+ Xq 


and 


/V* /V* 


A 

Axo ’ 


bd^ d^ 

12 hdXo 12Xo 


(32) 


Reference to the figure shows that is the distance between the cen- 

X Z^OCq 

It'i* of gravity and the center of pressure and, because of the simplicity 
of the numerical work involved,, the computation of the value of this 
irrni offers the best method for locating the center of pressure. It will 
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be noted that the center of pressure is helow the center of gravity. If the 
figure lies in a vertical plane, Xo in the formula becomes ho. If the upper 
edge of the rectangle lies iif the water surface, 

.d^ _d 

\2xo 6 

or the center of pressure lies a distance %d down from the upper edge,; 
This is a very useful fact and should be remembered as it locates the i 
center of pressure on the vertical faces of dams, retaining walls and other ’ 
structures exposed to water pressure. 

Example.—A rectangle 10 feet long by 6 feet wide lies in a plane mak¬ 
ing 45 degrees with the horizontal. Its upper 6-foot edge is 10 feet below 
and parallel to the water surface. Locate the center of pressure. (The 
reader should draw the figure.) 

d^ _ 10 X 10 

Uxo “ 12(5 + 14.14) 


— 


= 0.44 feet. 


The Triangle (Fig. 16).—One side will be assumed horizontal and the 
opposite vertex nearer the water surface. Proceeding as before, 



Xo = 


AXa 


hd^ 


36 


Ct)*- 


18 Xo 


The similarity of (32) and (33) makes them easily remembered. 
If the vertex lies in the water surface^ 

d- d^ 

12 


Xo = 


18 X id 


d 2 ^ 3 ^ 




The triangle may have one side horizontal but the opposite vertex far¬ 
ther from the water surface as in I'ig. 17. 'I'here results no change Inj 


CENTER OE PRESSURE 


41 


^;|flUftlion 33 as the student should verify. If in this position the base be 
in the water surface^ 




The ('ircle (Fig. 18).—The diameter will be denoted by d. 


\ I 


Xn — 



ird^ 


Xo 


16 Xo 


(34) 


Lateral Position of Center of Pres¬ 
sure in Above Figures. —In each of the 
three figures just discussed, it will be 
seen that if we divide the area into 
elementary strips with lengths parallel 
to the water surface, each strip will 
be subjected to a uniform pressure 
and its center of pressure wiU lie 


Hi llic 

IIiiiIhJo 


middle of the strip. Since the centers of all such strips lie on a 
MUMlial line, it follows that the resultant pressure on the entire 
lies on the medial line. In each of these figures, therefore, the cen- 


IPI o| |iressure is exactly located by the formula given and the medial 

lltm 

( oroUitry. — If an area have an axis of symmetry at right angles to the 
^imeni axis, the center of pressure will lie upon it. 


Hi, ( ViUcr of Pressure for Irregular Figures 

Wlien iir(‘ii,s of irregular shape are bounded by straiglit lines, they may 
llP »iilMlivid(‘<l into rectangles and triangles in such a way that two sides 
III i»(n li i(‘cla,ngl(‘ and one side of each triangle are parallel to the water 
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surface. The values of I and 5 for the whole area are then equal to the 
sum of the I and 5 values for each component area, and equation (30) 
may be used. 

Thus in Fig. 19 the area may be divided as shown, the values of I and 

5 for the rectangle being 



4 X (3)=^ 
12 


+ 12 X (5.5)2 ^ 372 


5 = 12 X 5.5 = 66, 
and for the triangle, 

+ 3 X (6)2 = 109.5 

18. 


I = LX 


36 

5=3X6= 


= . 5.73 ft, 

84 


The lateral position of the point may be determined from the fact that 
it must lie on the medial line. If y be its distance from the left edge, then 
from the geometry of the figure, 

7 7^ 

y = 2.58 ft. 


y 

3 


or 


32. Relation between Center of Gravity and Center of Pressure 

The position of the center of pressure is always below the center of 
gravity of a surface. Were the intensity of pressure uniform over the 
surface, the resultant pressure wouli necessarily be ^ 

applied at the center of gravity. But since the pres- 
sures increase in magnitude as the head increases, ! 

the resultant pressure is carried downward and is 
always applied below the center of gravity. If we | 

pass from moderate to great depths, the variation 
in pressure on a surface becomes less and the center 
of pressure approaches the center of gravity as a 
limit. On small areas, therefore, located at depths 
of considerable magnitude, it is quite permissible 
to consider the positions of these two points as 
identical. 

Thus in Fig. 20, 

= 0.013 ft., 


1 

1 


[ 

1 

! 



1 

_1 

4 

( 

1 



p 

1 

■ — 


1 


Ui-2^--^ 

I 

■^G. 20 


OCc - 


\2xo 


1200 


which is a negligible distance. 


COMPONENTS OF NORMAL PRESSURE 


43 


33. Components of Normal Pressure 

It is frequently necessary in design computations to find that com¬ 
ponent of the total normal pressure on a surface which is parallel to a 
given direction. In Fig. 21a, AB is an edge view of a thin plate, or sur¬ 
face, having rectilinear elements perpendicular to the plane of the draw¬ 
ing. It is desired to compute the components of the total normal pressure 
which are respectively parallel to the axes, X and Y . 



Fig. 21 


On any elementary area of the surface the normal pressure-force is 

dP = dA whj 


iind its X-component is dA wh cos a. For the entire surface, the X-com- 
ponent of the pressure-force is 

dA wh cos a. 



h and a being variable over the surface and having no known relation, 
one with the other. The integration, therefore, cannot be completed. 

If AB be a plane surface^ a is constant and 


or 


P. 


w cos a 



Px = w cos a Aho- 


If I he entire area be projected upon the F-plane, its projection, Ay^ has 
llu' value, A cos a, and 

i X ~ Ay wIiq, 
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Similarly, 

Py = Ax who^ 

Therefore, for plane surfaces the area may be projected upon a plane 
normal to the desired component, and the value of the latter will be the 
product of the projected areq. and the intensity of pressure at the cen¬ 
ter of gravity of the original area. 

For curved or irregular surfaces, it is possible to compute the horizon- 
tal component of the total pressure-force by a somewhat similar method. 
Fig. 21J is like 21a except that the X-axis is horizontal. The value of 
dPx is dA wh cos a as before, and dA cos a equals dAy, the projection of 
dA upon the F-plane (in this case vertical). Accordingly, 


and 


dPx = dAy whj 




dAy h. 


Although h is the head on any elementary area of the surface, AB, it is 
also the head on the verticaTprojection of the elementary area. The in¬ 
tegral of dAy h may be written, therefore, as Ay being the head 

on the center of gravity of the projected area, A'B\ 

For any surface, plane or curved, th^ horizontal component of the 
pressure-force upon it may be computed by projecting the surface upon 
a vertical plane and multiplying the projected area by the intensity of 
pressure at its own center of gravity. 

It should be noted that this rule ajJ^lies to the finding of the horizon¬ 
tal component only. 

If the surface be curved, or irregular, and the vertical component of 
the pressure-force be desired, another method must be followed. Refer¬ 
ence to Fig. 216 shows that the vertical component of the pressure-force 
on the upper side of the surface, AB, must equal the weight of the prism 
of liquid vertically above AB. The only difficulty arising in the computa¬ 
tion of its value is the determination of the prism’s volume. For some 
surfaces the solution is simple. 

Example. —The sketches on the next page show cross-sections of tWo 
dams, both of which are exposed to water pressure on their back faces. 
For the one having a plane face, Pfj per linear foot of the dam has the 
value, 

= 50 X 62.4 X 25 = 78000 lb., 
and 

Pk = 5 X 62.4 X 25 = 7800 lb. 
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For the dam with curved rear face, 


Pjy = 50 X 62.4 X 25 = 78000 lb., 

as in the previous case. If the area between the vertical line, ah, and the 
curve of the face be 100 square feet by planimeter measurement, 

Pv = 100 X 62.4 = 6240 lb. 



34. Pipes and Cylindrical Shells under Internal Pressure 

Tanks, pipes, boiler shells and numerous other structures are com¬ 
monly cylindrical in shape. When filled with a fluid xmder pressure, the 
shell is subjected to a tensile stress, designated as hoop-tension. If the 
thickness of the shell be small, compared with its diameter, the intensity 
of the stress is practically uniform throughout the wall of the shell. 

If the axis of the shell be considered as 
vertical, the intensity of the fluid pressure 
on the shell is constant at any cross-section. 

If the axis be horizontal, the intensity varies 
uniformly from top to bottom across the 
section, the average pressure being at the 
center of the section. If the pressure-head 
on the section be large compared with the 
diameter, as is usually the case, it is per¬ 
missible to consider the pressure as uni¬ 
form around the shell and having an intensity equal to that at the 
center. 

Figure 22 shows a section of the shell and the forces acting. One-half 
of the ring is removed and its action upon the remaining half is indicated 
by the tensile forces, P, which are equal and normal to CD. The shell’s 
length will be assumed as unity. Since the forces are in equilibrium, the 
sum of their X-components is zero and 



2T = pd. 
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The thickness of the shell being t, the force T has the value //, / being 
the intensity of the hoop-tension. By substitution, 



or 



(35) 


For cylinders having thick walls, the intensity, /, is probably a maxi¬ 
mum at the inside of the wall, and minimum at its outside. Gibson* 
gives an analysis of the stress distribution for thick walls and shows that 
the maximum intensity may be represented by 


;max. - V ^2 _ ^2 > 


r\ and being the inner and outer radii, respectively. 

When thin shells of large diameter are placed on their sides and Med 
with a liquid, the weight of the liquid tends to deform the shell and make 
its shape somewhat elliptical. To the direct stress (hoop-tension) must 
be added the secondary stress due to deformation and, if the shell be 
unsupported against deforming, the resultant stress may be very large 
at the point of maximum bending. The stress may be evaluated for a 
particular case by use of the principle of least work, but the problem 
lies beyond the scope of this book. 

In the ordinary problem of design, equation (35) may be used to de¬ 
termine either / or / for given conditions. 


35. Empirical Formula for Thickness of Cast-Iron Pipe 

The thickness of cast-iron water pipe usually is made greater than that 
indicated by using equation (35), in order to allow for the action of 
forces other than static pressure. Rough handling during transportation 
and weight of the backfill in trenches, coupled with uneven bearing on 
the trench bottom, are some of these forces. Several formulas have been 
devised for computing thickness, the following one having been prepared 
originally by the Metropolitan Water Board of Boston. 


t = 


{p + py 

3300 


+ 0.25 


/ = thickness in inches; 
p = static pressure in pounds per sq. inch; 

"'A, H, Gibson, Hydraulics and Its Applicalions^ D, Van Nostrand Company, New York, 
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p' = allowance for water hammer in pounds per sq. inch; 
r = radius of pipe in inches; 

0.25 = allowance for eccentricity of shape, deterioration and safety 
in handling. 

The value of p^ is taken as follows: 

For diameter 3 to 10 inches, p^ = 120 
12 110 

16 “ 100 

20 90 

24 “ 85 

30 “ 80 

36 “ 75 

42 to 60 70 

The formula assumes a strength of 16,500 pounds per square inch and 
a factor of safety of 5. 

36. Buoyancy of Immersed Bodies 

About 250 B.c. Archimedes discovered that the weight of a body, im¬ 
mersed in a liquid, is apparently decreased by an amount equal to the 
weight of the displaced liquid. This apparent loss in weight is due to the 
buoyant effort of the liquid. The proof is as follows. In Fig. 23, AB is 





Fig. 23 

any such body, through which the vertical plane, CD, (perpendicular to 
(lie plane of the drawing) is passed. The horizontal components of total 
I.)ressure Hi and H 2 , on the irregular areas mAn and mBn, must be equal, 
as both are measured by the same projected area m-n (Art. 33). If the 
vertical plane C-D were passed through the body parallel to the plane of 
(lie paper, we should obtain = H 4 , these latter forces being at right 
niigles to Hi and H 2 . Evidently HH = 0 for all the normal pressures. To 
investigate the vertical components, assume a vertical prism cj with end 
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areas so small as to give uniform intensity of pressure upon them. By 
Art. 33 j under these conditions we have 

Vi = dA whiy 

dA being the area of the prism’s cross-section. Similarly we obtain 

V 2 = dA wh2] 

and the net resulting vertical force on the prism is 

dR = V2-Vi = dAw {h2 - h). 

This latter term is the weight of a volume of liquid equal to that of the 
prism. By a consideration of every elementary prism in the body, we 
may conclude that the body as a whole is acted upon by an upward re¬ 
sultant force equal to the weight of the volume of liquid displaced by the 
body. 

If the body be floating at the surface with only a portion immersed, 
the law still holds good, as a consideration of the vertical pressures on an 
elementary prism will show. In either case we may conceive of two forces 
acting on the body—the weight of the body and the buoyant effort of the 
liquid. The weight acts through the center of gravity of the body, while 
the buoyant effort acts through the center of gravity of the volume of 
displaced liquid. This may be seen by a return to an elementary prism. 
Since the small upward resultant force acting upon the prism is propor¬ 
tional to its volume^ the final resultant of these elementary resultants must 
act through the center of gravity of the total volume. This point is called 
the center of buoyancy. 

37. Depth of Flotation 

To compute the depth to which a floating body will sink into a liquid, 
it is necessary to remember only that the weight of the displaced liquid 
equals that of the body. A knowledge of the shape and dimensions of the 
under-water portion of the body makes possible the expression of the dis¬ 
placed volume in terms of the depth, or draft; and the product of this 
volume by the specific weight of the liquid equals the body’s weight. 

The simplest case is that of a body having the shape of a right prism, 
floating with its base horizontal and its sides vertical. A rectangular 
prism, such as a box, caisson or pontoon, having a horizontal base area, 
A, and a weight, IT, would, if placed in a liquid of specific weight, 
float with a draft, d, equal to 

w 

Aw 
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For such a body, the draft would be proportional to its weight and in¬ 
versely proportional to the specific weight of the liquid. 

A rectangular caisson, 10 feet square in plan and weighing 10 tons, 
would have a draft in salt water of 


^ 10 X 2000 

“ 100 X 64.0 “ 

If its weight were doubled, the draft in fresh water would be 


h- 


64 

d = 3.13 X 2 X — = 6.4 ft. 
62.4 


50' 




_ .ZZEL 


c— 20 ’ 




Fro. 24 


For a body not having a horizontal base and vertical sides, the draft is 
not proportional to weight, nor is it inversely proportional to the liquid’s 
specific weight. 

Example. ^A scow, 50 feet long and 20 feet wide, has vertical sides 
and sloping ends, as shown in Fig. 24. Placed in salt water, how much 
will be the draft? 

By geometrical proportions, x will be found to be IS feet, so that 
I 15 +d 

^ = or I = 30 +2d. 

Volume of liquid displaced = ^ X d X 20, 

V = 600d + 20d^. 

Since W, the scow’s weight, must equal Vw, 


from which 


W 

w 


— = 600d + 20^2, 

^20w 


+ 225 - 15. 


11 is now seen that d is not directly proportional to W, nor does it vary 
hiversely with w. 
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If the value of W be 100 tons, then in salt water 
d 


= 4 


*200000 


20 X 64 
d = 4.5 ft. 


+ 225 - 15, 


Example. —Assume the above scow to have its long sides vertical, but 
the ends shaped as in Fig. 25. 


50 


li 


T 


\-t— 30' — 




20 


Fro. 25 


The volume of liquid displaced is found to be 

V = 1000 {d - 1) + 800 cu. ft., 
W 

and must equal — ■ 
w 

Therefore, 

W 

lOOOd - 1000 + 800 = — 

w 


and 


d = 


W 


lOOOic^ 


+ 0 . 20 . 


Again it is seen that d does not vary directly with W, nor inversely 
with w, since d equals a function of these two factors plus a constant. 

If W be 100 tons and the liquid be salt water, 

d = 3.13 + 0.20 = 3.33 ft. 

If flotation be in fresh water, 

d = 3.21 + 0.20 = 3.41 ft. 

38. Stability of Immersed and Floating Bodies 

If the weight of a body exceeds the buoyant effort, it will sink. If it 
be less, it will, if placed beneath the surface, rise to the surface and as¬ 
sume a position according to the above-stated principles. If the weight 
were just equal to the buyoant effort, it would remain beneath the surface 
wherever placed; or, if placed upon the surface, would sink until just sub- 
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merged. Reference to Fig. 26 will show that, when submerged, the body 
will assume a position so that its center of gravity and the center of 
buoyancy will lie in the same vertical line. This is necessary for equilib¬ 
rium, as otherwise the weight at the center of gravity and the upward 
force at the center of buoyancy form a couple which will rotate the body. 



If the center of gravity is below the center of buoyancy, the couple will 
right the body and the equilibrium will be stable. If the center of gravity 
be above j the condition is clearly that of unstable equilibrium; and if the 
two points coincide, the body is in equilibrium for all positions. 




If the body floats, the conditions of equilibrium are not so easily de- 
l(*rmined. F'igure 27 is a vertical cross-section through a floating ship, 
riie i)osition of the center of gravity of the whole ship is at G, and the 
t riitcr of buoyancy of the whole displaced volume is at B. With G above 
/I, as shown, it would appear at flrst sight as though the ship were in un- 
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stable equilibrium. However, consider an outside force to be applijfl 
causing the ship to heel through an angle 6. The position of B will bt 
changed to a point lying to the right of cd on the side of greater im* 
mersion. The line of action of the buoyant effort, Vw, cuts cd at a poiQ| 
m above the center of gravity, and the couple formed by W and Vw 
tends to right the ship. The latter is therefore in a state of stable equUihf 
rium. If the angle 6 be increased, the center of buoyancy moves farther 
to the right, the arm of the couple is increased and point m moves farther 
from G along the axis cd. As 0 is decreased, point m approaches G, but 
it will be found that as 6 approaches zero, the point m approaches ii 
limiting position above G which is known as the meiacenter. The distant 
from G to the metacenter is the metacentric height. For stability, the mctll- 
center must lie above the center of gravity, and a value for the metacen* 
trie height, Gm, may be found as follows. 

Since the total displacement is not changed by the roll through the 
angle the change in shape of the displaced volume is due to the emersion 
of the wedge-shaped volume aoa^, and the immersion of the equal volume+ 
hoV. These wedges represent respectively a loss and a gain in buoyancy 
as indicated by the two equal forces Fx and F 2 . The total buoyant force, 
Vw^ in its new position, B\ may be considered the resultant of compound* 
ing with Vw^ in its original position at B^ the forces Fx and F 2 , whicli 
caused Vw to change its position. The,moment of a resultant force being 
equal to the algebraic sum of the moments of its components, and H 
being chosen as the moment center, 


or 


Vw X n = Vw X zero ^ Moment of Couple ^ 1 ^ 2 , 


n = 


Vw 




We have seen that /A is the buoyant effort of the wedge-shaped jirlwiri 
of displaced water, bob\ whose length is the lenglh 
^ dA whose width, ob^ varies bctwei'M 

^ " the bow and stern ends of the ship. If an clemeu^ 

tary portion of the prism (Fig. 28), having a banc 
area dA and lying a distance x from the longl 
tudinal axis of the ship, be considered, its vohiiut* 
is X tan 0 dA, and its buoyant effort is wx lull H 
dA. (This is true only for a very small angle, 
but the position of the true metacenler we liavi' 
seen to be the limiting position of '}n as 0 ap[)roaches zero.) 'Uta 
moment of this elementary force about O is lox" tan 0 dA , the integral rd 
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It nnisl represent the moment of F 2 about the axis at 0. The moment 
Iht? t onple, F 1 F 2 , will be twice this moment, or 


F 2 / = tan 6 



I hhr llu‘ integral of x^ dA equals the moment of inertia (about the lon- 
liiMdllnitl axis of the ship) of the sectional area through the ship, at the 
liiu\ when 0 equals zero. Therefore 


F 2 / = wl tan 6, 

kMi Ii viil ii(‘ substituted in (36) gives 


I \um Mg. 27, 

IhttI 


n = — tan 6. 


n = Bm sin 0, 
I tan 6 


Bm = 


V sine 


Thr Inir mctacenter has been defined as the position which the point 
•• m iidiH lies as the angle 0 approaches zero. As 6 approaches zero, its 
Am Mini liingent approach equality and the distance from B to the true 
I'liler is 


lim e iiM'lric height is the distance from the center of gravity to 
Hn 11 lie iiiel;i( enter, 

1 ‘iH.rie height = — T Dist. between c. of g. and c. of b. 

(lii- ('(|iiii I ion a])plies to any floating body, I being the least moment of 
Him dll o| i\ water-line section through the body, and V the volume of 
eil wali'i*. "I'he plus sign represents the case where the center of 
^olyllv tiia y ]){' below the center of buoyancy. 


PROBLEMS 

I, A lain 1)1 )Mn- contains illuminating gas under a pressure corresponding to 
' III til wilier. If (li(‘ holdcM* i>e at sea level (atmospheric pressure 14.7 II). per 
I III h w liiil pK'ssiii'c' in inch(.‘sof water may be expected in one of its disiribul- 
i' I Idjiin III a poiiil .son fi. above st'a l(‘vel? Assume unit weiglitsof air and gas 
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to be constant at all elevations with values of 0.08 and 0.04 lb. per cu. ft. 
respectively. Ans. 5.84 in. 

2 . A rectangular plate is imrilersed vertically with one of its sides in the water 
surface. How must a straight line be drawn from one end of that side so as to 
divide the rectangle into two areas, the total pressures upon which shall be 
equal? 

3 . Two vessels, A and B, containing water under pressure, are connected by 
an oil differential gauge of the type illustrated in Fig. 12 . If a point w in A is 
4.85 ft. below a point in B, find the difference in pressure at these points when 
the top of the water column in the tube entering A stands 15 in. below that in 
the tube entering B. Specific gravity of oil is 0.80. Ans, 2.0 lb. per sq. in. 

4 . A differential gauge is used to measure the air pressure in a ship's stoke¬ 

hold. It is in the form of a vertical, glass U-tube, partly filled with water, having 
one leg in the stokehold and the other outside where the pressure is atmospheric. 
Oil with a specific gravity of 0.80 fills the inside leg, the line of separation 
between oil and water being in this leg. The upper ends of the tube are enlarged 
so that the sectional area is 10 times that of the rest of the tube, and the top 
surfaces of the oil and water are in the enlarged portions. Find what increase in 
pressure (over that of the atmosphere outside) in the stokehold will force the 
line of separation downward 1 in. Ans. p 0,014 lb. per sq. in. 

5. A liquid whose specific gravity is 1.25 partly fills the vessel shown in 

Fig. 8 . What will be the intensity of pressure at a point 1.8 ft. below its surface 
if h be 15 in. of mercury? Ans. 8.33 lb. per sq. in, 

6 . Water fills the two vessels shown in Fig. 12 , and a portion of the connect¬ 
ing tube. If the oil has a specific gravity of 0.85, what will be the difference in 
pressure-intensity at the points m and n when k = 4 ft and s = 10 inches? 

Ans. 1.68 lb. per sq. in. 

7. If mercury, instead of water, occi 4 >ies the vessels and portions of the tube 
shown in Fig. 12 , what will be the difference in pressure-intensity at points m 
and n when A = 12 in., s = 18 in., and the oil has a specific gravity of 2 . 0 ? 

' Ans. 1.64 lb. per sq. in, 

8 . A masonry dam, 70 ft. high, has a triangular cross-section, the up-stream 

side being vertical. The masonry weighs 150 lb. per cu. ft. and the water back 
of the dam has a depth of 60 ft. above the latter's base. What width must the 
dam have at its base in order that the resultant of the weight of the dam and the 
pressure of the water shall fall within the base at a distance from the down¬ 
stream face equal to xV h3i?>e width? Ans. 39.8 ft. 

9 . Compute the total normal pressure on the interior sides and bottom of a 
cylindrical water tower, 40 ft. in diameter, containing water to a depth of 60 ft. 

Ans. 18,840,000 lb, 

10. A tank with plane vertical sides contains 4 ft. of mercury and 12 ft. of 

water. Find the total pressure on a portion of a side, 1 ft. square, one half this 
portion being below the surface of the mercury. The sides of the square area are 
vertical and horizontal. Ans, 847 lb. 
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11 . A vertical, rectangular sluice gate at the bottom of a dam is 2 ft. wide, 

6 ft. high, and exposed to water pressure on one side corresponding to a head 
of 50 ft. above its center. Assuming the gate and stem to weigh 500 lb. and the 
coefficient of friction of gate on runners to be 0.25, find the force necessary to 
raise it. Ans, 9850 lb. 

12 . A vertical gate, 4 ft. wide and 6 ft, high, hinged at the upper edge, is kept 
closed by the pressure of water standing 8 ft. deep over its top edge. What force 
applied normally at the bottom of the gate would be required to open it? 

Ans, 8990 lb. 

13. How far below the water surface is it necessary to immerse a vertical 

plane surface, 3 ft. square, two edges of square being horizontal, in order that 
center of pressure shall be but 1 in. from center of gravity? Ans. 9 ft. 

14. An immersed plane surface has the form of a square, 6 ft. on a side, but 

from an upper corner (plane vertical and sides of square horizontal and vertical) 
a piece has been taken by a straight cut leaving the top edge 4 ft. long and the 
vertical edge 2 ft. long. Locate the center of pressure both vertically and later¬ 
ally. Water is 6 ft. deep on upper edge. Ans. 3.53 ft.; 2.76 ft. 

15. A vertical triangular plate whose height is 12 ft. has its base horizontal 

and vertex uppermost in the water's surface. Find the depth to which it must be 
lowered so that the difference in level between the center of gravity and the 
center of pressure shall be 8 in. Ans. 4 ft. 

16. Find the depth to the center of pressure on a trapezoidal surface, verti¬ 
cally immersed in water, the upper base being 5 ft. long, parallel to and 10 ft. 
below the water surface. The trapezoid is symmetrical about a vertical center 
line, its lower base being 3 ft. long and 13 ft. below the surface. 

Ans, 11.44 ft. 

17. A flat parabolic plate is immersed, with its axis vertical, in water until its 
vertex is 7 ft. below the water surface. Locate the center of pressure. 

Ans. 4.0 ft. down. 

18. Compute the position of the center of pressure on a circular gate, 4 ft. in 
diameter, placed with its center 4 ft. below the water surface and in a plane 
inclined 45 degrees from the vertical. Ans. 0.18 ft. below center of gravity, 

19. A plate shaped as a right triangle is immersed in water with one side 
v ertical. If the head on the upper vertex be 3 ft., the length of the vertical side, 
6 ft., and that of the horizontal side, 10 ft,, locate the center of pressure. Find 
its lateral position by the calculus method and check by means of medial line. 

Ans. 0.29 ft. below center of gravity. 

3.57 ft. from vertical side. 

20 . An isosceles triangle, base 10 ft. and altitude 20 ft,, is immersed vertically 
in water with its axis of symmetry horizontal. If the head on its axis be 30 ft., 
locate the center of pressure both laterally and vertically. 

Ans. Xc = 30.14 ft. 

yc = 6.67 ft. from base. 
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21. A triangle having a base of 4 ft. and an altitude of 6 ft. is wholly immersed 
in water, its base being in the surface and its plane vertical. Find the ratio be¬ 
tween the pressures on the two £reas into which the triangle would be divided by 
a horizontal line through its center of pressure. 

22. A vertical, rectangular sluice gate, 12 ft. high and 10 ft. wide, is hinged so 

as to revolve about a horizontal axis placed 4 in. below its center of gravity.- 
How deep will the water have to stand on the top edge of the gate if it is to be in 
equilibrium under the pressure of the water? A ns. 30 ft. 

23. A vertical parabolic plate is immersed vertex down in water. If the head 

on the vertex be 9 ft., and the width of plate at the water line be 4 ft., compute 
the total pressure on one side of the plate and the position of the center of pres¬ 
sure. Ans. 5350 lb.; 5.14 ft. 

24. Compute the stress in a 36-inch pipe, whose walls are f in. thick, if the 
water which fills it is under a pressure equivalent to 230 ft. of head on its center. 

Ans. 4800 lb. per sq. in. 

25. A wood stave pipe, 48 in. in inside diameter, is to resist a maximum water 

pressure of 150 lb. per sq. in. If the staves are bound together by flat steel bands, 
4 in. wide, by f in. thick, find the spacing distance of the latter in order that 
they may not be stressed above 15,000 lb. per sq. in. Ans. 12.5 in. 

26. If a 12-in. flanged pipe be closed at its end by a hemispherical cap bolted 

to the flange, what total stress will be in the bolts when the head on the pipe's 
center is 240 ft.? Ans. 11,750 lb. 

27. What thickness should be given the steel wall of a 60-inch pipe if it is to 

withstand a pressure of 100 lb. per sq. in. with a maximum fiber stress of 15,000 
lb. per sq. in.? Ans. 0.2 in. 

28. A timber dam has a plane up-stream face sloping at an angle of 60 degrees 
with the horizontal. Compute the vertical and horizontal components of the 
pressure (per linear foot) against it whEn water stands 30 ft. deep behind the 
dam. Compare these figures with those obtained for a slope of 45 degrees. 

Ans. (a) V = 16,200. 
H = 28,080. 
(d) V = 28,080. 

H = 28,080. 

29. The flat bottom of a steel tank is connected with the plane, vertical side 
by a plate curved through 90 degrees on a radius of 2 ft. If water stands to a 
depth of 8 ft. in the tank, compute the horizontal and vertical components of 
the normal pressure on a linear foot of the curved plate. 

Ans. V = 946 lb., H = 875 lb. 

30. A rectangular caisson is to be sunk, in which to build the foundation for a 
bridge pier. It is in the form of an open box, 50 ft. by 20 ft. in plan, and 23 ft. 
deep. If it weighs 75 tons, how deep will it sink when launched? The water 
being 20 ft. deep, what additional load will sink it to the bottom? 

Ans. 2.4 ft. 

549 tons. 
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31. A flat-bottomed scow is built with vertical sides and straight sloping ends. 
Its length on deck is 80 ft., on the bottom 65 ft., its width 20 ft., and its vertical 
depth is 12 ft. How much water will it draw if it weighs 250 tons? Ans. 5.8 ft. 

32. A ship with cargo weighs 5000 tons and draws 25 ft. of water. On crossing 

a bar at the entrance to a river her draft is decreased by 1 ft. by the discharge of 
300 tons of water ballast. In going up the river to fresh water, 50 tons of coal 
are burned. What will her draft be then and how much ballast will be required 
lo increase it by 1 ft.? Assume the unit weight of salt water to be 64.0 lb. (Sug- 
gestion: The shape of the vessel's under body is not known and the problem 
should be solved on the basis of displacement in cubic feet. The sides of the 
vessel near the water line may be assumed vertical.) Ans. 24.23 ft. 

293 tons. 

33. A hollow cylinder 3 ft, long and 3 ft. in diameter, closed at one end, is 
immersed with axis vertical and closed end uppermost, this end being held 25 ft. 
l)elow the water surface. The cylinder is at first full of water, but compressed air 
is admitted from beneath in the immersed position until it has displaced two- 
l birds of the water. 

Find: 

(a) Absolute pressure from above on top of cylinder. 

{h) Absolute pressure from below on top of cylinder. 

(c) Supporting capacity of cylinder due to buoyancy. 

(d) Supporting capacity of cylinder if it be allowed to rise 15 ft. 

{e) Position of maximum supporting capacity with same charge of air. 

Ans. {a) 26,000 1b. {h) 26,900 lb. {c) 900 1b. 

{d) 1158 lb. {e) 3.6 ft. head on top. 

34. A tank with vertical sides is 4 ft. square, 10 ft. deep, and is filled to a 
depth of 9 ft. with water. By how much, if at all, will the pressure on one side of 
I he tank be changed if a cube of wood, specific gravity 0.5, measuring 2 ft. on 
an edge, be placed in the water so as to float with one face horizontal? 

Ans. 580 lb. 

35. A cask which weighed 60 lb. was placed on platform scales and then 

nenrly filled with water. A total load on the scales of 320.25 lb. was read. Should 
I hr net weight of water as computed from these figures be corrected by reason 
of the fact that a 3-inch vertical steel shaft suspended from the ceiling above 
had its lower end immersed in the water to a depth of 1 ft.? If so, by what 
amount? Ans. 3.06 lb. 

36. If the specific gravity of a body is 0.8, what proportional part of its total 
volume will be above the surface of the water upon which it floats? 

Ans. 0.20. 

37. A stick of yellow pine timber, weighing 40 lb. per cu. ft,, measures 6'^X 
\ I" X 20'. Wliat load will it carry without sinking, if placed in fresh water? 

Ans. 224 lb. 

38. A vertical cylindrical tank, open at the top, contains 12,000 gals, of water. 

A\ luiH a horizontal, sectional area of 80 sq. ft. and its sides arc 40 ft. high. Into 
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it is lowered another similar steel tank, having a cross-section of 60 sq. ft. and 
a height of 40 ft. The second tank is inverted so that its open end is down, and 
it is allowed to rest on the bottom of the first tank. Find the maximum hoop 
tension per vertical inch in the outer tank. Neglect the thickness of the metal 
forming the inner tank. Ans. 930 lb. 

39. A ship with a total displacement of 1800 short tons rolls to one side 

through an angle of 1 degree when a deck load of 5 tons is moved laterally 
through a distance of 15 ft. Compute the metacentric height for this particular 
position of the vessel. Ans. 2.39 ft. 

40. A rectangular pontoon is 80 ft. long, 40 ft. wide, and 12 ft. deep. Its draft 
when launched is 4 ft. and is increased to 10 ft. when fully loaded. Compute the 
position of the true metacenter for both drafts. Assume in each case the center 
of gravity of the pontoon and load at the geometrical center of the cross-section. 

Ans. 29.3 ft., light. 

12.3 ft., loaded. 
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S CHAPTER III 


Effects of Translation and Rotation 


39. Straight Line Motion 

(a) No Acceleration .—If a mass of liquid moves in a straight line (any 
direction) without acceleration, the variation in pressure throughout the 
mass, and the pressure at any given point, will be the same as though 
the mass were at rest. Figure 29 shows an elementary vertical prism in 
such a liquid and the vertical forces acting upon it. 

There being no vertical acceleration, 


p^dA 


pidA wh dA — p 2 dA = 0, 


or 




pi +wh = p 2 , 

which we have seen (Art. 16) to be the law for pressure 
variation in an incompressible fluid at rest. If the liquid 
has a free surface, the latter will be horizontal. 

{h) Accelerated Motiony Direction Horizontal .—Figure 
30 shows a vessel containing a liquid that has a uni¬ 
formly accelerated motion, horizontally to the right. 

'The value of the acceleration is a. If the vessel starts 
fi’om a state of rest, the surface he will be observed to oscillate at first 
and then come to rest, occupying some such position as shown in the 


dA 


Fig. 29 



ligurc, making an angle a with the horizontal which we may determine 
iiH follows. Any particle in the surface must experience a single resultant 
force P\ acting horizontally to the right, since its motion is uniformly 
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accelerated and in that direction only. The measure of this force we know 
to be 

' F = Ma. 

Since upon each particle there is acting the force of gravity W, there 
must be present another force P which, when combined with IF, gives 
F as a resultant. The parallelogram of forces (Fig. 
31) shows that P must act obliquely upward. It 
represents a force exerted by the surrounding 
particles, and if the particle considered is to re¬ 
main at rest relative to its neighbors, this force 
must act normal to the free surface. The angle 
betweeir P and the vertical is the angle a which 
the surface he makes with the horizontal. The 
value of F as obtained from the figure is 

Fig. 31 

and already we have 

P = Ma 

Eliminating W and F, we obtain 

tan a 

A little thought will show that this same result would follow, and be 
occupy the same position, had the reservoir been moving to the left with 
motion uniformly retarded. 

At any depth, /?, measured vertically downward from a point in the 
surface, the intensity of pressure will be wh as may be seen from a con¬ 
sideration of all the forces acting on an imaginary elementary prism of 
liquid extending from any point, m (Fig. 30), up to the free surface. 
Since the prism has no vertical acceleration, it follows that SF must be 
equal to zero. The vertical forces are the weight of the prism, wh dAy 
and the upward force pm dA on its base. 

Therefore 

pm dA = wh dA 

and 

^ pm = ^h. 

It follows that a plane of equal pressure must be parallel to the free 
surface. 


F = W tan a, 
W 

= — a. 

g 


a 

'g 


(37) 



STRAIGHT LINE MOTION 


61 


(c) Accelerated Motion, Direction Vertical .—If the vessel in Fig. 30 be 
moved in a vertical direction with an acceleration, a, the surface will 
remain horizontal but the pressure at a point in the liquid will be different 
from what it would be in a state of rest. Let the direction of motion be 
upward and the acceleration positive in the same direction. Any ele¬ 
mentary prism, mn in Fig. 32, may be treated as a mass under the action 
of the forces shown. Its weight is dA wh, and on its base is the total pres¬ 
sure p dA . The horizontal forces (side pressures) are ^ 

omitted, as they produce no vertical motion. The 
resultant force F equals mass X acceleration, or | 


p dA — 

dA wh = 

— Xa, 

g 


from which 

II 

'g + 



> g / 

For the special case 

of 



= g1 


we have 

p — 2wh 



m 





n 

k 

Fig. 32 


If the acceleration be negative {i.e., mass moves upward with decreasing 
velocity), then a in (38) becomes negative. Thus a mass of liquid moving 
upward, but coming to rest under the action of gravity alone, will have 
as a pressure in all parts, 

p = wh ^ = 0. 

I f the direction of motion now be changed to^ downward, with the accel- 
(Tation positive in the same direction, a reconsideration of the forces act¬ 
ing on the elementary prism will show that 

p = wh * (38a) 

I f the body of liquid falls freely, 

p = wh (^-^) = 0. 


If Ihc acceleration be in a direction opposed to motion, the negative sign 
In (38a) becomes positive. 

A little thought will make it clear that the law of pressure for a liquid 
moving downward with increasing velocity is the same as though it were 
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moving upward with decreasing velocity; and for a liquid moving down¬ 
ward with decreasing velocity, the same as though it were moving up¬ 
ward with increasing velocity. 

In the case of a liquid mass falling freely, it has just been shown that 
the pressure at any point in the mass is zerp, or the pressure of the sur¬ 
rounding air; This principle finds an important application in the case 
of a stream of water falling through space. The particles in any elemen¬ 
tary mass will be under no pressure save that of the atmosphere. The 
pressure in a stream issuing from a pipe therefore becomes zero (rela¬ 
tive) immediately upon leaving the pipe. In the case of a jet issuing from 
a sharp-edged orifice (Fig. 48), also from a conical nozzle, it will be found 
that the sides of the jet converge for a short distance and that the pres¬ 
sure does not become zero until the plane of complete contraction is 
reached. 

40. Rotation of Liquid Masses 

If an open vessel of any shape be partly filled with a liquid and made 
to rotate at a fixed rate about a vertical axis passing through the liquid, 
it will be found that, as the* liquid acquires the angular velocity of the 
vessel, its free surface, at first horizontal, becomes dished or concave in 

form (Fig. 33). The mathematical na¬ 
ture of this surface and the reason for 
its formation may be understood if we 
consider the forces acting upon the 
fluid particles forming it. Selecting a 
smill mass, located a distance x from 
the axis of rotation, let us designate 
its weight by W. The only other forces 
acting upon it are the pressures it 
receives from the surrounding par¬ 
ticles, and since it has no motion rela¬ 
tive to the latter, the direction of the resultant, F, of these pressures 
must be normal to the curved surface. The resultant of W and F must 
be the horizontal deviating force C, whose magnitude is Mu^ x, u 
representing the linear velocity of the small mass. (The resultant, C, 
must be horizontal and act toward the center of rotation since the small 
mass is following a horizontal path and is being uniformly accelerated 
toward the center of rotation.) If co (Omega) represents the angular 
velocity, so that u = iaXj 

^ Mof^x^ W 2 

C = --— * — <a^x. 

K 



X 
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Referring to Fig. 34, the tangent of the angle 6 which F makes with the 
vertical is 

C oj^x 

-- 

W g 

From the figure, B is also the angle which a tangent to the curved surface, 
at the point under consideration, makes with the axis, X. The tangent 
of B may, therefore, be written ^ 

dy (j^x 
tan B = = — 

dx g 


from which 


and 


dy = — dx, 


y = 


2g 


(39) 



X 


'['he equation is that of a parabola with its 
vertex on the axis of rotation, and the form 
of the free surface is, therefore, that of a parab¬ 
oloid of revolution. Such a surface will always be formed, when a mass 
of liquid is rotated about a vertical axis, provided the surface be free. 
'I'he axis may or may not pass through the mass itself, but the vertex of 
the paraboloid formed will always be on the axis. 

liquation (39) may be more conveniently remembered, perhaps, if it 
he written 




(39a) 


// being the linear velocity of any point on the surface, and y its elevation 
alwve the vertex. 

At any depth, A, measured vertically downward from a point in the 
luirface, the pressure intensity will be wh as may be seen from a con¬ 
sideration of the forces acting on an imaginary elementary prism extend¬ 
ing downward from the point a distance h. The prism having no vertical 
tu'( til oration, it follows that 2F must be equal to zero, and the upward 
|)i‘(*ssure, p dA, on the base of the elementary prism must equal the 
weight, wh dAj of the latter. Therefore p = wh. 

It is important to note that in deriving equation (39) no particular 
ll(|uid was specified. Hence the value of y is independent of the nature, 
nr Hpecific weight, of the liquid, and depends solely upon w and the dis- 
Huik o, X, from the axis of rotation. 
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menced. A vertical ordinate from any point, w, to this parabola measures 
the pressure-head at the point during rotation. The equation of the 
parabolaj from equation (41)* must be 


y = 


o o 

CO X 


if y measures the increase in pressure-head at a distance x from the axis. 

Example,—If the cylindrical vessel shown in 
Fig. 37 be just filled with water and closed at 
the topj determine the total pressure on the top^ 
bottom j and sides when rotated about its own 
axis at a rate of 76.6 rpm. 

It will be seen that, during rotation, the vari¬ 
ation in pressure-head over the top surface of 
the liquid is represented by the parabolic curve, 
abc, whose maximum ordinate is 





8.03^ X 4 


4 ft. 


2^ 64.4 

(76.6 rpm. =8.03 radians per sec.) 
Pressure on sides.— 

P = Awko = (tt X 4 X 8) 62.5 X 8 
=' 50200 lb. Ans. 
Pressure on top.— 


On an elementary ring (Fig. 37), 

dP = dA wh = ( 27 rx dx) wy. 


y having the value 




2g 
:.P = 




g 


£ 


x^dx = 1570 lb. Ans. 


Pressure on the base.— 

P = Awh + 1570 

= (7r4 X 62.5 X 8) + 1570 = 7850 lb. Ans. 


The pressure on the top could have been readily computed from the 
fact that it equals the weight of an imaginary volume of water lying 
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between the top of the vessel and the paraboloid ahc. Since this volume 
equals one-half that of a circumscribing cylinder, 

P = 7r(2)2 X 2 X 62.4 = 1570 lb. 

{h) Axis Outside the Liquid. —If the axis lies outside the rotating mass, 
one change from the condition described in the previous article should 
be noted. Figure 38 shows a closed cylindrical 
vessel having a double or inner wall. The 
outer compartment is filled with a liquid and 
rotation takes place about the central axis. 

Considering an elementary prism extending 
in a radial direction from a to 6, the pressure 
throughout its length will be increased by the 
l otation as previously explained. If the liquid 
were compressible^ this increase in pressure 
would result in a shortening of the prism’s 
length and the initial pressure (before rotation) 
at a would decrease as soon as the rotation 
commenced. At higher speeds the liquid would 
leave the inner wall and the pressure at a 
would be less than atmospheric. Since a liquid 
is practically incompressible, rotation will not 
lower the pressure at a, and it cannot in any 
way cause the pressure to increase. It is appar¬ 
ent, therefore, that rotation will not affect the 
jiressure at a. Between a and b, the increase in 
l)ressure will vary with the square of the dis¬ 
tance of the point from the axis, and the parabolic curve, oac, passing 
through a, may be drawn to show the variation in pressure-head between 
the two points. 

Example. —Assuming in Fig. 38 that the inner and outer diameters of 
I he cylinder are 1 foot and 2 feet, respectively, and that the rate of rota- 
lion be 300 rpm., the maximum pressure produced by rotation may be 
found as follows. 

CO = X 27r = 31.42 rad. per sec. 

60 ^ 

At point 6, 

yi = 31.32^ X 1^ 64.4 = 15.35 ft. (from^equation 39) 

At point a, 

- S\Af X 0 : 5 “^ 64.4 = 3,84 ft. 



Fig. 38 
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Increase in pressure-head atZ> = jb — ya = 11.51 ft. 

If the liquid be water {w = ^2.4), 

pb — pa = 11-51 X 62.4 144 = 4.98 lb. per sq. in. 

The resulting pressure at b will be the sum of this increase and any pres¬ 
sure which existed at h prior to rotation. 

The rotation of water in the impeller of a centrifugal pump is a case 
of rotation about an axis outside the mass, but the pressure variation 
will be further affected by the fact that a condition oijiow exists (Chap. 
XIV). 

PROBLEMS 

1, What distance must the sides of a tank be carried above the surface of 

water contained in it, if the tank (moving horizontally) is to suffer an accelera¬ 
tion of 10 ft. per sec. each second without losing water? Tank is 6 ft. square with 
water 3 ft. deep. Compute the maximum intensity of pressure on the bottom of 
the tank during acceleration. Ans, (a) 0.93 ft. 

{h) p = 1.71 lb. per sq. in. 

2. How much water will be -spilled from a rectangular tank, 5 ft. long, 3 ft. 

wide and 4 ft. deep, if starting from a state of rest and full of water, it be hori¬ 
zontally accelerated in the direction of its length at a rate of 2 ft. per sec. each 
second? Ans. 2.3 cu. ft. 

3. An open tank, 30 ft. long, is supported on a car moving on a level track and 
uniformly accelerated from rest to 30 mi. per hour. When at rest, the tank was 
filled with water to within 6 in. of its top. Find shortest time in which the accel¬ 
eration may be accomplished without liquid spilling over the edge. 

Ans. 41.2 sec. 

4, A vessel containing oil (specific gravity 0.70) moves in a vertical path with 
an acceleration of 8 ft. per sec. each second. Find the intensity of pressure at a 
point in the oil 3 ft. beneath its surface when, 

(a) moving upward with positive acceleration. 

(b) moving upward with negative acceleration. 

(c) moving downward with positive acceleration. 

^ (d) moving downward with negative acceleration. 

5. ii the water which just fills a hemispherical bowl of 
3 ft. radius be made to rotate uniformly about the ver- 

b tical axis of the bowl at the rate of 30 rpm., how much 
will overflow? Ans. 19.5 cu. ft. 

6. The open cylindrical vessel shown in the accom¬ 
panying sketch is revolved about its center axis at the 
rate of 56 rpm. If previously filled with water to the 

brim, how high above the latter will water rise in the attached piezometer tube, 
a-b? Ans. 2.68 ft. 
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7. At what speed must an open, vertical cylindrical vessel, 4 ft. in diameter, 
6 ft. high, and filled with water, be rotated on its own axis in order that 
the effect of rotation will be to discharge sufficient quantity of water to 
uncover a circular area on the bottom of the vessel 2 ft. in diameter? 

Ans. 108 rpm. 

8. A glass U-tube, whose vertical stems are 12 in. apart, is filled with mercury 

to a depth of 6 in. in the stems. At what rpm. must it be rotated about a vertical 
axis, midway between stems, in order to produce in the mercury at the axis a 
pressure of absolute zero? Ans. 265 rpm. 

9. A closed cylindrical vessel, axis vertical, 6 ft. high and 2 ft. in diameter, is 

filled with water, the pressure intensity at the top being 20 lb. per sq. in. The 
metal side is 0.10 in. thick. Compute (a) total pressure on side wall; (b) total 
pressure against top; (c) maximum intensity of hoop tension, if the vessel be 
rotated at 240 rpm. Ans. 138,600 lb.; 10,000 lb.; 3220 lb. per sq. in. 

10 . A closed cylindrical vessel, axis vertical, 8 ft. high and 1 ft. in diameter, 
is just filled with water. At what speed must it be rotated about its axis in order 
to produce a total pressure of 100,000 lb. against the side wall? What intensity 
of hoop tension will exist at mid-height if the metal side be 0.0625 in. thick? 

Ans. 1183 rpm.; 2650 lb. per sq. in. 

11. A closed cylindrical vessel, as shown in Fig. 38, is just filled with mercury. 

"I'he diameter of the inner wall is 2 ft., that of the outer wall 3 ft. What maxi¬ 
mum rise in pressure will occur if the vessel be rotated at 300 rpm. about its 
axis? Ans. 113 lb. per sq. in. 

12. Water from the constant-level reservoir, 2?, flows to, and entirely fills, 

the closed, concentric cylindrical chambers 
Hliown in the figure. A wheel, PF, composed 
of flat vanes and driven by a motor, causes 
the water in the central chamber to rotate as 
II mass at the rate of 240 rpm. With free 
(‘ommunication between the central and outer 
rhamber, F, how high will water stand in 
I he open piezometer tube, T, above the level 
In the reservoir? Ans. 9.8 ft. 

13. A small pipe, 2 ft. long, is filled with water and capped 
lit its ends. If placed in a horizontal position, how fast must 
It be rotated about a vertical axis, 1 ft. from an end, to pro¬ 
duce a maximum pressure of 1000 lb. per sq. in.? 

Ans. 1315 rpm. 

14. A horizontal tube, 8 ft. long and 2 in. in diameter, is 

lilled with water under a pressure of 10 lb. per sq. in. and closed at the ends. 
If rotated in a horizontal jfiane about one end as an axis, at the rate of 60 
rpm., what will the ])ressure at the outer end become? 




Ans. 27.0 lb. per scp in. 
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15. A vertical cylinder 6 ft, high and 4 ft. in diameter, two-thirds full of 
water, is rotated uniformly about its axis until on the point of overflowing, (a) 
Compute the linear velocity at the circumference, (b) How fast will it have to 
rotate in order that 6 cu. ft. of water will be spilled? 

Ans. 16.1 ft. per sec.; 85.3 rpm. 

16. A closed steel cylinder, 6 ft. in diameter, 10 ft. long, axis vertical, is just 
filled with water. How rapidly must it be rotated about its axis if the water 
pressure is to burst the sides of the cylinder by hoop tension? The metal is 0,25 
in. thick and its ultimate strength is 50,000 lb. per sq. in. Ans. 719 rpm. 

17. Resting against the flat top of a closed vessel filled with water is a cube 
of wood, 6 in. on a side and weighing 5 lb. It is fastened to the top by a vertical 
pin. The vessel is rotated at the rate of 30 radians per sec. about a vertical axis 
passing through the vessel and at a distance of 3 ft. from one of the vertical 
faces of the cube. What radial force Hoes the cube exert against the pin? 

Ans. 248 lb. 

18. A conical vessel with axis vertical and sides sloping at 30 degrees with the 

same is rotated about another axis distant 2 ft. from its own and parallel. How 
many revolutions per second must it make in order that water poured into it 
will be entirely discharged by the rotative effect? Ans. 50.5 rpm. 

19. Prove that in the case of an overshot water-wheel revolving at uniform 
speed around a horizontal axis, the water surfaces in the various buckets will 
be cylindrical surfaces described from a common center at some point on the 
vertical diameter produced. 
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43. Laminar and Turbulent Flow^ 

It is a fact, well established by experiment, that a fluid in motion 
along any channel may flow in either of two widely different ways. IJ 
the velocity of movement be sufficiently low, the separate particles will fol¬ 
low well defined paths that do not intersect or cross one another, although 
adjoining particles may have velocities that differ in magnitude. Each 
particle, or group of particles, has a motion 
of translation only, there being a noticeable 
absence of eddying and turbulence. 

As an illustrative case let us consider the 
fluid as moving through an ordinary pipe of 
circular cross-section. If the cross-section be 
<livided into a number of concentric rings 
(lug. 39), the fluid particles in any one ring 
will remain in that ring if the pipe be free 
from obstructions. The particles in contact 
with the pipe wall will adhere to the wall and 
ha ve no motion. If the width of each ring be infinitely small, the outer ring, 
or layer, will be at rest, and each inner ring will move with a velocity 
which is greater than the velocity of the ring which surrounds it. We 
may conceive the flow as made up of telescoping layers, or laminae. 
Hence the descriptive term, laminar flow. In all conduits and channels a 
Kimilar pattern of flow may exist if conditions are favorable. If a small, 
partial obstruction occurs at a point in the pipe just considered, the 
velocity of the particles will be increased while passing it, and turbulence 
may develop at that point or just beyond it; but in a short distance the 
turbulence will disappear and laminar flow will continue. 

If, in the same pipe, the velocity of flow be sufficiently increased, the 
(luiracteristics of laminar flow disappear and the paths followed by sep- 
jirate particles, or groups of particles, become very irregular, crossing 
and recroflsing one another to produce an intricate pattern of interlacing 
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lines. In addition, large and small vortices, or eddies, will be superim¬ 
posed upon the pattern, each vortex continuing for a short distance only 
to be broken up or torn apart by the viscous shear between it and the 
surrounding fluid. New vortices are constantly formed. Under such con¬ 
ditions the flow pattern is said to be turbulent. 

Obviously the laws governing laminar and turbulent flow must differ 
widely. 

In a given channel the change from laminar to turbulent flow begins 
to take place when a certain velocity, known as the critical velocity^ is 
reached and passed. Beyond this the turbulence increases with velocity, 
finally reaching a state in which the turbulence is said to be fully de¬ 
veloped. 

Whether the flow will be laminar or turbulent in a given channel de¬ 
pends entirely upon the density, viscosity and velocity of the fluid. The 
motion of a particle, or group of particles, will be controlled by two fac¬ 
tors,—the viscous shear between it and adjacent particles, and the inertia 
which it has by reason of its density and velocity. By its inertia, it can 
offer a resistance (equal to mass X acceleration) to any drag which the 
viscous shear, just mentioned, may exert upon it, tending to change the 
magnitude or direction of its velocity. It is the relative magnitude of 
these two forces which determines whether the flow is laminar or tur¬ 
bulent. If the viscous force dominates the inertia force, a particle follows 
a path which parallels those of adjacent particles, and there is no tur¬ 
bulence. If the inertia force is dominant, separate particles tend to pur¬ 
sue any direction once begun, but change direction from moment to mo¬ 
ment as they meet and mix with otfier particles moving with velocities 
differing from their own. 

The motion may be laminar at a certain velocity of the fluid and change 
to turbulent at a slightly higher velocity, if the increase in velocity causes 
the inertia forces to dominate the viscous forces. 

At the critical velocity the two forces will be in equilibrium. Below it, 
the viscous forces are the stronger with laminar flow resulting, and they 
will increase in relative strength as the velocity is diminished. The flow 
simultaneously becomes more stable in the sense that any large dis¬ 
turbance, if momentarily caused, will be damped out quickly by the 
viscous forces. If the velocity of flow be increased (flow still laminar) the 
size of a momentary disturbance that can be damped out will decrease. 
Above the critical velocity the flow will be turbulent. It will be shown 
later that the critical velocity at which turbulent flow becomes laminar 
may be lower in value than the critical velocity at which laminar flow 
becomes turbulent. 
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The terms sinuous and non-sinuous are sometimes used to describe 
turbulent and laminar flow. 

In general, laminar flow occurs at relatively low velocities and is not 
so common in occurrence as turbulent flow. The flow of water through 
porous soils and filter beds, through pipes of very small diameter (capil¬ 
lary tubes) and the pipes of heating systems, where circulation is slow, 
are a few illustrative examples. Since the two types of flow follow very 
different laws, it is quite essential to distinguish between these types. 

44. Steady Flow. Streamlines 

The flow of any fluid stream is said to be steady if at any point in the 
stream the velocity, pressure and fluid density remain constant with time. 
'The quantities may change from point to point in the stream, but never 



Fig. 40 


at any one point. This also implies that the form and area of any cross- 
section of the stream, normal to the direction of motion, remains constant 
with time, but not necessarily constant from section to section. In the 
ease of a liquid, the density will be the same at aU points (compressibility 
neglected). Such conditions are commonly present in most of the prob- 
l(‘ins confronting the hydraulic engineer, and to problems of steady flow 
we shall, with few exceptions, limit our discussions. 

With flow steady, successive positions of a separate particle may be 
joined with a line which may be termed a stream-path or stream-line (see 
ill), Fig. 40). Such lines may be easily visualized for laminar flow, but for 
turbulent conditions they would interlace and recross one another to 
form a most intricate pattern. For an imaginary perfect fluid, devoid of 
friction, they would resemble those for laminar flow, since the viscous 
forces which give rise to, and maintain, the turbulence are absent. Fre¬ 
quently in our reasoning we shall find it convenient to assume friction- 
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less flow, with its characteristic stream-lines, in order to derive basic 
relationships which may be ^odified afterwards for the effect of friction. 

45. Bernoulli’s Theorem for an Incompressible Fluid 

In 1738 Daniel Bernoulli, a Swiss mathematician, demonstrated a gen-|] 
eral theorem in connection with fluid motion, the importance of which 
cannot be overemphasized. Upon it, as a framework, may be erected the | 
whole structure of fluid motion, and by it a majority of the problems j 
arising may be .completely solved. 

In his demonstration, Bernoulli considered only a perfect fluid, and it ! 
will be convenient if we, too, neglect friction and later investigate its 



w dA ds 

Fio. 41 


effect upon our result. The theorem will be developed first for the flowj 

of a liquid and then for the flow of a compressible fluid. j 

(a) Friction Neglected. —Figure 40 shows a portion of a liquid streanij 

confined within a pipe, or conduit, and therefore under a pressure which] 

may vary from section to section. Since the liquid is frictionless, we may! 

assume an ideal condition of flow in which turbulence is absent and each 

individual particle follows a path that parallels that of its neighbor J 

Figure 41 represents an imaginary, elementary mass of the liquid, mo-*j 

mentarily situated at any point, m, on the stream-line, ah (Fig. 40). IL 

is cylindrical in shape, having its axis parallel to the direction of motion 

at that point. Its cross-sectional area is dA, and the length, ds, is equal! 

to the distance which the mass moves In dt seconds. Its instantaneous 

ds 1 

velocity, v, therefore equals — • At one end the pressure-force, exerted] 

dt 1 

by the surrounding liquid, \sp dA, while at the other end it is {p + dp) dA * ; 

The pressure-force against its sides acts in a direction normal to the sides | 

and has no effect upon its motion. The gravitational pull on the mass is; 

dA ds w, or dA ds gp, and its component in the direction of motion is 

dA ds gp sin a, or dA dz gp. Since the resultant force in the direction of 

motion must equal the product of mass and acceleration, a, in that direc- 

p dA ~ (p + dp) dA — dA dz gp “ dA ds pa. 
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l'>om 


and 


ds 

V dv = — dv = a ds 
dt 


a = V 


dv 

ds 


By substituting this value of a, simplifying and changing signs, the 
above equation yields the differential equation, 


dp 

- \- g dz -\- V dv — Q, 

P 


(42) 


If for p we substitute 


w 


g 


dp V 

-h ds -h " dzJ = 0. 

w g 


I'kich separate term may be integrated between the limiting values which 
llie variable has as the mass moves from section 1 to section 2 in Fig. 40. 
'there results, 

1 p 1 p2 Pi v^ Vi^ 

I dp -\- j dz -\ — / V dv = -h 22 — Si+- — — 0 

w ^ J,, g Jv, w w 2g 2g 


or 


_L J- . -U ^2 

- -h-h Si = “ I-r S2. 

2g w 2g w 


(43) 


This expression constitutes Bernoulli’s Theorem for an incompressible 
Huid (liquid). It states that with flow steady and friction eliminated, 

v"^ p 

— + s = a constant quantity 

2g w 

at all points along a stream path. Each of the three terms represents a 

. P , 

linear distance. We are already familiar with — , it being the head that 

w 

torresponds to the pressure, p, and known as pressure-head. The term, z, 
is simply the height of the particle above any assumed datum plane, and 

v^ , , 

is known as the elevation-head. To — is given the name, velocity-head, 

^g 

-since it, too, represents a distance. 
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= distance^ time^; g = distance time^; 

therefore — = a distance.) 

2^ 


The further significance of the name will appear later. The sum of the 
three heads is called the total head, H. 

The theorem may therefore be expressed as follows: In steady flow 
without friction, the sum of velocity-head, pressure-head and elevation-head 
is a constant quantity along any stream-line. 

Although strictly applicable to a single stream-line, it may be applied 



to a collection of stream-lines {i.e., a stream) by using the average of 
values which — , p and z may have for the different stream-lines at any 


cross-section. 

Figure 42 presents the theorem graphically. At sections (l) and (2) 
piezometers, by their columns, measure the average pressure at these 
sections, and we have seen (Art. 26) that the average pressure is found 
at the centroid of the section. Likewise, the average elevation of particles 
in each section is the elevation of the particle at the centroid of the sec- 
■ , v^ 

tion. If now at each section the mean value of — be added to the height 

2^ 

of the piezometer column, the sum of the three heads must be alike, and 
equal to H, at the two sections. 

If the cross-sectional area at (l) and (2) be of equal value so that Vi 
and V 2 are equal, it can be seen from the figure that a gain in elevation 
is attained with a corresponding loss in pressure-head. Similarly, in a 
horizontal pipe or conduit, an increase in velocity, brought about by a 
reduction in section-area, will result in a loss in pressure-head. In other 
words, any change in one of the three variables produces a change in 
one or both of the other two. Of course it must be borne in mind that 
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the effect of friction has been neglected and that Fig. 42 represents only 
ideal relationships. 

Bernoulli's theorem has another and very important interpretation, 
('onsider the ease of a frictionless liquid flowing steadily through a ver¬ 
tical pipe of constant cross-sectional area (Fig, 43). At a point, a, in 
section (l) the velocity is Vi and the kinetic energy of a small mass, M, 

. . MVi 

passing this point is —— 


^ WVi^ . . 

or —-Its kinetic energy, per pound of 


2g 




'r~T 


liquid, is therefore-foot-pounds. By reason of its elevation, Zi, above a 

2^ 

(latum plane, it has elevation-energy, Wzi, or Zi foot-pounds per pound of 
liquid. As the mass moves from (1) to (2), its 
velocity, and hence its kinetic energy, remain 
unchanged because the area of the pipe has 
not changed. But the mass has lost elevation 
energy to the extent of {zi — Z 2 ) foot-pounds 
per pound. The flow being frictionless, no en¬ 
ergy can have been lost between the sections 
and we must conclude that the liquid has 
gained in some other form of energy to offset 
the loss. By equation (43), 




I ^2 , „ 

+ Zl = h 22 

w w 


Batutn 


or 


P2 


h 

W 


w 


2:1 

I 

- 2 -! - 




i 


= Zl - Z2. 


Fig. 43 


InQQ in Via.s been offset bv 




pressure-head, and if - can be shown to represent pressure-energy per 

' w 

pound also, then we may say that no loss in energy has taken place. 

4'he following discussion of the action of a simple water motor will 
throw further light on the problem. We shall imagine a closed, horizontal 
cylinder of small cross-section. A, and length, I, fitted with a piston and 
communicating with a large reservoir of water by means of piping. The 
piston being at one end of its stroke, the opening of a valve admits water 
under a pressure, p, and the piston moves to the other end of the cylin- 
dtT. The valve being now closed and an exhaust port opened, the con- 
la ined water is driven from the cylinder by a return movement of the 
pinion, now receiving water on its other face from the opposite valve. 
The work done by the water during the single stroke was A pi, and the 
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weight of the water used was Alw. We may say that, per pound of wa!^ 
used, ^ 

Work done = = — ft. lb. 

Alw w 


While in the motor, the water gave up no elevation-energy (motion 
horizontal), neither did it give up kinetic energy, since its velocity at the 
beginning and end of the stroke was zero. The work done by the water/ 
therefore, was at the expense of its pressure, which fell from p to zero) 


(relative pressures) as it passed the cylinder, and we may regard — asi 

w 

the amount of energy, per pound, contained in the water when under 
the pressure p. It should be noted that the pressure was derived froml 
contact with water at higher elevation in the reservoir; and had it notj^ 
been for this contact, no work could have been done. ^ 

Returning to Fig. 43 and the discusson incident to it, we may stalCj 
that the loss in elevation-energy between sections (1) and (2) is offset 
by a gain in pressure-energy; that for any point in the flow. 


IT p 

Energy per pound = -— z = E, 
2g w 


m 


the three terms respectively representing the kinetic, pressure- and eleva- > 
tion-energy of the liquid per unit of weight. It is seen that Bernoulli's 
theorem is an expression of the principle of conservation of energy. We have, 
therefore, two conceptions of the meaning of the theorem. As first viewed, 
each term represented a distance of head; now we see it also represent|j 
energy per pound of liquid. The two conceptions are synonymous, since 

^ , . foot-pounds distance X force ( 

Energy per pound = -^- \ 

pounds force 


= distance, or head. 

(b) Friction Considered. —All liquids are more or less viscous and their 
flow is accompanied by frictional forces, or resistances, which hinder mo i 
tion. Therefore, from section to section there must be a continual expend!' 
ture of energy by the liquid in overcoming the resistances, and the equa^ 
tion of Bernoulli must be modified to 

— + —+Si = — + — +22 + lost energy per pound or lost head. (45) 
2g w 2g w 


Expressing the theorem in words: In steady flow, with friction present, 
the total head {or total energy per pound) at any section is equal to that at 
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any subsequent section, plus the lost head {or lost energy per pound) occur¬ 
ring between the two sections. 

If the total energy per pound be miQtiplied by W, the pounds per 
second which pass a given section, the product is the energy per second, 
or power, in the stream at that section. This is seen to be so from 


energy 

pounds 


X 


pounds 

seconds 


energy 

seconds 


Comparing the power at any two sections, 


W 




P2 

W 



+ lost energy per second. 


Power computations are useful in the testing of pumps and hydraulic 
turbines. If the total energy per second be computed at sections just 
before and after passing the pump, the difference in these quantities is 
the power supplied by the pump to the water. Since a turbine extracts 
energy from the water passing through it, the difference, similarly com¬ 
puted, is the power supplied to the turbine. 


46. Computation of Velocity-Head 

The boundary walls of a moving stream exert a drag upon the fluid, 
causing the velocity to be much lower near the wall than at points 

v"^ 

nearer the stream's center. The average value of — at any cross-section 

is the numerical mean of the values found for each particle in the section. 
Unless the law of velocity variation across the section be known, there 
is no way of computing this mean, and the customary procedure is to 

assume that it may be obtained by substituting the mean velocity, ^, in 

^ • This results in an error which may, or may not, be important in a 

given problem. If the variation in velocity be small, the error will be 
generally negligible. 

As a case where the error is large, may be cited the flow through a 
circular pipe when the motion is laminar (Fig. 44). The velocity at a 
distance, x, from the center being v, the rate of discharge through an 
elementary annular area, dA, is v dA, and the kinetic energy of this dis¬ 
charge is 

K.E. per sec. = wv dA = 

2g 


2g 
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For the entire section, 


w f* 

K.E. per sec. = — I 

2g J 


dA. 


If the K.E. for the entire section be computed by using Vm, the mean 

velocity of flow, 2 ^ 3 

K.E. = w A = W — , 

2 ^ 2g 


and the ratio of these two values, a, is 

dA 





If V were a constant, it would equal Vm and a would have a value of 
unity. With v a variable, increasing in value with distance from the pipe-* 
wall, a will be found to have a value always larger than unity. 

With laminar flow in a circular pipe it will be found (Art. Ill) that 
the velocity is zero at the wall, increasing to a maximum, at the cen¬ 
ter, and that the maximum velocity is twice the mean velocity. The ve¬ 
locity variation is parabolic as shown in the figure. 

From the last fact, 

Vc — V 


or 


^ (1 - 7) = 21)- (1 - 

f\r^ - xy 

•/o 


\6'irv„ 

= 


Ittx dx 
’^x dx 


Therefore, 
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1 fence, 


fv^dA o 2 3 

J _ ^ 2irrhJ 


or the true value of — for the whole section is twice that computed by 


using Vjn for v. 

For turbulent flow in a pipe, the variation in velocity between the 
center and the wall is such (Art. 133) that a does not greatly exceed 
unity. From Nikuradse’s experiments, Powell * has computed that a 
varied from 1.03 to 1.11 in the experiments, as the pipe increased in 
roughness. For open channels a varies with the form of the channel, 
having values slightly larger, in general, than in pipes. For a jet issu¬ 
ing from an orifice or nozzle, a may be as small as 1.01. 

In numerical problems, these facts are not so disturbing as they at 

first appear, inasmuch as the value of — is usually a small quantity 

when compared with the pressure and elevation heads at a given section. 
Where the total heads at two sections in a flow are being compared by 
Using Bernoulli's theorem, the value of a is immaterial if the areas of the 
sections and the velocity variations at the sections are alike. In rela¬ 
tively few cases will serious error occur if a be assumed as unity, and 
these cases will be pointed out as they arise. 


47. Friction Losses 

All frictional losses in fluid flow must be due to the fluid's viscosity. 
It was shown in Art. 8 that by its viscosity a fluid resists deformation and 
the accompanying shear stresses. Deformation and shear stress are pres¬ 
ent in both laminar and turbulent flow, and the fluid's resistance gives 
rlne to work which must be done at the expense of the fluid's energy. 
Fluid motion therefore involves the continuous transformation of me- 
ihunical energy into heat. 

Jn discussing flow through nozzles, pipes, open channels, etc., we com¬ 
monly speak of the resistance offered by surface friction^ meaning the 
fenistance offered the moving fluid by the boimdary walls. Unless ex¬ 
plained, the exact nature of the phenomenon may be misunderstood. 
The fluid particles in contact with a bounding surface adhere to it and 
ttre motionless. Between them and adjacent particles that have motion, 
ihearing action occurs, and in this way the surface exerts a drag upon 
llie moving fluid. 


* Mtrhanics of Liquids by R. W. Powell, McGraw-Hill Book Co., New York, 1940. 
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If the surface be rough, its unevenness may cause the formation 
vortices which contain ro^tive energy that must be derived from 
moving stream. Laminar flow represents linear deformation of the fluid; 
turbulent flow, both linear and angular deformation. 

When a fluid stream has its velocity suddenly reduced by an abrupt! 
enlargement in cross-section, extreme turbulence is developed withfj 
accompanying loss of energy. Although the loss is often said to be dut 
to shock or impact^ the terms are misleading. Since a fluid is a continuoi 
medium, loss of energy by impact is impossible. The phenomenon is bet* 
ter explained by stating that the mixing of fluid particles, having orig^ 
inally different velocities, causes much angular and linear deformation^ 

48. Application of Bernoulli’s Theorem 

Inasmuch as the solution of many problems in hydraulics and fluid 
flow requires the determination of velocity and pressure conditions, or ■ 
the head lost by friction, Bernoulli’s theorem finds wide applicatiot 
Since there are seven terms in equation (45), and only one in genera 
can be unknown, it is necessary in choosing the points or sections, betwee 
which to write the theorem, to select two points or sections at which 
the heads, save the desired one, are known. In most cases, as we shall se 
later, this is possible. Often where two unknowns appear, a second equa^' 
tion may be written giving the relation between them. Thus if bot 
velocities be unknown, one may be expressed in terms of the other 
means of the relation, 

aiVi = a 2 V 2 = dsVs, etc., 

where a represents tne sectional area of the stream taken normal to 1 
direction of motion. This simple relation is known as the equation of 
continuity of flow. It must hold for all sections of a single, undividfi 
stream of liquid. If the stream be a compressible fluid, the equatioji 
becomes 

WiGiVi = W 2 a 2 V 2 = WsOsVs, etc., 

which states that the weight of fluid passing a section each second mu8 
be constant. 

Where a velocity and the friction head are both unknown, it is ofte 
possible, as we shall see later, to express the lost head in terms of 
unknown velocity. 

It must be noted that the solution of the equation, for the value of ul] 
unknown term, will not result in a real value unless the term repre3entin| 
the lost head has been incorporated in the equation. If it be omitted, 
the value obtained is ideal, being correct only for a frictionless liqulct 
Beginners frequently lose sight of this fad. with diastrous results. 
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When making numerical substitutions in the pressure term, either the 
relative or absolute scale of pressure (Art. 18) may be used, but the same 
icale must always be used in any one writing of the equation. Using the 
absolute scale in place of the relative, one is simply adding to each side 
of the equation the pressure-head of the atmosphere, expressed in feet 
of the flowing liquid. 

The value of the pressure may be anything from absolute zero upward, 
but it can never be less than zero because a negative value implies ten- 
lion which liquids cannot stand (see Art. 7). If in the application and 
lolution of the equation a negative value (absolute) of p be obtained, it 
twny be known at once that either a numerical error has been made, or 
the flow does not take place under the conditions assumed. 

Example 1.—^A pipe line gradually enlarges from 24 inches in diameter 
at A to 36 inches at B. The velocity at ^ is 5 feet per second, and the 
average pressure, above that of the atmosphere, 50 pounds per square 
Inch. Assuming that 2 feet of head are lost between A and B, find the 
pressure at the latter point if it be situated 15 feet lower in elevation 
than A . (The student should draw the figure.) 

From Bernoulli’s theorem, 

s2 


2g w 


^1 


2^ 


+ — + 2:2 + lost head. 
w 


i*'r()ni the conditions stated. 


vi = 5 ft. per sec. 
pi = 50 lb, per sq. in. 
Zi = 15 ft. 

Z 2 = 0 ft. 

Lost head = 2 ft. 


(It will be noted that the datum from which the s’s were reckoned was 
HlMunicd passing through the point B). As for the value of V 2 , we have 


Hiving 


V 2 = 


U 2 


aiVi — a2V2, 

/ 24\2 

= (^) X 5 = 2.22 ft. per sec. 


Substitution of the above values gives 

25 50 X 144 ^ 4.93 p 

- \ - 1 - 15 = :-+ - + 0 + 2 .. 

64.4 62.4 64.4 w 


P. 

IV 


= 128.4 ft. 


p = 8025 lb. per sq. ft., or 55.7 lb. per sq. in. 
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Example 2.—A 12-inch pipe-line contains water moving with a meanj 
velocity of 10 feet per seco^^d. What amount of energy per second passe 
a section where the average pressure is 20 pounds per square inch? 

— = — = 1.56 ft. lb. per lb. 

2g 64.4 ^ 

- = 20 X 2.31 = 46.2 ft. lb. per lb. 

w 

Total energy per lb. = 47.8 ft. lb. per lb. 

The pounds passing the section per second are 

W = 0.785 X 10 X 62.4 = 490 lb., 

Energy per sec. = 47,8 X 490 = 23400 ft, lb. 

Expressed in horsepower, this is equivalent to 

23400 


550 


= 42.6 hp. 


Elevation energy was considered to be zero, since we were computing 
the energy in the pipe and the reference datum was therefore the pipers 
axis. 

Example 3.—Water enters a motor through a 2-foot pipe under a pre 
sure of 20 pounds per square inch. It leaves by a 3-foot pipe with a pres¬ 
sure of 5 pounds per square inch. A vertical distance of 6 feet separate 
the centers of the two pipes at the sections where the pressures are meas¬ 
ured. If 15.7 cubic feet of water pajs the motor each second, compute the 
power supplied to the motor. 

* 15.7 , ^ 

At entrance, Vi = ——= 5. ft. per sec. 


At exit, 


3,14 
15.7 ^ ^ ^ 

Vo = z= 2.2 ft. per sec, 
7.07 


/ 25 
\"64.4 


+ 20 X 2,31 + 6) — energy per lb. given up in motor 


/4 84 

52.4 - = 11.6 

Em = 40.8 ft. lb. per lb. 

Energy furnished motor each second = (15.7 X 62.4) 40.8 

= 40000 ft. lb. per sec. 
= 72.7 hp. 
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49, Bernoulli’s Theorem for a Compressible Fluid 

The flow of air and gases through orifices and pipes so commonly occurs 
in engineering as to warrant a brief discussion of the fundamentals in¬ 
volved, One characteristic difference between a gas and a liquid is that 
the density of a gas varies with pressure. 

Reviewing the derivation of Bernoulli’s theorem for a liquid in Art. 45, 
it will be seen that up to, and including, equation (42) no change in the 
statements is necessitated if we substitute the word, fluid, in place of 
liquid wherever the latter word occurs. Equation (42), 

dp 

— gdz V dv = 0, 

P 


may be considered, therefore, as a fundamental relationship for all fluids 
under steady flow. For compressible fluids, p is a function of p and the 
pressure term cannot be integrated, as in Art. 45, unless the relationship 
between p and p can be expressed. The integration of the terms along a 
stream-line between points (1) and (2) therefore gives 


or 


r" dp 

I + S (^2 





Vi 


V2 


2g 


+ ^2 + 



(46) 


If each term be divided by g. The equation may be regarded as the Ber¬ 
noulli theorem for a compressible fluid. If the flow takes place with either 
Isothermal or adiabatic change of volume, the perfect-gas laws permit 
the integration of the pressure term. 

(a) Isothermal Change .—For isothermal change, — = — by equation 

W Wi 

(18), and 


.4i p Wi ® ^ Wi ^ \pi/ 

— p 

pi 


Substituting in (46), 


^ _ ^ 2 % Pi 

2g + “ 2 ^ + 




(47) 
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For a gas, the value of Zi — 22 is usually so small, compared with the 
pressure term, that the 2 terms may be dropped and (47) simplified to 


V 


- -^ ^ log^ ( —) , for frictionless isothermal flow. (48) 

Ig 2g Wi \Pi/ I 

To correct for frictional resistances, it is only necessary to add to *tl 
right-hand member of equations (47) and (48) a term to represent tl 
lost energy per pound (or lost head), as was done in equation (45). 


2g 


_ _ pi (— ) + lost energy per lb. or lost head. 

2g wi \pi/ 


(49) 


It is possible to show from this equation that, with small changes i: 
velocity, the value of p^ will differ little from that of pi unless the lost 
head is large. Thus in the flow of air, or gas, through an ordinary pipe,^ 
the density of the fluid may be assumed constant if the pipe be not t 
long (Chap. VIII). This is the same as saying that the energy equatio; 
for liquids may be used instead of (49). 

(6) Adiabatic Change .—If air, or gas, flows from one chamber to au< 
other, as from a chamber through an orifice or nozzle into the open ai 
very large changes in velocity may take place due to the difference 
pressures. Since the change takes place almost instantly, little heat c; 
escape from the fluid and the flow is assumed to be adiabatic. 

For adiabatic change the pressure term in (46) may be integrated a|| 
follows: 

By equation (19), , 


/wV_ 
Wi/ ' Ji ’ 

dp 

Jn, W J.,, 


= Wi*' — 

pi 

and w 

= ( 

1 

1 

dp pi^ 

‘ p’^dp 



J ~- 

Wi 

1 


1 


“ k 

Px^ 

- ■ - • P 

[ Wi ^ 

Pi k 

1 Wi 




i-l 


{ p 2 —'^1 * 


Multiplying numerator and denominator by p 


1 ^ , 


/' 


dp _ k ' p\ 
w k — \ 


Jb- 1 
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Substituting in (46) and dropping the s term as very small compared 
with the pressure term, 


^1 


2 


^^2 


2g 2g 



k-i 

wi LV^i/ 



I for frictionless 
[adiabatic flow. 


(50) 


To correct for frictional resistances, a lost energy (or head) term may 
be added to the right-hand member of the equation, as was done in (49). 
It may be shown from (50) that fairly large changes in velocity may take 
I)lace without causing material changes in density, and that only for very 
large changes in velocity is it necessary to recognize density as a variable, 
'rhe following problems illustrate this statement and the application of 
the energy equation. 

Example 1.—Air flows from a large, closed container through a small 
orifice in the container's side. The inside pressure is 15 pounds per square 
inch (absolute) and the outside pressure is 14.7 pounds per square inch. 
Inside air temperature is 70° F. Neglecting friction, with what velocity 
does the air leave the tank? 

By equation (16), the specific weight of air in the container is 

pi 15 X 144 

~ 53.34r “ 53.34(459.4 -|- 70) “ ^ • 

Assuming adiabatic flow, and that the velocity, Vi, inside the containc 
Is zero (container large), the value of V 2 from (50) is 


V2 = 

With k = 1.40, 

^ k — 1 wi 

■-0' 

15 X 144 r 

.2 = V64.4 X 3.5 X [ 1 - 

^14 7y.28B 


192 ft. per sec. 


The specific weight at point (2) is found from 


iukI 


p2 W' 2 / ^ 14.7 \ ’ 

W 2 = 0.0756 lb. per cu. ft. 


Tlu‘ specific weight, hence the density, changed but 1.5 per cent between 
puiiUs (1) and (2). 
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We shall now solve the problem assuming that the density does not] 
change, and w is constant at 0.0767. Using equation (43) with z tern 
omitted, 

^ h _ h 

2g w w ^ 

and 


V2 




T his is practically the same value as obtained by the other method, and 
it will be noticed that the change in velocity is 192 feet per second. 

Example 2.—The data of the previous problem will be used, but tha 
internal pressure will be raised-to 22.5 pounds per square inch (absolute).' 
Again, 

. 0.115, 


53.34(459.4 + 70) 


I’s = yj 


22.5 X 144 
J64.4 X 3.5 X-—;— 

1 - 


“ 0.115 


\22,5/ J 


t 

P2 


1 ^ 

2 Kwo/ 


22.5 


or 


_ ^ Q.iis y- 


,W2/ 15 \ W2 / 

W 2 = 0.0861 lb’, per cu. ft. 


This represents a decrease in density of 25 per cent. If a solution bo 
made on the basis of constant density, the value of V 2 will be 778 fect| 
per second. The assumption is not warranted, however, because of thfl 
great increase in velocity. 

50. Momentum Theorem 

Whenever a steadily moving stream of fluid has its velocity changedi 
in magnitude or direction, a force is required to effect the change, and 
its magnitude may be found by use of the principle of momentum. In 
general, if a body of mass, M, be acted upon by a constant force, F, it 
suffers an acceleration, in the direction of the force, which may be de* 
termined from the relation, F = Ma. The acceleration being constantt 


a = 


Av 

~At 


Av 

F = M -y 
At 


and 
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In applying the principle to fluid streams, the following demonstration 
will be helpful. Figure 45 shows a portion of a gradually enlarging chan¬ 
nel containing a fluid in steady motion. As a consequence of the gradual 
change in sectional area, the velocity of the fluid particles, hence their 
momentum, is gradually reduced. The velocity at some section m we 
may assume to be while at n it has been reduced to V 2 - Assume that in 
the time dt, particles at m move to m' and those at n to w', so that the 
distance mm^ equals Vidt and equals V 2 dt. The aggregate momentum 
of all the particles between m and n suffers a diminution which may be 
represented in the difference found between the momentum of the mass 



mm' and nn'. That this is so may be seen if it be noted that the aggregate 

jnomentum of all particles between m' and n remain constant. The mo- 

, . WiaiVi^dt , W2aWdt 

inentum of the mass, mm , being -, and that of nn , --, 

the value of the force, causing the change in momentum, is 

^ / WidiVi^dt ^ W2a2V2^dt \ _ 


W^aiVi ,, 1 • • 1 

or, since- = - = M, the mass passing any section per second, 

g g 

F = M {yi — 1 ^ 2 )* 

'The quantity, (vi — V 2 ), represents the vector change in velocity and may 
l)e replaced by Az^, giving 

F = MAv. (51) 

The equation should be interpreted as follows: In any stream of steadily 
moving fluid j the resultant force acting on the stream between any two sections 
may be computed by multiplying the mass of fluid, passing a section per 
second, by the vector change in velocity occurring between the two sections. 

If a component of the resultant force, in a direction parallel to any 
^li'signated axis, be desired, it equals the product of the mass per second 
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and the numerical change, in corresponding component of velocity, oc-j 
curring between the two sections. J 

Algebraically expressed, * 

Fx = M/S.Vx, and Fy = MLVy. ^ 

The foregoing principles are fundamental in all problems dealing with] 
force and motion and must be mastered by the student. j 

Example 1.—A 12-inch pipe, containing water moving with a mean; 
velocity of 5 feet per second, abruptly changes in diameter to 6 inches, j 
Compute the resultant force causing the accompanying increase inj 
velocity. 

Mass per sec. = 0.785 X 5 X 62.4 -5- 32.2 = 7.6 slugs. ^ 

Vi = S = 5 X (— 

Av = 15 

F = 7.6 X 15 = 1141b. 

This force acts in the direction of the acceleration, or in the direction 
of flow. Several forces make up this residtant, as shown in Art. 172. 

Example 2.—A horizontal 12-inch pipe changes its direction, by ai 
bend, through a 45 degree angle. If the velocity of the contained watefij 
be 10 feet per second, what components of force, Fx and Fy, will be ex-j 
erted upon the water in the bend, if the axes X and Y be respectively! 
parallel, and normal, to the original direction of the pipe? (Reader shouldj 
draw the figure.) * 

Mass per sec. = 0.785 X 10 X 62.4 32.2 = 15.2 slugs. 

’ At entrance to bend, 

Vx = 10 Vy = 0 1 

At exit from bend, ’ 

Vx = 10 X 0.707 = 7.07 
= 10 X 0.707 = 7.07 
= 2.93 Az^y = 7.07 

Fx = 15.2 X 2.93 = 44.5 lb. 

Fy = 15.2 X 7.07 = 107.5 lb. 

Each component acts in the direction of the corresponding acceleration, 
The value of F is V Fx^ + Fj^ and will be found to be 116 pounds. It 
also equals the product of 15.2 and the vector change in velocity between 
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entrance to, and exit from, the bend. The latter has a value of 7.65 feet, 
(which the reader should verify) and 

F = 15.2 X 7.65 = 116 lb. as before. 

Several forces make up this resultant as shown in Art. 171. 

51. Principle of Similarity 

The discussion contained in this article owes its place in the present 
chapter to the fact that it logically belongs here, although it necessarily 
touches upon subjects which have not yet been presented and therefore 
is more difficult to comprehend. For this reason, a careful re-reading of 
the article may be helpful when its principles are referred to in later 
discussions. 

The behavior of fluids in motion may be determined only partially by 
the use of theory alone. The frictional resistances, due to the fluid’s vis¬ 
cosity, usually defy mathematical expression, and experimental work is 
required to show what modifications are necessary in results obtained 
by pure analysis. Where the physical size of experimental apparatus is 
prohibitive, or expensive, models may be used to reproduce the flow to 
be studied. It then becomes necessary to know the conditions under 
which the model will give a true picture of the behavior of its larger 
[)rototype. 

Again, having obtained experimental data for a certain flow, it may 
be desirable to compare the results with those obtained for a similar 
structure where differences in dimensions, and in the properties of the 
(luid, may exist. For instance, the characteristics attending the flow of 
water through a diaphragm-orifice in a pipe (see Fig. 62) may have been 
completely determined, and we wish to know the characteristics of the 
How of a certain oil through the same orifice, or through a similar but 
larger one, placed in a pipe whose diameter bears the same ratio to that 
of the orifice as existed in the experiment. We shall see that two flows 
exhibit the same characteristics only when they are identically similar, 
and that similarity is met only by satisfying certain requirements. 

Two fluid flows may be said to be similar in all respects when the fol¬ 
lowing conditions are fulfilled. 

(1) The boundary conditions must be geometrically similar. This means 
that, the outlines of the surfaces bounding the fluid shall be geometrically 
Hiinilar, so that one structure will resemble the other in everything but 
Mize. It is evident that all corresponding dimensions in the two flows have 
a common ratio. 
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(2) Idealizing the flows to the extent of assuming the existence of 
stream-paths, or lines, the^aths traced out by correspondingly placed 
particles in the two flows must also be geometrically similar. In order f 
that this occur, it is necessary that, at corresponding points in the flows, ! 
the forces acting on the fluid in one system must be, each for each, in 
the same ratio to the corresponding force in the second system. This in¬ 
sures that the accelerations at corresponding points will be such as to 
produce geometrically similar path-lines. 

These two simple criteria are all that is necessary for complete simi¬ 
larity. 

In general the forces found present are those due to gravity, fluid fric¬ 
tion, inertia, surface tension and elasticity of the fluid. Surface tension en¬ 
ters into some problems but usually is not important in most engineering 
problems. Elasticity is important when the fluid is compressible (such as,; 
a gas), but problems requiring its consideration lie beyond the scope of 
this book. We are therefore left with the forces of gravity, friction and' 
inertia to consider. I 

It will be seen later (Art. 54) that complete similarity cannot be at-^ 
tained between two fluid flows if all three of these forces are present and 
affect the motion, unless the flows are alike in linear dimensions, ix,, of | 
the same physical size. Obviously a comparison under such conditions j 
would be superfluous. , I 

The inertia force will commonly have to be considered in all our proI>| 
lems, but frequently one of the other two will be relatively unimportant,! 
or negligible, in giving character to the flow. In this case similarity may j 
be attained sufficiently close for practical purposes. 

Where flow takes place in closed conduits of any shape, so that no free i 
fluid surfaces exist, the weight of the fluid will be found to have no effect 
on the characteristics of its flow. Hence gravity, as a force, will not enter ; 
into the problem, and only the friction and inertia of the fluid need bo* 
considered. Complete similarity is then possible. 

The occurrence of the hydraulic jump (Art. 160) in an open channel ia 
a good illustration of a case where gravity is an important force, the : 
height of the jump, and other characteristics, being largely determined . 
by the forces of gravity and the inertia of the water. 

52. The Reynolds Number 

If friction and inertia are the two controlling forces, we may determine j 
a criterion for similarity between two geometrically similar flows. Ac - 1 
cording to the second condition for similarity as given in the preceding 
article, the ratio between these two forces must be the same at all corrfr ] 
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spending points in the two flows. An expression for this ratio is what we 
now desire. 

The inertia force, per unit volume, being measured by the product of 
mass and acceleration, we may write 



Substituting for dt its value from ds= v dt, 


Fi 



To derive a value for the viscous force acting upon a unit volume of 
the fluid, we will assume a small mass having a length of unity in the 
direction of its motion. For ease of description this direction wall be taken 


X 

a, 



Fig. 46 


US horizontal. The width of the mass, in the horizontal plane, is also unity 
utu] its height is dx (Fig. 46). The velocity of the surrounding fluid varies 
from point to point, in the plane of the figure, as indicated by the curve 
ub. On one of the horizontal faces of the mass, the intensity of the shear 
stress is/s, while on the opposite face it is/s + dfs- The existence of these 
shear stresses is due to the fact that the fluid particles, above the mass, 
lire moving with greater velocity than the mass itself, while those be- 
lusath it are moving with a slower velocity. The shearing stresses are 
Iherefore in opposite directions and the resultant shear on the mass is 
(//«. The volume of the mass being dx, the intensity of the shear, per unit 

. , . df, 

(>l volume, IS • 
dx 

111 Art. 8 it was shown that 




dv 


= M 


dx 
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dv 

dx 


being, as in the present case, the rate of change in v with respect to x, 


at any point in the fluid. Differentiating fs with respect to Xj we obtain' 


dfs 


d^v 


dx ^ dx^ ’ 

which is the value, as derived above, for the intensity of the shear stres 
per unit volume. 

Accordingly, 

d?v 

and the ratio of the inertia to the viscous force is 

dv 

Fi ^ ^Js 
~ dh 

To interpret this value, we. shall substitute for the derivatives their di*! 
mensional values. Both ds and dx have the dimension of length, Z, and] 

dv has the dimension of length divided by time, or “ ■ The substitutioilj 

will require that the equation be changed to a statement of proportion-^ 
ality. 

Fi ^ fyvL 

F^ L n 

As to Vj it represents the velocity of the small mass. It is therefore the 
velocity at a point in the fluid, and has a definite ratio to the velocity 
at any other point. In its place, therefore, may be substituted any other 
velocity without affecting the proportionality expressed above. A con¬ 
venient velocity, for practical purposes, will be the mean velocity, with, 
which the fluid particles pass a section normal to the stream^s direction, ' 
Just what L represents is not at first clear; but it is a distance, and 
each distance or dimension in the fluid has a definite relation to any other 
distance or dimension. We shall interpret i, therefore, as representing 
any dimension, I, which is characteristic of the flow, and write 
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To cite a particular case, the only characteristic dimension which a 
circular pipe has is its diameter (or radius), and v woidd represent the 
mean velocity of the fluid particles past a cross-section. 

In any case, the ratio of the inertia to the viscous force will be prdpor- 
. pvl , , vl ^ ^ 

tional to — which may be written — , v indicating the fluid^s kinematic 


viscosity, and having the dimensions of — as explained in Art. 9. 
vl , . 

The quantity, — , is dimensionless as is seen from 

V 


vl 

V 


L 

i/ 

T 


In honor of Sir Osborne Reynolds, whose work in 1882 first called at- 

vl . 

tention to its importance, — is known as the Reynolds Number and is 

V 

designated by R. 

'Fhe discussion of the conditions necessary for similarity (Art. 51) 
shows that two fluid systems, in which inertia and friction are the only 
forces acting, will be similar if the Reynolds number be the same for 


(si 


each ( since R is proportional to 


-)• 


This number is the criterion we 


sought. 

Returning to the case of the circular pipe, the flow of a fluid in two 
|»i|)es will be similar if 


vidi 


V 


or Vidx = V 2 d 2 * 


If (he fluids be different in the two pipes, similarity follows if 




^2 


Jl should be repeated that, for similarity to exist, with only inertia and 
fi'ii’tion forces to consider, the flow should take place within closed 
boundaries. 

'I'he factors, p and in — , determine the magnitude of the inertia 

M 

fori'c, while p largely influences the magnitude of the viscous force. An 
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increase in v increases the strength of the inertia force. If the flow be. 
laminar, increases in v eventually cause the flow to become turbulent. 
Large values of ju tend to increase the value of v at which laminar flow^ 
becomes turbulent. Stated differently, the larger the value of R, the.' 
greater are the influences of the inertia forces, and the greater are the 
possibilities for turbiflent flow. Similarly, decreases in R are accompanied 
by increases in the viscous forces, with increased tendency toward lami¬ 
nar flow. The value of R in correlating experimental data is apparent. : 
Even though gravity may be present as a modifying force, the magni-i 
tude of R may be helpful in evaluating the frictional resistance. 

Example 1.—Water at a temperature of 50° F. flows through twor 
separate pipes, 8 and 12 inches in diameter. The mean velocity of flow 
in the 12-inch pipe being 6 feel per second, what should it be in the 8-i 
inch if the two flows are to be similar? Compute R. 

Since p and p have like values for each flow, Vidi = and the veloci- i 
ties vary inversely as the pipe diameters. 

12 

2 ^ = 6 X — = 9 ft. per sec. 

o 


w = 62.41 p = 


62.41 

^17 


0.0000273 (Art. 8). 


Hence 


6 X 1 X 1.94 
0.0000273 


426000, 


Example 2.—If the water in the«8-inch pipe be replaced by oil havingl 
a specific gravity of 0.80 and a p value of 0.000042, what should be the] 
oiFs velocity for similarity in the two flows? 

For the oil, p = — 

V X 0,667 X 1.55 6 X 1 X 1.94 

0.000042 “ ~0.0000273 

2 ; = 17.3 ft. per sec. 

53. The Froude Number 

When the only forces present are inertia and gravity^ another criterion 
must be observed if two fluid flows are to be similar. The value of the 
inertia force, per unit volume, is 

dv 
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iis shown in the previous article. The gravity force, per unit volume, is 
the weight per unit volume, w, 

= w = pg. 


El 

F, 


dv 

g 


Since dv is a velocity and ds a length, 


Fi 

F‘ 


V 

gL 


As in deriving the Reynolds number, so here may we interpret L as 
signifying any characteristic dimension, Z, of the flow and write 

- 1. 

F, gl 

The quantity, — , is called the Froude Number, in honor of William 

gl 

Froude, an Englishman who in the latter half of the nineteenth century 
pioneered in the investigation of ship resistance by use of models. It will 
be designated by F. 

.. , . Fi 

Since — is proportional to —^ , it is used to measure this ratio, and we 
gl F, 

cun say that two fluid flows, in which inertia and gravity alone act, will 
be similar when they have the same Froude number. 

Example 1.—Water, flowing with a depth of 2 feet in an open channel 
hii ving a rectangular section, rises suddenly at a point in the flow to form 
11 jump (Fig. 47). The depth increases to 2.66 feet. If the velocity of flow 



Fig. 47 

before entering the jump be 10 feet per second, what should be the corre- 
pipoiuling velocity in another channel where the depth is 4 feet, if a jump 
uf similar proportions is to occur? 

'I'his is a case where frictional resistance enters into the problem but 

pliiys a relatively minor part, and for the two flows to be similar, ■-" 

gh 












98 FLUID MOTION, THEOREMS AND CRITERIA 


^2 


must equal — , or the velocities will be proportional to the square roots 


of corresponding dimensions. 
10 


/4 

— = and V 2 = 14.14 ft. per sec. 


As to the value of F, 


F = 


100 


32.17 X 2 


= 1.56 


if the depth and velocity before entering the jump be taken as character¬ 
istic dimensions and velocity. Evidently the value depends upon one’s 
choice of the characteristic quantities. 

54. Limitations of the Similarity Principle 

In Art. 51 it was stated that if all three forces—friction, gravity and 
that due to inertia—are present and affect the motion of the fluid, com¬ 
plete similarity between two flows is impossible unless they have the 
same physical dimensions. By the Froude law, corresponding velocities 
in the two flows must be proportional to the square roots of corresponding 
dimensions. By the Reynolds law, these velocities must be inversely pro¬ 
portional to corresponding dimensions. It.follows that, with gravity, fric¬ 
tion and inertia present, and important in their effects upon the flow, 
these two laws cannot be applied simultaneously. 

In the case of liquids, inertia is always present and important. If either 
friction or gravity is an important modifying factor, and the other is 
relatively unimportant, then similarity sufficient for most experimental 
work is possible. 

Another impediment to producing exact similarity is the difficulty of 
simulating surface roughness of the boundary walls. Geometrical simi¬ 
larity demands that surface irregularities be similar, not only in size, but 
in shape and disposition. Similarity in roughness is important when the 
surfaces are not smooth and frictional effects are being studied. 

From the foregoing statements, it is seen that only when gravity has 
no effect on the flow and the bounding surfaces are smooth, is exact siihi-' 
larity obtainable. These conditions imply closed, smooth boundaries 
and the Reynolds number. 

Space prevents further discussion of this important subject, and the 
reader is referred, for further information, to the several discussions 
listed in the bibliography at the end of the chapter. 
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PROBLEMS 

1. An 8-inch pipe contains a short section in which the diameter is gradually 
reduced to 3 in. and then gradually enlarged to full size. If the pressure of water 
passing through it is 75 lb. per sq. in. at a point just before the reduction com¬ 
mences, what will it be at the 3-inch section when the rate of flow is 1.20 cu. ft. 
per sec. ? Assume no loss in head between the two sections considered. 

Ans, 71.0 lb. per sq. in. 

2. A 3-inch pipe discharges into the air at a point 6 ft. above the level ground, 

the water leaving the pipe with a velocity of 28 ft. per sec. Assuming air friction 
to be negligible, compute the velocity of the water as it strikes the ground if, 
{a) the pipe be horizontal; (6) the pipe be inclined upward 45 degrees from the 
horizontal. Ans, 34.2 ft. per sec. 

3. A 12-inch pipe discharges water at the rate of 5.5 cu. ft. per sec. At a sec¬ 

tion, A, on the pipe, the pressure is 40 lb. per sq. in. while at section B, at a 
point where the pipe is 8 ft. lower than at A, the pressure is 42.5 lb. per sq. in. 
Compute the head lost between A and B, Ans, 2.3 ft, 

4. Water flows radially outward in all directions from between two hori¬ 
zontal circular plates which are 4 ft. in diameter and placed parallel 1 in. apart. 
A supply of 1 cu. ft. per sec. being maintained by a pipe entering one of the 
plates at its center, what pressure will exist between the plates at a point 6 in. 
from the center if no loss by friction be considered? 

{Note. —The student may verify his answer by cutting two small disks from 
cardboard, piercing one at its center by a small pipe or piece of stiff straw, and 
blowing air into the pipe instead of water.) 

Ans. p = \ lb. per sq. in. below atmosphere. 

5. A horizontal pipe 12 in. in diameter carries water with a mean velocity of 

10 ft. per sec. At a section, A, the pressure is 55 lb. per sq. in. and at a section, B, 
it is 40 lb. per sq. in. Compute the quantity of energy passing each of these sec¬ 
tions in 1 second, estimating the potential energy with reference to a datum 
plane through the pipe's axis. What is the amount of head lost between the two 
sections? Ans. {a) 62,200 ft. lb. 

{V) 46,200 ft. lb. 

{c) 32.9 ft. 

6. A 2-inch stream of water issues from a nozzle with a velocity of 75 ft. per 
sec. What quantity of energy passes the nozzle per second if the datum plane for 
computing potential energy be taken through the axis of the issuing stream? 

Ans. 8930 ft. lb. 

7. Water from a reservoir is pumped over a hill through a pipe 3 ft. in diam¬ 

eter, and a pressure of 30 lb. per sq. in. is maintained at the summit, where the 
pipe is 300 ft. above the reservoir. The quantity pumped is 49.5 cu. ft. per sec. 
iind by reason of friction in the pump and pipe there is 10 ft. of head lost be¬ 
tween reservoir and summit. What amount of energy must be furnished the 
water each second by the pump? Ans. 2130 hp. 
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8. How much energy, in horse-power units, is being transmitted through a 

3-inch pipe in which the velocity of flow is 15 ft. per sec. and the gauge pressure 
40 lb. per sq. in.? If a section farther on in the pipe were considered, would 
there be a less amount of energy passing each second? What form of energy i 
would remain constant? A ns, 8.1 hp, 

9. In order to maintain a discharge of 1.20 cu. ft. per sec. through a 6-inch ^ 

pipe which discharges into the air, it is found necessary to keep a pressure of | 
36 lb. per sq. in. in the pipe at the inlet end, which is 8 ft. above the discharge [ 
point. Compute the loss in head while passing through the pipe. How much . 
energy per second does it represent? Ans. 91.2 ft. 

6830 ft. lb. per sec* 

10 . A horizontal 2-inch pipe is supplied with water from a reservoir. The dis¬ 
charge from its open end is at the jate of 0.22 cu. ft. per sec., the pipe flowing 
full. The loss in head by viscous friction is 0.2 ft. per ft. of length. What will be 
the mean pressure intensity at points 200 ft. and 400 ft. from the exit? 

Ans, 17.3 lb. per sq. in. 

34.6 lb. per sq. in* 

11. Water enters a motor through a 4-inch pipe under a gauge pressure of | 

150 lb. per sq. in. It leaves by an 8-inch pipe at an elevation 3 ft. below the point 
of entrance. If the pressure in'the pipe at exit be 10 lb. per sq. in. and the dis¬ 
charge 2 cu. ft. per sec,, find the energy given up by the water each second as it j 
passes the motor. Ans. 41,700 ft. lb* 1 

12. During the test of a centrifugal punjp, a gauge just outside the casing 
and on the 8-inch suction pipe registered a pressure 4 lb. per sq. in. less than i 
atmospheric. On the 6-inch discharge pipe another gauge indicated a pressure 
of 30 lb. per sq. in. above atmospheric. 

If a vertical distance of 3 ft. intervetted between the pipe centers at the sec* 
tions where the gauges were attached, what horse power was expended by the I 
pump in useful work when pumping 2 cu. ft. per sec.? Ans. 18.7 hp, j 

T3, A water motor is supplied from a horizontal 12-inch pipe and uses 7,83 
cu. ft. per sec. Discharge takes place through a vertical 24-inch pipe. A difleren- 
tial gauge tapped into the two pipes close to the motor shows a deflection of 6 ft, ' 
of mercury. The center of the 12-inch pipe at point of tapping is 3 ft. above tlio I 
point where the gauge is connected to the 24-inch pipe. If the motor be 82 j)er \ 
cent efficient, what will be its power output? Ans. 55.5 hp, 

14. A centrifugal pump draws water from a pit through a,vertical 12-mch 
pipe which extends below the water surface. It discharges into a 6-inch hori¬ 
zontal pipe 13.4 ft. above the water surface. While pumping 2 cu. ft. per sec,, a 
pressure gauge on the discharge pipe reads 24 lb. per sq. in., and a gauge on the' 
suction pipe registers 5 lb. per sq. in. below atmosphere. Both gauges are cloM 
to the pump and are separated by a vertical distance of 2.95 ft. 

(a) Compute head lost in suction pipe. 

{b) Compute the change in energy per sec. between the gauge sections. 
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(c) Compute energy output of pump by using the Bernoulli relation between 
a point in the free water surface and at the discharge-gauge section. 

Ans, 1.0 ft; 8925 ft. lb. per sec. 

15. An airship whose wings have a chord length of 9 ft. is to be modeled on a 
one-ninth scale, and the model tested in a wind tunnel. Conditions of flight at 
an air speed of 100 mi. per hr. are to be simulated. The air density in flight is 
0.0015 slugs per cu. ft. and its viscosity is 0.36 X 10“® lb. sec. per sq. ft. In the 
tunnel the air density can be maintained at 0.008 slugs per cu. ft. and the vis¬ 
cosity at 0,40 X 10“® lb. sec. per sq. ft. What should be the air speed in the 
lunnel and what value has the Reynolds number? 

Ans. 187.5 mi. per hr.; 5.52 X 10®. 

16. Two globe valves (Fig. Ill) of identical design and construction, differ¬ 
ing only in size, are installed in pipes having diameters of 6 and 12 in. The 
valves are partly open and in the same relative position. In the 12-inch pipe oil 
flows at the rate of 7.85 cu. ft. per sec. The oil has a temperature of 60° F., a 
viscosity of 200 Saybolt-seconds (universal) and an A.P.I, gravity of 40 degrees. 
In the 6-inch pipe water at 70° F. flows. What should be the water velocity if 
the flows through the valves are to be hydraulically similar? 

Ans. 0.45 ft. per sec. 

17. A Venturi meter (Fig. 135) has end diameters of 36 in. and a throat 

diameter of 18 in. Water at 70° F. flows through the throat with a mean velocity 
of 20 ft. per sec, A small meter, geometrically similar, has a throat diameter of 
6 in. What velocity must be maintained at its throat with water at 50° F. if the 
two flows are to exhibit similar characteristics? Ans. 79.8 ft. per sec. 

18. A 20-foot model of a 500-foot ship is to be tested in a towing tank to 

ascertain wave effects (gravity forces important). Neglecting viscosity, at what 
speed must the model be towed to simulate the wave effect of the ship when 
moving at a speed of 20 mi. per hr.? Ans. 5.88 ft. per sec. 

19. The ratio of the length of a hydraulic jump to its height (Fig. 47) was 
Studied in a series of experiments. The depth and velocity of the stream before 
rtdering the jump had the following values. Depths were 1.60 ft., 2.20 ft., 2.71 
ft., 0.8 ft., 1.24 ft.; the corresponding velocities were 7.18, 8.12, 9.35, 4,68 and 
6.32 ft. per sec. In which of the five experiments should the ratio of length to 
height be the same? 

20 . In the hydraulic jump of Fig. 47, compute the resultant horizontal force 

acting upon the water which causes the change in velocity indicated by the 
given conditions. Assume the stream to be 50 ft. wide. Ans. 4810 lb. 

('ompute the difference between the total static pressures at the two sections 
Mcross the stream, one before and one after the jump. Compare the result with 
I he al )ove-mentioned force. 
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CHAPTER V 


Flow Through Oriji, 


ices 


55. General Remarks 

As commonly used in fluid flow, the term orifice applies to any opening 
having a closed perimeter, made in a wall or partition. Orifices enter into 
the design of many hydraulic structures and are often used for the meas¬ 
urement of flowing fluids. They differ not only in geometrical shape but 
also in the manner in which their edges or perimeters are formed. The 
circular and rectangular orifices are most commonly used in engineering 
construction and upon these, especially the 
former, much experimental work has been done. 

I'his has been limited in a majority of cases to 
orifices having a sharp edge or an edge so 
thin that the stream in passing it touches only a 
line (see Fig. 48), The rate of discharge from an 
orifice depends to a considerable extent upon 
tlic nature of its erlge and in order to compare 
tlie performances of orifices having different 
diajTieters it is necessary that their edges be simi- 
liirly formed. Inasmuch as the variety of edges 
U practically unlimited, it has been generally 
agreed to make the sharp-edged orifice the standard for comparison. 
It may be fashioned as in Fig. 48 or it may have the form shown 
in Fig. 596 where a plate or wall of small measurable thickness has 
been pierced by a hole and a sharp, well-defined edge produced at 
the inner surface of the plate. Experiment shows that there is no differ¬ 
ence in the hydraulic properties of these two orifices. 

56. Sharp-'Edged Orifices 

Any fluid flowing through an orifice having a sharp edge presents the 
following characteristics. As the stream leaves the orifice, it gradually 
<'ontracts to form a jet whose cross-sectional area is less than that of the 
orifice. This is due to the fact that the separate particles, lying close to 
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the inner wall, have a motion, along the wall toward the orifice, which 
cannot be abruptly changed in direction at the orifice edge. The contrac¬ 
tion is not completed until the section, ab, is reached. At this point the 
stream paths are assumed to be parallel, and the pressure is that of the 
surrounding atmosphere (all particles now freely falling under gravita¬ 
tional action). 

In the short portion of the jet between the edge of the orifice and the 
plane ab, the pressure will be greater than atmospheric since the particles 
are moving in curved paths and must be acted upon by centripetal pres¬ 
sures of greater intensity than that of the at¬ 
mosphere. The writing of Bernoulli's equation 
between two points, one in the plane of the 
orifice, the other in the plane, ab, will establish 
the same fact. Since potential heads are alike 
and the velocity head at the first named point 
is less than at the second, it follows that the 
pressure-head at the orifice is greater than at 
the contracted section. 

Figure 49 represents an orifice in the side of 
a large reservoir having a depth, or head, of 
water, h, on its center. With this head maintained constant by an inflow 
at A, the flow is steady. Assuming the reservoir surface to be large, com¬ 
pared to the orifice, particles in the reservoir, remote from the orifice, 
will have no appreciable velocity. Neglecting friction, Bernoulli's theorem 
written between a point, B, and the center of the jet at the contracted 
section shows that * 



P V 

0 + ^ + z = -+0 + 0 
w 2g 


or 


== V2e 


(52) 


This value of v we may call the ideal velocity of efflux, friction having 
been neglected. It is seen that 

Ip' 

and the reason for giving the name, velocity-head^ to — in Bernoulli's theo- 

rem is apparent. It is the head which would produce the velocity v. 

Equation (52) gives the ideal velocity of efflux regardless of the nature 
of the liquid. It does not apply to a compressible fluid since the specific 
weight would change between point B and C. 
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The orifice just considered was in a vertical plane and therefore ex¬ 
posed to a head which varied slightly over the orifice. The jet, conse¬ 
quently, would be composed of particles 
having slightly varying velocities, and the 
value of V as obtained from equation (52) 
would not represent the mean ideal veloc¬ 
ity of the jet. It would if the separate 
velocities varied directly as the heads that 
caused them. Instead, they vary as the 
square roots of these heads, and for this 
reason the curve in Fig. 50 is a parabola, 
with vertex at the reservoir surface and 
axis vertical. From the figure it is obvious 
that the variation in velocity throughout the cross-section of the jet will 
be greater as h decreases, and for very low heads the mean value of the 

ideal velocity will not be given by equation 
(52). However, if the head be large in propor¬ 
tion to the vertical dimension of the orifice, the 
error will be negligible. 

With an orifice in a horizontal plane, all parts 
of it are under the same head and the ideal 
velocity of all particles in the jet is the same. 

Since the ideal velocity, due to a head, is the 
same as though the particle had fallen freely 
through the same height, it would be expected that, if the orifice were 
horizontal and the jet directed upward (Fig. 51), the latter would rise a 
height equal to the head that produced it (all friction neglected). 

57. Coefficient of Velocity 

Experiment shows that the real mean velocity of a jet from a sharp- 
edged orifice is a little less than the ideal, due to the fluid's viscosity. 

Aelually, _ 

V = c^^lgh, 

r,, being known as the coefficient of velocity. Its numerical value for water 
and liquids of similar viscosity is but slightly less than unity (see Art. 62). 

5B. Coefficient of Contraction 

The ratio of the area of the contracted section to that of the orifice is 
d(‘Hignated as the coefficient of contraction. Its numerical value for a given 
IIII id varies with orifice diameter and the head (see Art. 62). 




Fig. 50 
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59. Coefficient of Discharge 

The volume of fluid, Q, ^flowing from the orifice per second may be I 
computed as the produce of a\ the actual area at the contracted sectiort}] 
and the actual mean velocity past that section. Therefore we may write] 

Q = 


or 


Q = 


where a ^2gh represents the ideal discharge which would have occurredj 
had no friction or contraction been present. As for ca^ it is the coefficient 
by which the ideal rate of discharge is multiplied to obtain the actual 
rate. It is known as the coefficient of discharge. Numerically it is equal taj 
the produce of the other two coefficients. 

Iilasmuch as all orifices, nozzles, weirs and many other structures havfitj 
these three coefficients associated with their flows, it is important toj 
grasp their full significance. 

60. Lost Head at an Orifice 

The head lost in passing any orifice may be ascertained as follows. 

At the contracted section the real velocity is 

V = Cv^,2gh, 

and the velocity-head is 

f 

» 

Had no head been lost by friction, the velocity-head would be h. Consul 
quently, 

Lost head = h — c^h = (1 — h. {55)1 


If h be replaced by its value as given in the first equation, 

/I \ 

Lost head = I — I I — * 

/ 2^ 


im 


Expression (53) gives the lost head in terms of the head that caused 
the jet velocity, and (54) gives it in terms of the actual velocity itsolt [ 
Either may be used, but (54) will be found generally more convenienU 
Assuming Cv = 0.98, a value commonly used for an orifice discharging I 
water, 


Lost head = 0.04A, or .041 


2g 
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'Hie importance of the two equations lies in the fact that they are ap- 
|il (cable to any discharging device whose coefficient of velocity is known. 
If a short cylindrical tube, as illustrated in Fig. 71, is found to have a 
value of Cv equal to 0.82, the lost head will be 

Lost head = 0.67/? or 0.49 — • 

H 

ft I. Determination of the Coefficients 

There are several ways by which the value of each coefficient may be 
ilckrmined, a few of which may be noted. 



(a) Coefficient of Velocity, —In the case of a liquid, this may be obtained 
lioni a series of measurements on the path of the jet. If a particle issues 
li'oin a vertical orifice with a velocity, Vj and in t seconds is found at the 
|Hilnl m (Fig. 52), we may write 


mi\ 


X = vt, 

y = ^ (freely falling body), 


tliw center of coordinates being at the center of the contracted section, 
fcjllininating t between these two equations, 



witii'h shows the path to be a parabola with vertex at the orifice. If the 
I H ordinates, x and y, of a point in the jet be measured, the above equa- 
lloii may be used to measure the actual velocity of flow from the orifice. 
I lie vidue of the coefficient is then the ratio of this velocity to V 2gh, 
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Measurements may be made for a number of selected points and the re-* 
suiting velocities averaged. With the exercise of care, a very good de¬ 
termination may be made in spite of the possible retardation of the jet 
by atmospheric friction. 

When the jet diameter is not too small, it is possible to use a Pitot; 
tube (Art. 136) to determine the actual velocity at the contracted section.: 

(b) Coefficient of Contraction. —The only direct way of measuring the! 
amount of contraction is by calipering the contracted section. When the! 
jet is steady, calipers set on a fixed standard may be used with good re-' 
suits. Another method consists in first determining the coefhcients of ; 
velocity and discharge, and then using the relation. 


Cq — • C-y. 

(c) Coefficient of Discharge. —This may be more easily determined than] 
the others, since it is necessary only to allow the orifice to discharge fori 
a known length of time and to measure, by volume or weight, the amount^ 
of liquid that has passed. The actual rate of discharge may then be com-f 
pared with aV ^Igh to obtain the coefficient’s value. 

Values of Cv and Cc are not so frequently required by the engineer as’ 
are values of (or simply c as we shall hereafter call it). The determina- j 
tion of these, and their variation with jorifice diameter, head and the j 
viscosity of the fluid, has occupied the attention of many experimenters. ] 

In general, the results of any single investigator appear consistent^ 
but there is a noticeable lack of agreement among experimenters. The 
sharpness of the orifice edge, the temperature of the fluid, its viscosity, 
and the degree of turbulence present as the fluid'approaches the orificnj 
are important factors affecting the value of the coefficients. 

62. Values of the Coefficients 

{a) Coefficient of Velocity. —For water (and other liquids of similar vis¬ 
cosity) the value of Cv is slightly less than unity, having its lowest value 
for low heads and small diameters. For a f-inch diameter and a head of 
1 foot. Smith and Walker* found its value to be 0.954. As the diameter 
or head increases, the coefficient increases. For a 2.5-inch diame¬ 
ter and a head of 60 feet, the same experimenters obtained a value uf 
0.993. Their data indicate that, for a given diameter, the increase in Cf, 
with increase of head is slight. These findings are consistent with theory, 

An experimental exploration of a jet escaping from an orifice into free 
air shows that the velocity of particles close to its outer surface is some- 

* Smith and Walker, “Orifice Mow," Proc. Imt. Mceft. Engrs, (London), 192.L 
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what lower than for particles nearer the jet’s center. The outer particles, 
before passing the orifice, move along, or close to, the back face of the 
orifice plate and reach the edge with a lower velocity than do particles 
which approach in a direction more normal to the orifice plane. Their 
VISCOUS drag upon the more central particles has the effect of lowering 
the average velocity at the contracted section. A larger orifice under the 
lame head produces a jet in which a variation of velocity still exists, but 
the retarding action of the outer particles does not extend the same pro¬ 
portional distance into the jet, and the average velocity at the contracted 
Hcction is increased. 

With constant diameter, an increase in head causes an increase in 
general jet velocity, and the viscous drag of the outer particles has less 
elTect because of the increased inertia of the inner particles. 

The value of Cv is not of frequent importance to the engineer, but if 
needed, an average value of 0.98 may be assumed for water and liquids 
of similar viscosity. 

{b) Coefficient of Contraction. —The coefficient of contraction decreases 
with increasing diameter and with increase in head. For water Smith and 
Walker obtained values ranging from 0.688, for a f-inch orifice under a 
I-foot head, to 0.613 for a 2.5-inch orifice under a 60-foot head. 

With low heads and accompanying low velocities of motion, the lateral 
movement of particles along the back of the orifice plate is correspond¬ 
ingly small, and the change in direction of particles as they pass the edge 
Is accomplished quickly, reducing the amount of the contraction. In¬ 
crease in head tends to accelerate the lateral motion back of the plate 
und increase the amount of contraction. As the size of the orifice increases, 
it is probable that the greater radial space allows the lateral motion to 
continue farther beyond the edge of the orifice with an increase in the 
amount of contraction. 

Like Cvj the numerical value of the coefficient of contraction is not of 
frequent importance. For general purposes, an average value of 0.62 or 
(1.63 may be assumed. 

(c) Coefficient of Discharge. —Evidently, the coefficient of discharge, 
which is the product of c^ and Cc, will vary with head and orifice 
diameter. Its values for water have been determined by various ex¬ 
perimenters. 

In 1908 H. J. Bilton published in The Engineer (London) an account 
(►I experiments upon sharp-edged circular orifices, from which it would 
iippear that, for diameters up to 2,5 inches, each size of orifice has a criti¬ 
cal head above which c is constant. Values of c and the critical head as 
determined by him appear in the table on page 110. 
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Coefficients of Discharge 
* (By Bilton) 


Head 

Diameter of orifice in inches 

in 








inches 

0.25 

0.50 

0.75 

1 

1.5 

2 

2.5 i 

3 

0.680 

0.657 

0.646 

0.640 




6 

0.669 

0.643 

0.632 

0.626 

0.618 

0,612 

0.610 ] 

9 

0.660 

0.637 

0.623 

0.619 

0.612 

0.606 

0.604 

12 

0,653 

0.630 

0.618 

0.612 

0.606 

0.601 

0,600 J 

17 

0,645 

0.625 

0,644 

0,608 

0.603 

0.599 

0.598 1 

18 

0.643 

0.623 

0. 613 





22 

0.638 

0.621 






45 

0. 628 




( 




Judd and King found little change in c for a given diameter if the heat 
were greater than 4 feet. THeir results are summarized in the followin] 
table and an account of their work appears in Engineering News, Sep 
tember 27, 1906. 

Coefficients of Discharge 


(From Judd and King) 


ft 

Diameter in inches 

Value of c 

a 

4 

0.6111 

1 

0.6097 

I5 

0.6085 

2 

0.6083 


In Civil Engineering, July, 1940, Medaugh and Johnson describe their 
experiments upon orifices ranging from 0.25 to 2.0 inches in diameter, 
the head varying from 0.8 to 120 feet. Their values are slightly smaller 
than those of Bilton and Judd and King, and considerably smaller than 
those of Smith and Walker. They did not find a constancy in c beyond 
a certain critical head, although for heads above 4 feet the coefficient 
decreased very slowly. Unusual care surrounded the conduct of the expeH»j 
ments, and pains were taken to produce a true sharp edge in all I heir 
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orifices. The experimenters believe that their values will be found cor¬ 
rect, within of one per cent, for orifices made by the method they de¬ 
scribe. Their values, shortened to three significant figures, are as follows. 

Coefficients of Discharge 
(From Medaugh and Johnson) ‘ 


Diameter of orifice in inches 


n.eaa 

in feet 

0.25 

0.50 

0. 75 

1.00 

2.00 

4.00 

0, 8 

0.647 

0.627 

0.616 

0„609 

0.603 

0.601 

1.4 

0.635 

0.619 

0.610 

0.605 

0.601 

0.599 

2.0 

0.629 

0.615 

0.607 

0.603 

0,600 

0.599 

4.0 

0.621 

0. 609 

0.603 

0.600 

0.598 

0.597 

6.0 

0.617 

0.607 

0.601 

0,599 

0.596 

0.596 

8.0 

0.614 

0.605 

0.600 

0.598 

0.596 

0.595 

10.0 

0.613 

0.604 

0.599 

0.597 

0.595 

0.595 

12.0 

0.612 

0.603 

0.599 

0.597 

0.595 

0.595 

14.0 

0.611 

0.603 

0,598 

0.596 

0.595 

0.594 

16.0 

0.610 

0,602 

0.598 

0.596 

0.595 

0.594 

20.0 

0.609' 

0.602 

0.598 

0.596 

0.595 

0.594 

25.0 

0.608 

0.601 

0.597 

0.595 

0.594 

0.594 

30.0 

0.607 

0.600 

0.597 

0.595 

0.594 

0.594 

40,0 

0.606 

0.600 

0.596 

0.595 

0.594 

0.593 

50.0 

0.605 

0.599 

0.596 

0.595 

0.594 ; 

0.593 

60.0 

0.605 

0.599 

0.596 

0.594 

0.593 

0.593 

80.0 

0,604 

0.598 

0.595 

0.594 

0.593 

0.593 

100.0 

0.604 

0.598 

0.595 

0.594 

0.593 

0.593 

120.0 

0.603 

0.598 

0.595 

0.594 

0.593 

1' 

0.592 


The values for a 4-inch orifice were obtained by extrapolation. It will 
be noticed that the coefficient of each orifice is nearly constant at the 
high heads. 

These values agree remarkably well with those obtained by Hamilton 
Smith, Hydraulics, 1886, and Strickland, Transactions Canadian Soc 
C. E., Vol. 23. 

The orifice, with free discharge into the air, has not been used to any 
large extent as a measuring device, mainly because of the uncertainty 
surrounding the coefficients and the fact that flow measurements arc 
generally desired under circumstances where it is not possible or con- 
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venient to discharge the liquid into the free air. It is commonly used to 
measure the flow of liquids in pipe-lines (see Art. 71). 

Example.—Compute the velocity and rate of discharge of water from] 
a standard 2-inch orifice under a head of 9 feet. 1 

V = 0.98V'64.4 X 9 = 23.6 ft. per sec. I 

Using Medaugh and Johnson’s coefficient, j 

Q = 0.5955 X 0.218^/64.4 X 9 = 0.312 cfs. 

Using Judd and King’s coefficient of 0.6083, Q is found to be 0.319 cfs.J 
If Bilton’s value of 0.599 be used, Q — 0.314 cfs. 

63. Coefficients of Discharge for Square and Rectangular Orifices^j 

The few experiments made upon square and rectangular sharp-edgedl 
orifices indicate values of c slightly larger than for circular orifices. Re-j 
suits obtained by Hamilton Smith in 1885 for square orifices are as fol-l 
lows. I 

Coefficients of Discharge (c) for Square Orifices I 


(From Hamilton Smith’s Hydraulics) 


Head 

Side of the square in feel J 

h 








in feet 

0.02 

0.04 

0.07 

1 

0. 1 

0. 2 

0.6 

1.0 

0.4 


0.643 

0.628 

0.621 




0.6 

0.660 

.636 

.623 

.617 

^05 

0.598 


0.8 

.652 

.631 

.620 

.615 

.605 

.600 

0.597 

1.0 

.648 

.628 

..618 

.613 

.605 

. 601 

.599 

1.5 

.641 

.622 

,614 

.610 

.605 

.602 

.601 

2.0 

.637 

.619 

.612 

.608 

.605 

.604 

.602 

2.5 

.634 

.617 

.610 

.607 

.605 : 

.604 

.602 

3.0 

.632 

.616 

.609 ' 

.607 

.605 

.604 

.603 

4.0 

.628 

.614 

.608 

.606 

. 605 

.603 

.602 

6.0 

.623 

.612 

.607 

.605 

.604 

.603 

.602 

8.0 

.619 

.610 

.606 

. 605 

.604 

.603 

.602 

10.0 

.616 

.608 

.605 

.604 

.603 ' 

.602 

.601 

20.0 

.606 

.604 

.602 

, 602 

.602 

.601 

.600 

50.0 

.602 

.601 

.601 

, 600 

.600 

.599 

.599 

100.0 

.599 

. 598 

.598 

. 598 

.598 

.598 

.598 
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These values should be considered as approximate because of lack of 
substantiating data. For precise work a square or rectangular orifice 
should be calibrated previously. 

64. Large Vertical Orifices under Low Heads 

So far we have dealt with an orifice whose vertical dimension has been 
small compared to the head upon it. With large orifices under low heads, 
the variation of velocity in the jet’s cross-section 
gives rise to a discharge differing slightly from that 
obtained from Q = ca^2gh. It will now be shown, 
however, that the difference is slight and may be 
neglected, provided the head is at least twice the 
vertical dimension of the orifice. 

Case 1, Circle (Fig. 53).—^As before, h will repre¬ 
sent the head on the center of the orifice. If A-B 
be any elementary strip, drawn horizontally across 
the orifice at a distance x from it 5 center, we have 
for a small discharge through it: 

dQ = dAv = 2 dx X {k — x) 

= 2V^ {h — xYdx, 



By making x vary between the values — r and + r, the integration of 

this expression will give the discharge from the entire orifice. It will be 

1 


necessary to expand the term {h — xY by the binomial theorem. 

h~^x h ^x^ h~^x^ 


(h — x] 

.'.dQ = 2V^g 


= F 


(r^ - - 


8 

— x^)^x 
2F 


16 

(r^ — x^)^x^ 
8F 


(r^ — x^)^x^ 

16# 


— etc. . . . 


dx 


Much term of this is now possible of integration, and there results 

e - ”■ 32*^ ■ Tom’- (5^; 

which is an exact formula for the ideal discharge. An inspection of the 
parenthesis quantity shows it to have a value less than unity, and the 
rliKcharge is therefore less than that given by the formula 

Q = aV2^ 
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previously obtained for relatively large heads. If the ratio of A to r bej 
assumed as 2, the parenthesis quantity becomes 0.992. If the ratio be 4,' 
or h = 2dj the value is 0.99^, which shows that under ordinary heads the 
parenthesis quantity may be neglected and the rate of discharge coni;' 

puted from _ 

Q = ca\/ 2gh, 


Exact information regarding c for large orifices is not available but 
value of 0.60 may be used for approximate computations when the diame 
ter exceeds 1 foot. 

Case 2, Rectangle (Fig. 54).—In this case the small discharge 

through an elementary strip parallel to the sur 
= face may be written, as before, 

dQ = dA V = b dx'^2 g{h — x) 


“l"" 

1 

_ 

.i\ 

d 



1 

1 


t 


<- h ->■ 

Fig. 54 



ur 


dQ = 6a/2 g{h — xy^ 


Q = b\/2gh 


d d 

where the limits of x are-and -\ - 

2 2 

{h — x)^ be expanded as before, 

— etc. , , , j dXj 


X 

^ “ lit 


X 




, X 

1^3 


128 A^ 


or 


Q = bdy/l^ (l - 


(P 

96^2 


J_.^ 

2048 


— etc,). 


If 


(56) 


As in the previous case, the value of the parenthesis is less than unityj 
li h = dj its value becomes 0.989, while tor h = 2 d, it becomes 0.997i 
Then for heads greater than twice the depth of the orifice, the actt 
discharge may be computed from 


<2 = ca\/ 2gh. 


As in the case of the large circular orifice, c may be assumed as 0.60 
where the sides of the rectangle have a length of 1 foot or more. 

65. Recapitulation 

It is weU to bear in mind the conditions under which we have so fa 
studied orifice flow. We have assumed: 

(a) No suppression of the contraction. 
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(b) Ratio of reservoir surface to orifice area, very large, i.e., no appre¬ 
ciable velocity of approach, 

{c) Reservoir surface and jet both under atmospheric or the same 
pressure. 

A departure from any one of these conditions will lead to material changes 
In the flow, the nature of which will be shown in the succeeding para¬ 
graphs. 


J1 


Fig. 55 


66. Suppression of the Contraction 

The location of the orifice with respect to its distance from the sides 
and bottom of the reservoir is a matter 
of importance. If it be placed so that its 
edge be flush with any one side, as in 
Fig. 55, the contraction of the jet on that 
side of the orifice will be wholly sup¬ 
pressed. Experiment has shown that the - 

contraction is not fully restored and made 
complete until the orifice is moved far enough away from the side to pro¬ 
vide a free lateral approach from all directions 
for a distance equal to three times the least dimen¬ 
sion of the orijice. If placed nearer^ the partial 
suppression of the contraction results in a change 
in the value of the coefficient of discharge. 

Orifices are sometimes improperly constructed 
as in Fig, 56<i and the edge of the orifice plate 
hinders lateral approach unless the distance AB 
is large compared with the orifice diameter. A 

^ ^ better construction is shown in Fig. 56J. An 

Fig. 56 •/' i i . 

orince made in the metal side of a cylindrical 

liink would also have its coefficient affected by the curvature of the 

lank. 


67. Flow under Pressure 

I f the pressures on the water surface in the reservoir and on the escap- 
liig jet are not equal, the equation Q = ca^2gh, applies only if h be 
computed as the static head on the orifice plus the difference in the pres- 
Hurc heads existing at the named points. 

Example.—What will be the rate of discharge from the 2-inch circu¬ 
lar orifice shown in Fig. 57 when steam under a pressure of 120 pounds 
per square inch fills the space above the water, and the receiving tank is 
under a pressure of 4 pounds less than normal atmospheric? 
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Bernoulli’s equation between points m and n gives 


0 + 


120 X W4 
62^4 


+ 6 


4 X 144 
2g 62.4 


in which ~ is the ideal velocity head and therefore equals h. 


V 

— = 291.2 

2g 


Q = 0.59 X 0.0218V64.4 X 291.2 = 1.76 cfs., 

assuming that c has a value slightly less than that given by Medaugh and 
Johnson for a 2-inch orifice under a head of 100 feet. 




68. Submerged Orifice 

If an orifice discharges wholly under water, it is said to be submerged* 
That the ideal velocity equals \/ 2glt, where h is the difference in the water 
levels, can be easily shown, assuming atmospheric pressure to be on the 
two surfaces. For the points m and n (Fig. 58), 


from which 
or 


As before, 


0 + 34 + /?i = -—h (34 + + 0, 

= 2g{hi - h2), 

V = y/2gh, 

Q = cay/ 2gh^ 


but the values of c are now different from those given for the case of all 
orifice discharging into air. Experiment indicates a slight decrease in I hi* 
value of the coefficient, as may be noted in the following table based oil 
Smith’s experiments. 
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Submerged orifices are common in engineering works, being found in 
locks, waste-ways, tide gates, and many other constructions. They are 
seldom, if ever, sharp-edged. 

COEFEICIENTS OF DISCHARGE (c) FOR SUBMERGED ORIFICES 


(Based on Data from Hamilton Smith’s Hydraulics) 


'P' ffppf’lA/P 

Size of orifice in feet 

head in 






feet 

Circle 

Square 

Circle 

Square 

Rectangle 


0.05 

0.05 

0.1 

0.1 

0.05 X 0.3 

0.5 

0.615 

0.619 

0.603 

0. 608 

0.623 

1.0 

.610 

.614 

.602 

. 606 

.622 

1.5 

.607 

.612 

.600 

.605 

.621 

2.0 

.605 

.610 

.599 

.604 

.620 

2.5 

.603 

.608 

.598 

.604 

.619 

3.0 

.602 

.607 

.598 

.604 

.618 

4.0 

.601 

.606 

.598 

.604 



69. Coefficients for Other Than Standard Orifices 


Orifices are commonly employed in the design of many hydraulic struc- 
tures, such as dams, gates, etc., and in parts of many hydraulic machines. 
'Iheir construction is generally such that their edges are not sharp, and 
tlieir coefficients differ from those of standard orifices. A few experiments 





lire on record in which the value of c was determined for some particular 
construction, and descriptions of these experiments may be found in 
various engineering publications. Generally it remains for the engineer 
lo estimate the probable value of the coefficient or to determine it in 
iidvance by experiment. 
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Figure 59 shows several types of circular orifices having the samel 
diameter. The first (a) is a standard orifice. The second (6) is a clean-cul( 
hole in a plate of measurable thickness. It has the same coefficients as] 
(a) if the thickness be small. The third (c) is the reverse of (a) and, al-l 

though it gives a contracted jet, its coeffi^j 
cient of discharge is greater and depends upoij 
the angle of the bevel. The last (d) sho\ 
the inner edge carefully rounded to conform 
to the shape of the jet in (a), and the 
charge coefficient has the same value as 
since the contraction coefficient is unity. It| 
is seen that partial suppression of the coii*J 
traxtion increases the rate of dischargil 
Openings, of any shape, may be made tQ 
discharge maximum quantities of fluid for i 
given head, by correctly rounding their edgft|j 
The author has constructed several rouinj 
edged circular orifices which, when tested 
showed a contraction coefficient of unit) 
The rounding was effected by using twoj 
radii having lengths shown in Fig. 60. In, 
general, the use of one circular arc will not produce a contraction co*. 
efficient of unity, the jet breaking away from the curved surface befofffi 
reaching the outer face of the orifice plate. I 

A slight roughening of the back face of the orifice plate wiU diminilff; 
the contraction by reducing the lateral velocity of particles close to th| i 
plate. 

70. Effect of Velocity of Approach 

Figure 61 shows a small open channel furnishing water to an orilicOi 
Because of a relatively small cross-section, there exists in the channel i 
velocity of approach which will be 

assumed to have a value, Vo, at all - ^ ^ t— —' 

points in the section (really not so). ——^ 

For points m and n we may write 

^ + 0 + A = - + 0 + 0 

2g 2g 



Fig. 60 



Fio. 61 


or 


v = yj2^{h + "^) 
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which represents the ideal velocity of the jet. The effective head is seen 
to be the static head plus the velocity-head in the channel, and the jet 
velocity is therefore greater than would be the case had the water in the 
channel been at rest or moving with a negligible velocity. The unknown 
velocity, Vg, may be eliminated by expressing it in terms of the ideal jet 
velocity. The rate of flow past a section in the channel (area A) being the 
same as past the contracted section (Area c^a), 

Avo = {CcO) (c^v), 

c„v representing the real jet velocity. Substituting the value of Vg, as ob¬ 
tained from this equation, in equation (57) and simplifying. 



The real velocity is therefore 



and 

Q = j y/^- (58) 

I'or small ratios of — the value of Vo becomes negligible and () = 

Ciiy/lgh. It can be shown that this is the case if A equals, or is greater 
Ilian, 15a. Values of c in (58) may be taken from the tables in Art. 62, 
when the orifice is sharp-edged, although it should be realized that ex¬ 
cessive turbulence in the channel-water will slightly affect the coefficient. 
Aliy uncertainty in the coefficient, however, will be no greater than the 
error introduced by the assumption that Vo is uniform in value at all 
points of the cross-section. 

71. Diaphragm-Orifice in a Pipe 

'Ihe flow of fluids in pipe-lines is often measured by means of an orifice 
111 I id e in a plate and inserted between the flanges of the pipe. The orifice 
mid the pipe wall are concentric. Figure 62 shows the construction. It will 
l)c assumed that pressure measurements are made at sections 1 and 2 
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which are located just upstream from the orifice and near the contracte 
section of the jet^ respectively. For these points, 

V _j_ ^ ^ 

2g w 2g w 

if friction be neglected. Assuming uniform velocity to exist across thfl 
pipers section, 

Avi = cav2, 

a being the orifice area and V 2 the ideal velocity at point 2. Substituting 



for vi in the first equation its value, cav 2 -4, the value of V 2 is found 
to be 


V2 = 


' \w w / 


\ 1 

The rate of discharge is therefore 
Q = cav2 = 


(sJ 


ca 


^ ^ ^ w 


The value of c will vary with the location of the downstream pil^ 
zometer because the pressure constantly increases beyond the contracted 
section of the jet as the latter expands to fill the pipe. Any correlation <»f 
its value, as determined by various experimenters, requires that the 
piezometer positions be geometrically similar in all experiments. Un^ 
fortunately this has not been the case and there is considerable diveP*. 
gence among the values of c that have been experimentally recorded# 
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Frequently equation (59) is simplified by omitting c from the radical 
quantity in the numerator, so that 



(60) 


The value of is thereby slightly different from c and no longer is the 
])roduct of Cv and Cc. For a given ratio of (60) simplifies to 


Q = 



(61) 


Both theory and experimentation indicate that the value of the coeffi¬ 
cient in the above equations should be a function of the ratio, and of 


the Reynolds number. The flow takes place in a closed conduit, and it 
was shown in Art. 52 that complete similarity between two such flows 
requires geometrical similarity between the boundaries and that the flows 
have the same Reynolds number. Let us assume two diaphragm-orifices of 
different size installed in two pipes, and that the constructions are geomet¬ 
rically similar. If R be the same for both flows, complete similarity follows. 
'I'he paths of similarly placed particles will be geometrically similar, in¬ 
dicating equality between the contraction coefficients. Velocities at cor¬ 
responding points in the flows will be in the same ratio, indicating equality 
between the coefficients of velocity. The coefficients of discharge are there¬ 
fore equal, and their value will vary only with the Reynolds number. If 

the ratio of — be ^changed in the two orifices, but be alike for both, the 


eoefficients will be alike for a given value of R, but numerically different 

from the former value. The coefficient is therefore a function of R and —. 

D 

'I'he plotting of experimental values of c, or c' ^ against values of R should 

yield a smooth curve for a given ^ ratio. It should then be possible to 

correlate, by a set of curves, all experimental values of the coefficient 
provided the only change in geometrical similarity is that produced by 

I . ^ 

changes in — • Such a plot has the value of being applicable to any 

(luid having a constant density while passing the orifice, regardless of 
what fluid was used in the experiment. 
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In computing R, the values of p and p are necessary, and unfortunately; 
many experimenters have neglected to observe and record these quanti* 
ties. * 

Figure 63 shows the results of experiments by Johansen. Curves for 
four different ratios of ~ appear, and the value of R ranges from less 
than unity up to about 40,000. In computing R, the velocity past the ; 



vd 


Fig. 63. Coefficient of Discharge by Johansen 

* 

orifice and the diameter of the orifice were used for the characteristic 
velocity and dimension. The mean velocity in the pipe and the pipe's 
diameter could have been used with a corresponding change in the shapol j 
of the curves. The value of the coefficient is that of c' in equation (60)♦ 
Both oil and water were used in the experiment. The pressure drop waij 
measured between two points close to the up- and down-stream faces of 

the orifice plate (Fig. 64), The plate had a thickness of ~ and the in- 

terior of the pipe, as well as orifice plate, was very smooth. The position! 
of the pressure taps differ from those assumed in Fig. 62 when deriving 
the discharge equation, but are frequently used in practice. Inasmuch as 
the relation between the velocities at these two points is not that as¬ 
sumed in our derivation, it would be more logical to use equation (6!) 

in which ~ is dropped and the burden of allowing for velocity of ap* 
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I)roach is placed on the coefficient The advantage obtained by using 
these two points is that one eliminates any uncertainty as to the exact 
location of the contracted section of the jet. 

At very low values of R, the curves differ widely in location, but drop 
rapidly as R increases, and eventually become practically horizontal and 
nearly coincident. At a value for R of about 25,000, the curves for diame¬ 
ter ratios below 0.60 attain their final level. The curve for ^ = 0.794 is 

slowly descending at this value and reaches a constant level, at which 
c' equals 0.608, when R = 50,000. Johansen’s data indicate that the co¬ 
efficient becomes quite constant as soon 
as turbulent flow in the pipe is estab¬ 
lished. The work was carefully per¬ 
formed and the results may be con¬ 
sidered reliable. 

Similar experiments by Tuve and 
Sprenkle gave results agreeing well 
with that of Johansen. They experi- 
d 

mented with — values of 0.2, 0.4, 0.5, 

0.7 and 0.8; and they obtained a wide 

range in viscosity by the use of both ^ 

water and oil. For R = 50,000 they found that c' = 0.62d= for — ratios 

d ^ 

between 0.20 and 0.50. They recommend that — ratios above 0.50 be 

not used, and point out possible instability of the coefficient for R < 100. 
Measurement of the pressure drop between points located one pipe 
diameter upstream from the orifice and 0.30 of a pipe diameter down¬ 
stream, gave practically the same results as measurements made close 
It) the plate. 

Johansen’s pipe and that of Tuve and Sprenkle were approximately 
1.25 inches in diameter. That the obtained coefficients apply to orifices 
in larger pipes is shown by R. Witte’s experiments with pipes 2 and 4 
int'hes in diameter. No marked difference in coefficient was found. Ref- 
t‘rt;nces to all three experiments are given in the bibliography at the end 
of this chapter. ^ 

Use of Fig. 63 for obtaining the value of c\ when — and are known, 

Is made as follows. A value for is first assumed (say 0.65) and Q com¬ 
puted by equation (60). A tentative value for v is then obtained from — , 

a 
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and for R from — • With this value of R, a closer value for d is obtaine 

^ t ... 

from the curves and Q recomputed. One or two repetitions of this procc 

permit the determination of c\ 

Instead of a sharp-edged orifice, one having rounded edges may be 

used, but the value of the coefficient must be obtained for each orific^l 

by previous calibration. 

72. Flow of Air through a Diaphragm^Orifice 

Bernoulli’s equation, modified for a compressible fluid, was shown in 


Art. 49 to be 






Since the change in velocity, while passing the orifice, takes place almost 
instantly, little heat can escape from the air, and the flow may be as¬ 
sumed as adiabatic. Bernoulli’s equation for adiabatic flow, with s-terr 
omitted, is 


2g 


2g 


k-l 

1 ~ ~ equation 50), 


k — l Wi 

Referring to Fig. 62, the equation of continuity is 

WiAvi = W2cav2, 

since the weight of air passing any section per second is constant, and 


Vx = 


W2 CaV2 






(see equation 19). 


wi A \pi/ A 
Substituting this value of Vi in the preceding equation, 


V2 ^ 




(62) 


Since the weight of air per second, W, is W 2 cav 2 j 


W = c'aw2 






(63) 
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In obtaining (63), the numerator and denominator of (62) were mul¬ 
tiplied by minus one, and the c in the denominator was dropped, making 
c' bear the burden of the change. 

The equation is complicated for frequent use, the complication arising 
from the fact that the fluid is compressible. If it were incompressible, we 
might write from equation (60), 



If be an adiabatic factor, this latter value multiplied by K may be 
equated to (63) and the value of K obtained. 



For any compressible fluid, therefore. 


IF = 


Kc'aw\ 




2g 


Pi - p2 

Wi 


(65) 


If the expansion be assumed adiabatic. The value of c' is to be taken from 

d 

the curves in Fig. 63 which apply to all fluids. For given values of ~ and 
k, K varies with —, and may be computed for air {k = 1.4) from the 

Pi 

following equations, p\ and p 2 being absolute pressures. 


'or 

d 

= 0.20 

K = 0.57 — + 0.43 


D 


Pi 


d 

= 0.30 

K = 0.575 — + 0.425 


D 


Pi 


d 

= 0.40 

K = 0.585 — + 0.415 


D 


Pi 


d 

= 0.50 

K = 0.61 — + 0.39 


b 


Pi 
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Equation (65) was derived with the assumption that pi and p 2 werfl 
the pressures just upstream from the orifice and at the contracted sec-*] 
tion of the jet. The respective distances from the orifice may be take 

as D and ^ , where D is the diameter of the pipe. 

Example.—Compressed air flows through a 6-inch pipe fitted with a] 
2.4-inch standard orifice. The observed data are: pi = 15 lb. per sq. inJ 
(absolute); p 2 = 12 lb. per sq. in, (absolute); temperature 70° F, Com’^ 
pute the pounds of air flowing per second past the orifice. 

From equation (16), 

15 X 144 

= 53.34(529.4} = P"’’ 

d 

For — = 0.40, the value of K is found to be 0.883. Assuming a trial valufl 
of 0.62 for the coefficient, 

0.883X0.62X0.0314X0.0767 


W = 


V1 - 0.0256 


4 ^. 


3X144 

4 — = 0.804 lb. per sec. I] 


The value of v at the orifice is 0.804 
_ M _ 0.384 X 10-^ 
^ ~ P~ 0.0767 ^ 32.17 
334 X 0.20 


0.0767 X 0.0314 = 334 ft. per sec^ 
= 0.000161 sq. ft, per sec. 


Therefore R 


= 415000, for which value Fig. 63 shows that 


0.000161 

0.62 was correct for the coefficient. 

* 

73. Discharge under a Falling Head 

If the head on an orifice is not constant with time, the flow becomi^, 
unsteady. A simple case is that where the head 
constantly decreases due to the depletion of tha^ 
reservoir feeding the orifice, no inflow taking 
place. 

Let hi (Fig. 65) be the head on the orifice at 
the moment of opening, and /?2 the head at the 
end of a time interval, t. The horizontal crosiV 
section of the reservoir is assumed constant* 
At any particular instant, the velocity of flow U 

V = 

h being the instantaneous head. The quantity discharged under this head 

would be „ /—T 

Q = caV2gh, 





Fig. 65 
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and in the small time, dty a small volume, ca-s/lgh dt, would be discharged. 
In the same time interval the head would drop the amount dh^ and the 
amount of fluid leaving the reservoir would be Adh, Evidently, 

—Adh = ca\/2gh dt, 


or 


dt = — 


Adh 


ca 


dt . 


the minus sign expressing the fact that — is negative, since dt is an in- 

dh 

crement and dh a decrement. Since h varies from hi to the integration 

of the above will give a 

t = --/ h-'^dh 

ca\/2g 

or 

^ A ^ 


t = 


ca^y 2g 


- ^2'). 


( 66 ) 


The value of c has been assumed constant although it is known to vary 
slightly with the head. If the change in head be relatively small, the 
error involved will not be large. If the time to empty the reservoir be de¬ 
sired (^2 = 0), the variation in c as the head approaches zero wiU render 
anything but an approximate solution impossible. 

If the horizontal cross-section of the reservoir is not constant in area, 
the problem is still possible of solution if A be expressed in terms of h. 
Where, as above, the surface area of the reservoir remains constant, we 
juay determine the average value of the velocity of flow from the orifice 
us follows: 

Total Q A{hi — h4) 


Vm = 


Area of jet X time 


Cca X 


—y/^) ’ 
CdaV 2g 


or 




2ghi -h Cy^2gh2 
2 


(67) 


Thus we find that the average velocity during the time of discharge is the 
arithmetical mean of the velocity due to hi and that due to h 2 . 

Since 

Total Volume Discharged = Average rate X time, we have 

A{hi - h4) = Ccavm X /, 
niul 


t = 


2A(Jt\ — h^) 


ca{\/lgh\ + a/ 2 ^) 


( 68 ) 
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It is evident that (66) and (68) differ only in the arrangement of terms, 
but the use of the average rate of discharge makes the solution of prob¬ 
lems easy. Again it should be noted that only with A constant can the 
average velocity method be used. 

Example.—^^One of the locks on the Lachine Canal has a surface area 
of 12,150 square feet, and its water level is 9 feet below that of the water 
in the canal above the lock. The gate between the two levels is supplied 
with two sluices and the level of the water in the lock is raised to that 



Fig. 66. Locks at Gatun, Panama Canal 


above the gate in 2 minutes and 48 seconds. Assuming c equal to 0.60 
and no fluctuation in the canal level, determine the area of each sluice 
opening, * 

Since the head varies from 9 feet to zero, the average rate of discharge is 


n - rn( V+ V2g^2 \ 

Vw — ca \ ^ j 

V64.4 X 9 


= 0.6a X 


= 0.6a X 12.04 = 7.22a 

Total Volume Discharged = 12150 X 9 = 109350 cu. ft. 


/ 


t = 168 sec. = 


109350 

7.22a 




a = 90 sq, ft. 

As this is the combined area of two sluices, each must have an area o* 
45 square feet. Ans, 
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Example 1.—A prismatic vessel (Fig. 67) has two compartments A 
and B, communicating by a standard orifice 6 inches square, its center 
being 3 feet above the bottom of the vessel. The horizontal cross-section 
of i4 is 100 square feet, and that of B is 
200 square feet. At a certain time the 
water stands 13 feet deep in A and 9 feet 
deep in B, How soon thereafter will the 
surfaces reach a common level? Assume 
c = 0.60. 

Let y be the depth of water in A at 
any instant, and dy be the change in 
depth during any interval of time dt. 

'Fhe rise in jB’s level during the same time will be dy (100 -f 200), and 
Ihe net change, dh, in head will be 



dh = \ dy. 


Through the orifice there flows in dt seconds G ■ ^ ^ e 

dQ = ca's/lghdt] 

also ■' ^ 

dQ = dy = — dh. 

/. _ ^o = caVl^i dt = 0.6 X ^4^- X 8.02 X if dt. 


i = 



i — 221.6 sec. Ans. 


Solution by using average rate of discharge .— 

36 V64.4 X 4 


<2. 


0.6 X 


144 


= 1.2 cu. ft. per sec. 


Lt'vel in A descends x ft. Therefore -B’s level rises - ft. 

2 


» + --4 

X = 2f ft. 

till! Volume leaving A = 100 X 2f = 267 cu. ft. 

267 

i = = 221.6 sec, Ans, 

1.2 


.o NLGRO 

ultuauAY 
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FLOW THROUGH ORIFICES 


Example 2.— A reservoir has the form of an inverted, truncated pyra¬ 
mid, and the dimensions shown in Fig. 68. If filled with water, how muchj 
time will elapse, after openirfg an orifice in its base, before the water level} 
will have fallen 2 feet? Area of orifice is 6 square inches, c = 0.80, and 
the value of Cc is unity. ’ ‘ 

I 

-Adh = caV^ dt = 0.80 X 0.0417 X 8.025 ¥ dt 

From the figure, the value of A at any head^ 
h, is 

- = 

16 87 

A’= 0.25(4 + hf 

dt = dh 

t = -0.935 f (167!~* + 8# + F)dA 

•74 

/ = 53 sec. 

74. Discharge under Falling Head with Con- 
stant Inflow to Reservoir. 

Let the rate of inflow be denoted by Q^. 
Starting with any head, h, as in Fig. 65, the 
drop in dt seconds would be dh and out from the reservoir would flow a 
quantity which would be expressed as Adh plus the amount Qodt which 
would enter in the same time. Proceeding as in Art. 73, 

Adh Qodt — ca\/^gh dt 

Adh 

dt = - y= - 

ca\/2gh - Qo 



FtG, 6S 


the minus sign in the right-hand member expressing the fact that 
negative as dt is an increment and dh a decrement. 



/ t 

dt=-A ~ 

CCl 

^ ~ (V ^hi 


dh 

V 2gh - Qo 


- Vh 2 ) - Qo loge 


caV2gh2 - QJ 
ca\/ 2gh\ — (1„J 


(69) 
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75. special Case of the Sluice Gate 

Frequently the discharge from a reservoir takes place through a gate 
located at the base of a reservoir wall, or dam, and the issuing stream 
flows along the bottom of a channel. (Fig. 69). Choosing a datum at the 
floor of the sluice and writing Bernoulli's equation between a point in the 
reservoir surface and any point in the 
Htream^s cross-section where the contrac- 
tioji has become complete, 


, p 

h = - + ^ 


CL 


& 

W 


w 


z ^ — A- d 


= (A — (f), (ideal) 


1 


V = 2g {h — d), (real) 
Q = ca V 2g {h — d). 




V) I 


d 

z T" 


i’lG. 69 


Obviously, the discharge coeflicient for the particular form of orifice must 
be known from previous experiment. If the opening be rectangular^ the 
coefficient of contraction would have approximately the same value as 
for a rectangular opening of the same width, but having twice the height. 



Fig. 70. Locks with Six Lifts on the Rideau Canal, Ottowa 

Fhe time required to lower the reservoir’s surface a given amount, by 
means of this type of orifice, may be computed by (66) if {h — d) be sub¬ 
stituted for h. If a flow into the reservoir exists, equation (69) should be 
used with the same substitution. 
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FLOW THROUGH ORIFICES 
PROBLEMS 

1 . Compute the rate of discharge in cu. ft. per sec. from a 2-inch circular 
orifice under heads of 9, 49 and 81 ft. of water, using (a) Medaugh and John*, 
son s, (b) Judd and King’s, and (c) Bilton’s coefficients. 

2. A standard orifice, 2 in. in diameter, is placed in the vertical side of a 
reservoir whicli receives water at the rate of 0.87 cu. ft. per sec. Determine the 
height above the center of the orifice to which water wiU rise in the reservoir, 

3. Water spurts vertically upward from an orifice in a horizontal plane under 

a head of 40 ft. WTiat is the limit to the height of tire jet if the coefficient of 
velocity be 0.97 and air friction negligible? jftis 37 6 ft 

4. A liquid having a specific gravity of 1.57 is discharged into the free atmos¬ 
phere from an orifice in the side of a reservoir. If the pressure at a point in the 
reservoir, on the same horizontal plane as the orifice but remote from it, be 50 
lb. per sq. in. (absolute), compute the ideal velocity of the jet. 

Ans. 57.2 ft. per sec* 

_ 5. Water spurts out horizontally from a half-inch round hole in the side of a 
timber penstock, the wall of which is 2 in. thick. The jet strikes at a point 6 ft. 
horizontally distant from the orifice and 2 ft. lower down. Assuming the stream : 
to issue from the orifice without contraction, due to the thickness of the wood' 
penstock, compute the probableTeakage in gallons per 24 hours. 

Ans, 14,960 gal* 

6. The jet from a standard 0.5-inch orifice (in a vertical wall), under an 18- 
foot head, strikes a point distant 5 ft. horizontally and 4.67 in. vertically from 
the center point of the contracted section. The discharge is 119 gals, in 569 secs, 
Compute the coefficients of discharge, velocity and contraction. 

Ans. Cd = 0,60; = 0.94; c, = 0.64. 

7. A sharp-edged orifice of 4 sq. in. crSss-section (plane vertical) discharges 
a jet of water which at a point 3 ft. below the center of the contracted section is 
4 ft. m front of it. Compute the probable discharge in gallons per hour. = 
0.98 and c = 0.608. 

8. A steel box, rectangular in plan, floats with a draft of 2 ft. If the box be 

20 ft. long, 10 ft. wide, and 6 ft, deep, compute the time necessary to sink it to 
its top edge hy opening a standard orifice, 6 in. square, in its bottom. Neglect 
the thickness of the vertical sides, and assume c = 0.60. Ans. 472 sec. 

9. What will be the rate of discharge through a 1-inch orifice in tlie bottom of 
a vessel moving upward with an acceleration of 10 ft. per sec. each second, the 
water being 8 ft. deep over the orifice.? Assume = 0.61, 

Ans. 0.087 cu. ft. per sec* 

^ 10. A reservoir has a side wall, inclined backward 30 degrees from the ver¬ 
tical, in which is an orifice having a velocity coefficient of 0.97. With a head of 
9 ft. on the orifice, compute 

(a) Vertical height, above center of orifice, which jet will reach. 

(b) Horizontal distance from orifice to jet. 
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(c) Velocity of jet as it strikes the ground a distance 7 ft. below orifice. 

Ans, (a) 2.12 ft. 

(b) 14.7 ft. 

(c) 31.6 ft. 

11. If the actual velocity of flow from a certain orifice under an 8-foot head 
was found to be 22.09 ft. per sec., what was the loss in head by friction? 

Ans, 0.43 ft. 

12. Find the theoretic discharge through a vertical, sharp-edged orifice hav¬ 
ing the form of an isoceles triangle with an altitude of 10 in., base (horizontal) 

6 in., and vertex level with the reservoir’s surface. Disregard the velocity of 
approach. Ans, 1.22 cu. ft. per sec. 

13. A sharp-edged orifice, 1 ft. square, discharges under a head of 1 ft., the 

latter being measured above the center of the orifice. Compute the rate of dis¬ 
charge assuming the mean head to be 1 ft., and compare the result with that 
obtained by using the exact formula in Art. 64. Ans, 4.81 cu. ft. per sec. 

4.75 cu. ft. per sec. 

14. A standard 2-inch orifice connects two vessels, A and B. In A the water 
stands 4.6 ft. deep above the center of the orifice and its surface is exposed to 
steam at a pressure above atmospheric equivalent to 18 in. of mercury. In B 
the level of the water is 1 ft. above the orifice center and the air pressure on it is 
less than atmospheric by an amount corresponding to 10 in. of mercury. Com¬ 
pute the probable discharge in cubic feet per second. Ans. 0.62 cu. ft. per sec. 

15. Find the head necessary in order that the energy of the jet from a 2-inch 
orifice shall be 2 horsepower. Assume Cc = 0.65 and = 0.96. 

16. A thin plate closes the end of a 6-inch pipe and a 3-inch orifice is made in 
the center of the plate. At what rate will water be discharged through the orifice 
when a pressure of 10 lb. per sq. in. is maintained in the pipe a short distance 
back from the orifice? Assume = 0.98, c, = 0.61, and make the computations 
with and without consideration of the effect of velocity of approach. 

17. If the orifice in problem 16 be 2 in. in diameter and the pressure 15 lb. 
per sq. in., what rate of discharge is indicated? Assume c = 0.590. 

Ans. 0.61 cu. ft. per sec. 

18. An oil having a specific gravity of 0.934 and a viscosity of 800 Saybolt- 

scconds, flows through a 3-inch diaphragm-orifice in a 5-iiich pipe. The pressure 
drop (measured as stated in Art. 72) being 10 lb. per sq. in., what rate of flow is 
indicated? 1.44 cu. ft. per sec. 

19. Compressed air flows through a 2-inch pipe fitted with an 0.8-inch dia¬ 
phragm-orifice. The flow data are: p\ = 100 lb. per sq. in., p^. = 85 lb. per 
S(|. in. (both absolute); temperature 120° F. What is the flow in lb. per sec.? 

Ans, 0.512 lb. per sec. 

20. Air is forced through a 3-inch pipe fitted with a 1.2-inch standard dia- 

phnigm-orifice. The data are: pi = 22 lb. per sq. in. (absolute); p 2 = 18 lb. 
per sq. in. (absolute); temperature 70° F. Compute the pounds of air flowing per 
second past the orifice. Ans, 0.28 lb. per sec. 
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21. A rectanRuliir tank with vertical sides 16 ft loner anH a ■ I 

water to a i ft tj i ^ ^ ^ wide, contamaJ 

ThT” °‘ “■ ™‘‘“' of 

tank. The horizontal sectional area of the tank is 4 so ft At o 

the head on the orifice is 4 ft., and 267 sec. later is 2 ft. Compute tSTaluTS”!] 

24. From a given prismatic reservoir the discharge from an orifice the 
falT;^ *1 ^ M ft- in / seconds if the head were constant at 16 ft 

sami ^ fall during the 

1. t, ’ '' ^*>all also S f 

assuming the coefficient of discharge constant? 

CA) What is the area of the vessel in square feet? 

If Cfi 0,85 and / 40 sec., what would be the area of the orihee? 

A ns. Fall = 16 ft. 

Area = 2 sq. ft. 

Ih ^ ^ orifice (q = 0.60) placed 1 ft 

OoTm -t-ted Lut its oil^ atis at 

minmes h”"^ d ^ through the orifice for a period of 3 

mmutes, how deep will the water stand in the vessel if brought to rest? 

^ -Wifi'S 4 23 ft 

a stanLTolSriT"'!^^" compartments, A and B, communicating by 
Standard orifice 12 inches square with a coefficient of 0 60 Thf^ hr..; ^ * i 

cross-section of A is 100 sq. ft. and that of B is 400 so it A, a i. ^ ? 

water in A le; 15 ? ff oK.-. 4 ^u a <• i Q* t. At a certain time the 

off -n 4 U ^ center of the orifice, and in B 9 ft. How soon there 

after will the water surfaces be 4 ft. apart? 7«! « 7 

^^ffhT i^to the lower canal, which is maintained at a constant level 

in ?' ^ diameter and filled with water hasTl' 

jet a^c oisT contraction in the 

J t, and c, - 0.98. Compute the time required to lower the water level 1 ft. 

Itstttorfr'^'^^ ^ - P'-- vertical sidelTs ffUb: 

bottom forms an inverted pyramid 4 ft. deep, and an orifice of 16 sq. in 1, 
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ttt the apex. If filled with water, how long a time will be required to lower the 
surface level 6 ft., c having a value of 0.80? Ans. 270 sec. 

30. The sides of a vessel have a surface-form similar to that of a paraboloid of 

revolution with axis vertical. The radius of any horizontal section is related to 
the height of the section above the vertex by A = iirr^- At the bottom of the 
vessel is an orifice of 2 sq. in. having a coefficient of 0.66. The time required to 
lower the head (A) from 12 to 8 ft. is desired. Ans. 42.7 sec. 

31. Water fills a vessel whose shape is that of an inverted pyramid with a 

square base. If the base measures 12 in. on a side and the altitude is 2 ft., how 
long a time will be required to empty the vessel through an orifice at the apex 
1 in. square. Assume that Cd = 0.88 and disregard changes in dimensions of 
])yramid caused by cutting the orifice. Ans. 11.6 sec. 

32. A reservoir, f acre in area (21,780 sq. ft.), with sides nearly vertical 

so that it may be considered prismatic, receives a stream yielding 9 cu. ft. 
[)er sec., and discharges through a sluice 4 ft. wide which is raised 2 ft. Calculate 
the time necessary to lower the surface 5 ft., the head over the center of the 
sluice, when opened, being 10 ft. Assume Cd = 0.62. Ans. 1110 sec. 
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Short Tubes and Nozzl 


es 


76. General 

^ BroacUy speaking, the term orijice may be applied to an opening of anv ’ 
size or^ shape, and the tubes and nozzles discussed in this chapter may be 
classed as special orifices. The flow of any fluid through them therefore 
conforms with the laws of flow already derived in the previous chapter. 

effect of size and shape is to change the numerical value of the co^ 
efficients and the amount of head lost. 

77. The Short Cylindrical Tube 

The short tube in Fig. 71 may be thought of as an orifice in a wall of 
considerable thickness. Placed in the side of a reservoir filled with water' 
the issuing jet completely fills the mouth of the tube and the contractiori 



Fig. 71 


coefficient is therefore unity. Inside the tube at m, the stream is con* 
tracted by passing the edge of the opening, but it soon expands to fill tho 
tube. Between m and the section where the expansion is completed, there 
occurs a sudden decrease in velocity which is acconijianicd by much tur- 
u ence. The latter is noticeable in the jet which has a rough exterior, 
e jet from a standard orifice is smooth and transparent, and moves so 

1.16 
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steadily that its motion is hardly perceptible. Since the tube is an orifice, 

the exit velocity is _ 

D = 2gh. 

For a tube having a length of 2^- or 3 diameters, the value of is found 
to be approximately 0.82, varying somewhat with the diameter and head 
as in the case of the standard orifice. Weisbach found from his experi¬ 
ments a mean value of 0.815. 

As to the rate of discharge, 

Q = 0.82 aVl^h, 


since Cc = 1.00. The rate of discharge is therefore approximately one- 
third greater than from a standard orifice of the same diameter under 
the same head. Assuming 

= 0.82, 


or 


_2 

Lost head = (1 — 0.82 )h = 0.33A, 

/ 


Lost head = 




V 

0.49 —• 


The large loss and the low value of Cv are due mainly to the sudden ex¬ 
pansion within the tube and to the consequent sudden decrease in ve¬ 
locity. That a loss of head always accompanies a sudden decrease in ve¬ 
locity is one of the important lessons to be learned from the study of the 
tube. Such expansions are common in pipes, open channels and centrifu¬ 
gal pumps, as will be seen later. In general, good design requires that 
Hiidden expansions be avoided if energy losses are to be kept small. 

Where a pipe-line enters a supplying reservoir, having its end flush 
with the inner face of the wall, the flow characteristics in the first three 

(liameters of length are identical with those in the tube, and a loss equal 
^2 

to 0.50 — is assumed to take place in this length (Art. 114). 

4'he pressure at m must be less than at the exit of the tube, since the 
velocity decreases between the two points. With the discharge taking 
place into free air, the pressure at m is less than atmospheric as indicated 
i)y the piezometer in Fig. 72. Between a point in the reservoir surface 
uiul m, 

0 + ^ + A = — + -^-- + 0 + lost head. 
w 2g w 
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The value of may be approximated by assuming a coefficient of con¬ 
traction for the stream at m. In the case of a standard orifice this is about 
0.61; but at m the contraction is probably less, due to the low pressur$| 
surrounding the section. Assuming Cc = 0.63, and using Weisbach’s cch 
efficient of 0.815, 

0.63 aVm = av^ 1 

Vm = l.S9v = 1.59 X 0.815V^ = 1.3\/^, ^ 

V ^ i 

= 1.69/^. 


Between the points considered, the friction loss should be that occur-] 
^ .ring in passing a sharp-edged orifice.] 



This was found to be 0.041 ~ (Art. 

60), the loss being expressed in terms 
of the velocity at the contracted sec-> 
tion. Therefore the loss, up to the 
point ntj may be written 


Lost head = 0.041 X 1.69h = 0.069*.^ 


Substituting this value, and that of 
2 


— , in the general equation, 


Fig. 72 


from which 


0 + 34 + ^ = 1.69h + — + 0.07A 

w 


^ = 34 
w 


0.76L 


Accordingly, the pressure-head at m is less than atmospheric by 0.76A, 
and the latter is the height of the piezometer column in Fig. 72. 

The validity of the relation and the reasonableness of our assumptiom 
was demonstrated by Venturi. With a head of 0.88 meters he obtained 
a water column of 0.65 meters, giving a relation of hi = 0.74A. 

Referring to Fig. 72, it will be seen that if the distance B-C is less than 
hiy the water will enter from the glass tube into the main tube and bo 
expelled with the jet. This is the principle of the Jet pump and the steam 
ejector. Furthermore, as the height of the water column cannot exceed 
approximately 33 feet at normal water temperatures, it follows that tho 
pressure in the contracted section will have its minimum possible value 
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when h is about 43 feet (since 33 = 0.76A). Experiments at the Massa¬ 
chusetts Institute of Technology showed that when h reached a value of 
42 feet, the flow became unsteady. This was doubtless due to the break¬ 
ing dowm of the contracted section when the pressure there approached 
zero. 

The short tube is important only as it serves to present the flow char¬ 
acteristics discussed above. 

78. Borda’s Mouthpiece 

A short cylindrical tube, attached to the side of a reservoir and extend¬ 
ing inwardly as shown in Fig. 73, is known as Bordaks mouthpiece. If its 
length be about equal to its diameter, the liquid in the reservoir will 



Fig. 73 Fig. 74 


issue from the tube without touching its sides. The contraction of the 
jet is found to be greater than in a jet from a standard orifice, if the wall 
of the tube be thin, or its inner end be sharp. Particles approaching the 
inner edge from the region a have an inertia which causes their change 
in direction at the orifice edge to be less abrupt than at the edge of a 
standard orifice. If the reservoir be large, so that particles remote from 
I he orifice have no velocity, it is possible to compute the value of Cc. 

Along the wall, ahed (Fig. 74), there exists no appreciable velocity, due 
lo the presence of the tube. The pressure variation over this wall is 
therefore that of a liquid at rest. On the plane e/, the pressure variation 
is the same as on abed, since no velocity exists in the reservoir. The total 
pressure force on ef therefore exceeds that on abed by an amount awh, 
where a is the area of the opening at the inner end of the tube. Between 
ej and mn, the liquid changes its velocity from zero to v. By the momen- 
lum principle (Art. 50), the product of this change and the mass flowing 
per second must equal the unbalanced force which acts (in the direction 
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of upon the liquid lying between ef and mn. This force is awh. Accord¬ 
ingly, 

{cM-v 

g 

or ^2 

h = Cc — 
g 

For a frictionless liquid, h may be replaced by — , giving 

Cc = 0.50, 


I 

For water, v = 0.9S\/2ghy h = -^ 0.96, and / 

'^g I 

r, — 0.52. 

It has been stipulated that the inner end of the tube have a sharp edge, \ 
or the wall of the tube be thin. The sectional area of the jet is therefore! 

TT ! 

Cc “ do^y do being the outside diameter of the tube. If the wall of the tube 

has an appreciable thickness, no change in the contraction will occuTj 
provided the thickness is not sufficient to cause the jet to touch the inner 
edge of the tube. The jet will still spring from the outer edge. If the thick¬ 
ness be considerable, the jet will spring from the inner edge of the wall 
of the tube and the amount of the contraction wiU be practically that in 
a jet from a standard circular orifice. 

Bordaks mouthpiece is of interest as furnishing the only case when c* 
may be numerically computed for a rpal liquid. It has no practical use. 

If the length of the tube be increased to 2.5 or 3 diameters, it is simi¬ 
lar to the short tube discussed in the previous article, except that it pro- 
jects into the reservoir. At the inner end the stream contracts but subse** 
quently expands to fill the tube. The amount of expansion being greater 
than in the standard short tube, it follows that the resulting loss is greater; 
and the tube’s coefficient of velocity will be less than 0.82. Experiments 
indicate that Cv has an average value of about 0.75, giving the loss in the 
tube as ' / ^ 

Lost head = ( ——^ — 1 

\O.752 

If the wall of the tube has a considerable thickness, the characteristics of 
the flow simulate those occurring in the standard tube, and 

Lost head = 0.49 — (71) 


) 


^2 

— = 0.78—- 

2g 


m 


as shown in the previous article. 
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Pipe-lines are often inserted through a reservoir wall and allowed to 
project beyond the inner face of the wall. Assuming the end of the pipe 
to be squarely cut and having well defined edges, the loss in the first 
three diameters of its length will be given by (70) if the pipe thickness be 
small relative to its diameter. For a thick wall, equation (71) gives the 
loss. In practice, the inner end of the pipe would not have sharp, well 
defined edges; and equation (71) is generally used. 

79. The Conical Nozzle 

As commonly used, the conical nozzle is attached to the end of a pipe, 
or hose, and may be considered as a .tapering orifice made in a thick 
plate. Flow through it therefore follows the orifice laws. 



If V and p represent the velocity and pressure at m (Fig. 75), and v 
the velocity at n, 

p / 1 \ 

2g~^ w 2g~^ V/ 7 2^ cj^2g 

/dV 

Also, AV = Ccav by the equation of continuity, so that V = Cc (— ) v. 
Substituting this value in the first equation, 

^ w 


V = 




itiul 


() = Ccav 


ca 




Tlie c under the radical sign is often omitted and <2 expressed as 




c a 


• 4 ^^ 


(73) 


(74) 


making the remaining bear the burden of the change. The value of r' 


tlion is no longer c^Cc, If ~ be 0.25 or less 


- (I)' 


has a value equal 
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to, or greater than, 0.998 and may be dropped from the equation. This is 

d 


equivalent to saying that, for — < 


0.25, the head corresponding to the^ 



velocity of approach is negligible. 

The contraction of the jet varies in amount with the convergence ofi 
the nozzle cone. Because the rate of discharge is diminished by the con*^ 
traction, it is common practice to shape the interior surface of the nozzlel 

so as to do away with it. This majl 


be accomplished by adding a cyl 
^ drical tip to the conical portion and! 
rounding the inner surface at thm 
junction; or the nozzle may be madi 
convex on the inside with the cur 
^ tangent to the cylindrical tip (Fig.^ 
76). Such nozzles furnish efiecti^ 
streams for fire fighting, since the 
have coefficients of discharge equa 
to their velocity coefficients. A first-class fire stream should have a 
charge of at least 250 gallons per minute. The diameter of the tip rang 
from 1 inch to inches for a hand-held nozzle. 

Equation (73) or (74) permits the computation of c when Q has been] 
obtained by an experimental run, and the corresponding pressure mea 
ured. 

Besides their use in connection with fire streams, nozzles are extensively! 
used in water-power developments and for washing away soils in mining" 
and engineering operations. Those us*ed in power development are illus^ 
trated in Chapter XII. 

The energy in the free jet being wholly in kinetic form, the energy per f 
second may be computed from 


Fig. 76 


£ = IT — ft. lb. per sec. 

Example.—Compute the velocity, rate of discharge and energy [)cr 
second in the jet from a 2-inch nozzle, attached to a 4-inch pipe, whelli 
the pressure at the base of the nozzle is 10 pounds per square inch. 
Assume Cv = 0.97 and Cc = 0.95. 


-U 23 = - 

64.4 ^ 64.4 


V = 0.95 


+ 


\(0.97)2 / 2g 


0,23Sv. 


NOZZLE COEFFICIENTS 


143 


By substitution, 


V = 38.4 ft. per sec. 


Had the velocity in the pipe been neglected, the result would have 
been 37.4 feet per second, entailing an error of 2.5 per cent. For the rate 
of discharge, 

Q = Ccdv = 0.95 X 0.0218 X 38.4 = 0.795 cu. ft. per sec. 

E = 0.795 X 62.4 X (38.4)^ -t- 64.4 = 1140 ft. lb. per sec. 


Equations (72) and (73) could have been used with the same results. 

Had the nozzle been shaped so as to make Cc = 1.00, the above values 

would have been r 

V = 38.5 ft. per sec. 


Q = 0.84 cu. ft. per sec. 
E = 1205 ft. lb. per sec. 


80. Nowle Coefficients 


Experimenting at Lawrence, Massachusetts, in 1888, John R. Free¬ 
man* found the following values for c in equation (73), using smooth fire 
nozzles with no contraction in the jet. 


1 )iameter in inches. 

1 

i 

7 

1 

U 

U 

Is 

C'oefficient of discharge. 

0.9B3 

0.082 

0,972 

0,976 

0,971 

0, 959 


These coefficients were obtained when the nozzles were screwed on to 
the small end of a play-pipe, 25 inches long and tapering from 2.5 to 1.55 
Inches, inside diameter. The large end of the play-pipe was attached to 
It fire hose of the same diameter, and the pressure was measured at the 
point where the play-pipe joined the hose. It would appear that the co- 
elTicients were really for play-pipe and nozzle combined and were smaller 
Ihan what would have been determined for the nozzles alone, had the 
head been measured at their bases. This is apparently proved by Free¬ 
man’s later experiments in 1890. Using smooth nozzles on a 3^-inch pipe 
niul measuring the head close to the nozzles, he obtained the following 
values of c. 


Diameter in inches. 

L 75 

2.00 

2.50 

Coefficient of discharge. 

,990 

.996 

,997 


* Transoctions A.S.C.K., vol. 21, pp. 303-482. 
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From these and other experiments, it appears that the variation in c for 
smooth nozzles, having Co = 1.00, is from 0.97 to 0.99, and that a mean 
value of 0.98 may be assumecJ where experimental values are lacking. 

Nozzles are commonly used for measuring discharge rates during the I 
experimental testing of pumps. Under normal pressure they have a rela¬ 
tively large capacity, and if their coefficients of discharge have been de¬ 
termined, they function with a high degree of accuracy. 

81. The No2i2;le Flow^Meter 

Figure 77 shows an adaptation of the nozzle for metering fluid flow in 
a pipe where free discharge into the air is not possible. The nozzle is 



shaped so as to make Cc = 1.00, and the pressure drop is measured be¬ 
tween a section located upstream from the nozzle a distance equal to the 
diameter of the pipe, and a section coincident with the tip of the nozzle, 
Under these conditions, equation (60) may be used, by which 


= 




for all liquids. For a compressible fluid. 



as given by equation (65) in Art. 72. The value of in both equations will 
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vdp , 

vary with the Reynolds number, —, v being the velocity at the nozzle 

M 


tip. The value of X, the adiabatic factor, may be determined from the 
equations in Art. 72 if the fluid be air, or from equation (64) for other 
fluids. 

The nozzle shown in Fig. 77 is the A.S.M.E.* * “long radius” flow nozzle. 
The interior surface is very smooth and a cylindrical tip, having a length 
of 0.6^^, is provided in order to insure no 
contraction of the jet. The normal vari¬ 
ation in velocity across a jet issuing 
from such a nozzle is shown in Fig. 78, 
the velocity being uniform in the central 
position but decreasing toward the sides 
of the jet. For small values of d, the 
average velocity will be smaller than 
for larger values of d, hence Cv and c' 
will be smaller also. The report of the A.S.M.E. Committee on Fluid 
Meters indicates that the value of c' may be computed from 



Fig. 7S 


0.0036 

0.996 - 

a 


d being expressed in inches. The application of the equation is limited to 

, , 100,000 

values of Reynolds numbers equal to, or greater than, 400,000 — —- 

In computing R, the diameter of the tip and the velocity at that point 
are to be used. The report also recommends that the above equation be 

limited to 4: values less than 0.50. 


D 



Reynolds Numbet, 

3 456730 10 ^ 2 


S e 7 3 0 HJ* 


79. Coefl&cient of Discharge, C', for Nozzle Flow-meters of the A.S.M.E. Long-radius 

Design 


Inasmuch as values of R much less than 400,000 are frequently met, 
the author offers the curve shown in Fig. 79 based on Buckland’s experi- 
merits with the General Electric nozzle, which is very similar to that of 

* A.S.M.K., Fluid Meters, Tkeir Theory and Application, 4th ed., 1937. 
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the A.S.M.E. For precise measurements the value of d should be 
tained experimentally for ai^ particular nozzle, and for any unusual j 
location of the pressure taps. 

Example 1 .—A 3-inch A.S.M.E. flow nozzle measures the flow ofj 
water in a 6-inch pipe. The water temperature is 60° F. and the pressu 
drop is given by a mercurial differential gauge which shows a deflection 
s;, of 8 inches. What is the rate of discharge? 

c' = 0.996 - 0.0036 3 = 0.995 

^ = — (13.55 - 1) = 8.37 ft. 
w 12 


_ 0.W5 X 0.04« - 1.17 cu. It. per 

VI - 0.0625 

V = \.\1 0.0491 = 23.8 ft. per sec. 

V = 1.21 X 10“® (Art. 9) 


sec. 


R = 


23.8 X 0.25 
1.21 X 10“^ 


= 492000. 


Since this value of R is greater than 400,000 — 100,000 3, the assumed 

value of d was correct. 

Example 2.—If d = \ in., D = 3 in. and 2 ; = 3 in. of mercury, wliatj^ 
will be the rate of discharge? y 

Assume d = 0.996 — 0.0036 = 0.992 

^ = - (13.55 - 1) = 3.1*4 ft. 
w 4 


Q = 


0.992 X 0.00545 
Vl - 0.0123 


V64.4 X 3.14 = 0.078 cu. ft. per sec. | 


0-078 ,, , 

V =-= 14.3 ft. per sec. 

0.00545 ^ 

V = 1.21 X 10“^ as before 
14.3 X 0.0833 


R = 


1.21 X 10~ 


= 98500. 


Because this value of R is less than 400,000 — 100,000, the value of 
d was incorrect and must be taken from Fig. 79. From the graph, d •• 
0.978, hence 

0 978 

Q = 0.078 X- = 0,077 cu. ft. per sec. 

^ 0.992 ^ 
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Example 3,—^Air at a temperature of 80° F. flows through a 4-inch 
pipe and is metered by a 1-inch A.S.M.E. flow nozzle. The pressure drop 
is given by a differential gauge, containing oil, which shows a deflection, 
C, of 6 inches. The specific gravity of the oil is 0.90. The air pressure up¬ 
stream from the nozzle being 30 pounds per square inch, compute the rate 
of flow. 

Assume d = 0,996 — 0.0036 = 0.992 


Tit = 0-224 (Equation 16). 

53.34 X 539.4 ^ ^ ’ 

62.4 X 0.90 

Specific gravity of oil relative to air = —— = 251 
— = z(5 - 1) = 0.5(251 - 1) = 125 ft. 

W\ 

0.224 X 125 

= -tt:: - = 0.195 lb. per sq. in. 

144 ^ 

^2 = 44.7 — 0.195 = 44.51 lb. per sq. in. 

P2 44.51 


pi 44.7 


= 0.996. 


J'or this ratio, and for — = 0.25, K = 0.998 (Art. 72). 


W = 


0.998 X 0.992 X 0.00545 X 0.224 


V1 - (0.25)^ 

W = 0.109 lb. per sec. 
To check the value of d 

0.109 


V64. 4X 125 by equation (65). 


V = 


= 89.2 


0.00545 X 0.224 
M = 0.385 X 10“® (table Art. 12) 

32 17 

V = 0.385 X 10“® X :r^ = 55.3 X 10“® 


89.2 X 1 


12 X 55.3 X 10" 


0.224 


= 134000 


ITom Fig. 79, 


d = 0.982, and W = 0.109 X 


0.982 

0.992 


= 0.107 lb. per sec. 
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82. The Diverging Tube 

Figure 80 shows a tube,^having a gradually expanding section, aV 
tached to the side of a reservoir by means of a roimded mouthpiece. The 
mouthpiece is used in order that the water may enter the tube reasonably 
free from turbulence. If the length of the tube and its angle of flare, a, 
be not too great, the stream fills the tube at its exit and equals c.-The 
issuing jet is turbulent, showing the effect of the expansion within tho 
tube. The turbulence increases with the angle of flare and the coefficient® 



of velocity and discharge decrease. The flow has certain noteworthy 
characteristics. 

(a) The pressure at the small section is less than at the exit since the 
velocity-head at m is greater than Sit*n. With discharge into free air, the 
pressure at tn is less than atmospheric. This causes a velocity at fu greater 
than is due to the head of water on the tube. 

(b) If the angle of flare be increased, and the tube flows full, the differ¬ 
ence between the velocities at m and n increases, and the difference be¬ 
tween the pressures at these points likewise increases. In other word®, 
with constant pressure at n, the pressure at m will decrease as a is in¬ 
creased. The limit of a would be reached, therefore, when pm is absoiule 
zero. Practically it is found impossible to keep the tube flowing full when 
large angles are used, and the formation of water vapor at low pressurci 
prevents pm from being zero. 

(c) If the head on the tube be increased, both Vm and Vn increase, but 
the velocity-head at m will increase more rapidly than at w, since tile 
velocity-head varies with the square of the velocity. It follows that 
decreases as h increases (if the tube flows full), approaching a limiting 
value of absolute zero. 
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If the end of the tube be submerged (Eig. 81), the effective head, h, 
U hi — h 2 j as in the case of the submerged orifice. Submergence of the 
tube will not overcome the difficulty of maintaining full flow at all sec¬ 
tions if the angle of flare, the length of the tube, or the head be excessive. 
Under any one of these conditions the stream will leave the sides of the 
tube before reaching its end, and the sur¬ 
rounding space will be filled by non-flowing, 
turbulent water. 

As in previous tubes, we may write 
V = V 2gh, 

Q = 

and / ^ X ^ 2 

Lost head = {—^ — 1 ) “ * 

V/ / 2g 

As a measuring device, the tube is of 
little value, since its coefficient varies widely 
with length and angle of flare. It is used commonly in hydraulic con- 
Htructions, the Venturi meter (Art. 137), the draft tubes of hydraulic 
turbines (Art. 188) and the enlargements used in connecting pipes of 
different diameters being a few examples. 

A series of experiments, by the author, were made upon small tubes 
placed in a vertical position. The angle of flare varied from 3 to 30 de¬ 
grees and various lengths were used with each angle. The diameter at 
the small end was L22 inches for all tubes. The head was varied from 
0.05 foot to 1.60 feet, the end of the tube being submerged. The results 
lire shown in the following table. 


Coefficients for Diverging Tubes 
(By Russell) 

Diameter at Throat 1.22 inches 


length 

3° 

5° 

7.5° 

10° 

12.5° 

15° 

o 

0 

25° 

6 in. 

0.86 

0.83 

0. 71 

0.57 

0.45 

0.32 

0. 19 

0. 14 

12 in. 

0.73 

0.61 

0.44 

0.32 

0.22 

0.15 



18 in. 

0.62 

0.45 

0.29 

0. 18 

0.12 

0.08 




(a) It will be noted that no report appears on the 30° tube. It was 
fimnd impossible to expand the stream to fill this tube, the stream lines 
leaving its sides immediately upon passing the throat. 
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(b) The coefficients as given were fairly constant at aU heads if thit 
head exceeded 0.2 foot. Evidently this was a critical head as below it 
coefficients decreased slightly^with the head. Since this critical head was 
practically the same in value for all tubes, and the only constant dim' 
sion on the tubes was its throat diameter of 1.22 inches, it would apj 
that the critical head was about twice the throat diameter. 

(c) Within the limits of heads and lengths investigated, the discharj 
increased with the length. 

(d) With any given length of tube, the maximum discharge was ob¬ 
tained with flares of from 7^ to 10 degrees. 

Although unable to get experimental proof of the fact, the author be¬ 
lieves it probable that none of the tubes having flares greater than 10 
were filled throughout their lengths by the stream lines. 

Example. — The tube shown in Fig. 80 has end diameters of 3 and 5 
inches, a discharge coefficient of 0.70, and it discharges under a head of 
9 feet. The rounded mouthpiece, to which it is attached, has a velocity* 
coefficient equal to 0.98. The pressure at the point m is desired, also th^ 
rate of discharge. ( 

Between the reservoir surface and m, 


' Vo.96 Jle \0.49 / 2e 


V. 

2g ^ VoT% ~ ^ Vo^ ~ V 2g 

If for Vm we substitute its value, --^Vn, given by the equation of cotki 
tinuity. 


9 = 2.35 —, and Vn = 15.7 ft. per sec. 

Q = 0.136 X 15.7 = 2.14 cfs. 

= -^ X 15.7 = 43.6 ft. per sec. 


Considering points m and n, 


(43.6)^ 

64.4 


w 


(15.7)2 (15.7)2 

^ ^ +1.04^ ^ 


64.4 


64.4 


- = -21.8 ft. 

w 

p = —9.44 lb. per sq. in. 

83. Divergent Flow 

It has been pointed out, in the cases of the short tube and the diverj* 
ing tube, that expansion of section produces turbulence which cauimi 
additional loss of energy. This is always true, save in the rather infro* 
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quent case of laminar flow. When energy losses are to be kept at a mini¬ 
mum, the use of expanding sections in any design should be avoided if 
possible. The flow of any fluid may be accelerated through converging walls 
without a marked increase m turbulence or in energy loss. The coeffi¬ 
cient of velocity for a short, smooth, conical nozzle is often as high as 0.99, 
Indicating little loss. 

The occurrence of the turbulence which accompanies expansion may 
be understood with the aid of Fig. 82. Between m and n the pressure 
gradually rises and the velocity decreases. Particles in close proximity 
to the boundary walls have less energy than particles more remote, due 
to the wall friction. As they move forward against increasing pressure, 



they reach some point, a, where their kinetic energy (hence velocity) 
l)ecomes zero. A group of such particles accumulates and is given a ro¬ 
tary motion by the adjacent flow. The eddy thus formed is carried along 
with the flow, other eddies taking its place. The point a is known as a 
point of separation. It will approach the section m as the velocity of flow 
through the tube is increased. Evidently the amount of turbulence be- 
Iween m and n will increase with the value of the Reynolds number. 

PROBLEMS 

1 . Water is discharged from a reservoir through a standard short tube under 
n iiead of 30 ft. 

(a) What is the velocity head in the stream at exit? 

{h) What is the velocity head In the contracted section? 

(c) What is the absolute pressure-head at the contracted section? 

Ans. 20.2ft.; 49.5ft.; 12.7ft. 

2 . A short cylindrical tube is attached to the vertical wall of a reservoir, 

I ml differs from a standard short tube in that it projects into the reservoir 

II distance of half its length. This causes the amount of the contraction at 

(Mil ranee to be increased and experimental observations indicate a coefficient of 
contraction at this point of 0.50. The coefficient of velocity for the whole tube 
IxMiig 0.72, determine what value the head on the tube must be in order that 
I lie pressure in the contracted vein shall be absolute zero. Ans, 29,4 fl. 
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3. Compute the values of the total loss in head for Problems 1 and 2. 

Ans, 10.1 ft.; 14.2 ft J 

4 . A horizontal 12-inch pipe^leaves the vertical wall of a reservoir at a point || 

9 ft. below the water surface, and has its inner end flush with the surface of thfi] 
wall. During flow the pressure in the pipe, at a point 3 ft. within the pipe, is 
3 lb. per sq. in. What head is lost in the 3-foot length? Ans. 0.69 ft. 

5 . A standard short tube, axis vertical, is attached to the bottom of a r^er^j 

voir whose water surface is 12 ft. above the discharging end of the tube. ThflJ 
tube is 6 in. in diameter and 18 in. long. Assuming the section of maximuim 
contraction to be 4 in. from the inlet end, compute the pressure at that point 
during flow. Ans, p = —4.5 lb. per sq. in* 

6. A 2-inch nozzle is attached to a 6-inch pipe. Pressure at the base of the 

nozzle during the flow is 50 lb. per sq. in. If the coefficient of velocity and dift* 
charge are both 0.90, find * ' 

(а) Velocity and rate of discharge. ^ 

(б) Energy per second in water discharged. Arts, {a) 11,1 ft. per sec/t 

1.70 cu. ft. per see*! 
{b) 9900 ft-lb. per seCi !| 

7. A 1 J-inch nozzle, attached to a 2^-inch pipe, discharges 290 gal. per min* 

under a pressure of 40 lb. per sq. in. at the base of the nozzle. What is the cDefIi«| 
cient of discharge of the nozzle? Ans, 0.96iT 

8. A nozzle points vertically downward and terminates in a If-inch orifice*' ^ 
It is supplied by a 2f-inch pipe, to which is attached a pressure gauge 3 ft, 
above the nozzle orifice. When the gauge registers 30 lb. per sq. in. the discharge 
is found to be 310 gal. per min. What head is being lost between the gauge and 
the orifice? Assume coefficient of contraction at exit to be 1.00. Ans, 8.7 ft* 

9. A If-inch nozzle, attached to a horizontal 2^-inch pipe, has a coefficient tif 
discharge of 0.95. If, during flow, the gauge pressure in the pipe be 80 lb. per 
sq, in., what should be the discharge in gal. per min.? Ans, 409 gal. per min* 

10. The nozzle which furnishes the water to a certain hydraulic turbine IH 
j i in. in diameter and has coefficients of velocity and discharge of 0.97S 
and 0.960 respectively. The nozzle is supplied from a 24-inch pipe in which iho 
water approaches the nozzle with a total head of 1100 ft. Compute the velocity 
and rate of discharge from the nozzle, also the energy per second delivered by 
the jet to the turbine. What energy, measured in hp., is lost in passing through i 
the nozzle? What is the efficiency of the nozzle? 

11. Water at 70° F., flowing in a 4-inch pipe, is metered by a 2-inch A.S.MdC, 
flow nozzle. The pressure drop is measured by a mercurial differential gaugo 
which shows a deflection of 9 in. What is the flow rate? 

Ans, 0.55 cu. ft. per swfC, 

12. Water at 70° F. flows in a 6-inch pipe and is metered by a 2-inch A.S.M*K, 

flow nozzle. The pressure drop is measured by a differential oil gauge which 
shows a deflection of 24 in. The specific gravity of the oil being 0.79, what is the 
indicated flow rate? /l/f.s*. Q = 0.11 cu. ft. j>er HeCi 
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13. The end diameters of the tube shown in Fig. 81 are 3 and 4 in. The 
rounded mouthpiece to which the tube is attached has a velocity coefficient of 
0.98, and hi and have values of 16 ft. and 2 ft., respectively. If the tube’s 
coefficient be 0.85, what will be the water pressure at the small section? 

Ans, 6.3 lb. per sq. in. 

14. The values of hi and h^ in Fig. 81 are 10 ft. and 3 ft., respectively, and the 

smaller end of the diverging tube has a diameter of 2 in. Assuming that the 
vapor pressure of the water is 0.25 lb. per sq. in. (absolute), what value for the 
diameter of the discharging end will be consistent with a maximum rate of flow 
through the tube? Coefficients of mouthpiece and tube are 0.98 and 0.75, 
respectively. Ans, 3.86 in. 

15. The 10-degree, 12-inch tube mentioned in the table of Art. 82 was 

attached, in a vertical position, to the bottom of a reservoir by means of a 
rounded mouthpiece. Compute the head lost in the mouthpiece and in the tube 
when discharging under a head of 1 ft., the exit end of the tube being submerged 
6 in. Ans, 0.184 ft.; 0.73 ft. 

16. A horizontal diverging tube discharges from a reservoir into the air under 
a head of 6 ft. If the diameter at the large end be 5 in., and its discharge coeffi¬ 
cient be 0,73, what diameter at the small end will be necessary to produce an 
absolute pressure there of 5 lb. per sq. in.? Assume the loss in the connecting 
mouthpiece to be 0.05 of the velocity head at the smaller section. 

Ans, 2.75 in. 

17. A diverging tube, 6 ft. long, axis vertical, is attached by a rounded 
mouthpiece to the bottom of a reservoir and discharges in the free air. During 
How, the pressure at the throat, which is 2 ft. in diameter, is f of an atmosphere, 
and the velocity is 30 ft. per sec. The losses may be assumed as follows: 

Loss in mouthpiece = yV the velocity head in throat 
Loss in tube = y the velocity head at exit. 

Compute the diameter at exit and the head on the discharging end. 

Ans, 2.26 ft.; 12.9 ft. 

18. A short re-entrant tube (similar to Borda’s mouthpiece), 3 in. in diam- 

rlcr, is fitted in the vertical side of a reservoir whose superficial area is 22 sq. ft. 
What time will be required to lower the water level 2 ft. from an initial head of 
H ft.? Ans, 83.3 sec. 

REFERENCES 

IL S. Bean and S. R. Beitler, '‘Some Results from Research on Flow Nozzles,” 
Trans, A.S.M.E,^ vol. 60, 1938. 

H. O. Buckland, “Fluid Meter Nozzles,” Trans, A.S,M,E.y vol. 56, no. 11, 
1934. 

Tluid Meters^ Their Theory and Application, fourth edition, A.S.M.E., 1937. 

J. R. Freeman, “Experiments Relating to the Hydraulics of Fire Streams,” 
Trans, A,S,C,E,, vol. 21, 1889, p. 303. 

















CHAPTER VII: 


FI. 


ow over yy eirs 


TFeii 


84. Definitions 

As generally understood, the term weir is used to designate a notche 
opening made in the upper edge of a vertical wall, through which water 
is allowed to flow for purposes of measurement. Overflow Ha mg and spill¬ 
way sections in dry-crested dams are sometimes spoken of as weirs sine ~ 
they offer means for an approximate determination of the rate of dii. 
charge over them. They will be separately discussed later. As usually 
constructed, the weir has a simple geometrical shape and the notch ia' 
sharp-edged as in the case of the standard orifice, so that the strean^ 
touches only a line. The opening is usually rectangular, triangular or 
trapezoidal. In each case the edge of the opening over which the water 
flows is called the crest, and its height above the bottom of the reservoir 
or channel is known as the crest height. The French term nappe (sheet) 
is often applied to the overfaUing stream of water. 



85. The Rectangular Weir • 

The more common type of weir is rectangular, the sides of the notch 
being horizontal and vertical. The horizontal side is the crest. If the crest j 


Fig. 83 


Fig, 


and sides of the notch be far enough removed from the bottom and sidefi 
of the reservoir to permit free lateral approach of the water in the plane 
of the weir, the stream issues from the notch contracted on these three 
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sides and we have what is known as the contracted weir (Fig. 83). If the 
length of the crest be extended, as in Fig. 84, so as to make the sides of 
the notch coincident with the side walls of the reservoir or channel, the 
side or end contractions will be suppressed and the weir is known as a 
suppressed weir. In both weirs, the surface of the water over the crest, 
and immediately back of it, assumes a curve, forming the surface contrac¬ 
tion. The headj H, is the vertical distance from the level of the crest up 
to the general reservoir surface at a point where the latter is unaffected 
by the surface curve. 

If a large, rectangular orifice discharges with a head on its upper edge 
equal to zero, we have results analogous to the flow over the rectangular 
weir. Let Fig. 85 represent in section such an orifice placed in the end 


~~k - 

I 



Fio. 85 


wall of a channel, in which exists a velocity of approach, Vo. If v repre- 
Hcnts the velocity of the discharge through any imaginary, horizontal, 
elementary strip situated a distance x below the surface, the discharge 
per second is 


iiiul for the entire orifice. 


dQ = dA V = b dxv, 


Q = b f 


V dx. 


To express v in terms of x, Bernoulli’s theorem may be written between 
I he points m and n giving 


Vo‘ . pa , pa 


— -F 
2g 


w 


+ x = - + ^ + 0, 
2g w 


and 


where h has replaced 



2g 


Substituting this value for v in the above ex- 
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pression for Q, there results 

Q = J' (x + hydx. 

The quantity (x + h) may be regarded as a variable with limits of 
ih + h) and (A 2 + h) inasmuch as, d{x h) = dx. With these limits the 
above equation becomes, when integrated, 

Q = ibVYg[(h2 + hf - (hr + hfl 

By making hi equal to zero, the orifice becomes a weir, and, replacing j 
^2 by we obtain 

Q = ¥VTg[{H + hf - h^]. (75) 

If there be no velocity of approach, A = 0 and 

g = (76) 

Neither (75) nor (76) allows for the effects of friction and contraction, 
but these may be recognized by the introduction of a discharge coeffi¬ 
cient, c, whose value must be discovered by experiment. 

The determination of c has been the object of much experimentation 
and the results of these efforts will be cited. Before doing so, it will be 
helpful to discuss some of the conditions surrounding weir flow and their 
effect upon discharge. 

(u) Contraction of the Jet. —Just as in the case of the orifice, the effect 
of jet contraction is to diminish the rate of discharge. Experiments in¬ 
dicate that the contraction coefficient is a variable, its value being af¬ 
fected by the proximity of the edges of the weir to the sides of the chan¬ 
nel, and by the roughness of the back face of the weir plate. Under low 
heads, capillarity and surface tension doubtless have an added effect. 

(5) Velocity of Approach. —This quantity makes itself felt in at least 
three different ways. 

First, the discharge under a given head, H, increases with the velocity 
of approach. In the derivation of equation (75) it was assumed that % 
is uniform over all parts of the cross-section of the channel. We know this 
is not so, the effect of the channel walls being to retard the water near 
the sides and bottom. Water near the surface will have a velocity greater 

than Vo, as determined from = ^, and it is the kinetic energy of this 

water that affects the discharge, more than that of remote and more 
slowly moving water whose velocity must be changed in approaching 
the weir. It would appear that h, as computed from the average velocity, 
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is really too small and that a value, ah, should preferably be used in (75), 
a having a value greater than imity. 

Second, the velocity of approach, if large, must have some effect upon 
the amoimt of the jet contraction. 

Third, the existence of velocity in the channel indicates that the water 
surface is sloping in the direction of flow, the slope varying approxi¬ 
mately with the square of the velocity (see Chap. IX). Because the head, 
11, is measured from a horizontal plane through the crest up to the water 
surface, it follows that slightly different values may be obtained for a 
given discharge, by varying the distance upstream from the crest to the 
[wint of measurement. This is particularly true for high velocities of ap¬ 
proach. At low velocities the surface is practically level over short dis¬ 
tances. 

86. Francis’ Formulas 

During the years between 1848 and 1852, James B. Francis carried on 
at Lowell, Massachusetts, an extensive series of experiments with rec¬ 
tangular weirs. The length of crest varied from 3.5 feet to 17 feet, but in 
the majority of the experiments, the length was practically 10 feet. The 
head, H, varied from 0.6 to 1.6 feet and the volume discharged was 
measured in a large collecting basin immediately below the weir. As a 
result of over eighty experiments, he proposed the two following equa¬ 
tions : 

Q = 0.622 X ^ (ft - "If) + hf - #], (77) 

;ind 

Q = 0.622 X ^ (ft (78) 

as being adapted to rectangular weirs, with or without end contractions. 
'I'he first provides for the effect of the velocity of approach, and the second 
is to be used when this is so small as to be negligible. It will be noticed 
that they are very similar in form to our fundamental equations (75) 
and (76), the effect of velocity of approach being cared for in the same 
way. In studying the effect of contraction, Francis was led to conclude 
(hat the coefficient of vertical contraction was constant at all heads, while 
I he coefficient of end contraction (when end contraction was present) 
varied with the head. He accordingly divided his coefficient into two 
parts, the first having a value of 0.622, an average value which in over 
liighty experiments differed from the extreme values by about 3 per cent. 
'I'o provide for the effect of the end contractions, he concluded that since 
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the amount of contraction varied with the head, the diminution in < 
discharge caused by it was constant for any head and had the effect of 1 
decreasing the effective length of the weir. He therefore proposed thlt ' 

^ represent the effective length of the weir, the quantity ^ | 

being wholly empirical, and the value of n representing the number of' 
end contractions present. Since n = 2 for the contracted weir and zero) 
for the suppressed weir, equations (77) and (78) may be written as I 
follows: 

(а) Contracted weir 

Q = 3.33 [(H + 4)^ — /f®], with vel. of approach. (79) 

Q = 3.33 no vel. of approach. (80) 

(б) Suppressed weir 

Q = 3.336[(i7 -\r h)'^ — with vel. of approach. (81) 

Q = 3.33JH% with no vel. of approach. (82) 


If for any reason the contraction at one end only is suppressed, then 
n = 1. 

Francis also found that the curvature of the end contractions extended 
horizontally over a distance of about and consequently reconi- 

mended that, for a weir with two end contractions, the length b be greater 
than 3H, Otherwise, the effeqt of end* and vertical contractions would 
not be properly cared for by his coefficient 0.622 and the quantitv 

(-f)' 

A direct solution of equation (79) or (81) necessitates a knowledge of 
h whose value cannot be determined until <2 and Vo are known. A solution 
by the method of trial is possible, the approximate value of <2 being de¬ 
termined by (80) and (82). Using this value, Vo and then h may be com-* 
puted and the more exact equations (79) and (81) used to give a new 
value of Q, This latter will still be somewhat approximate if the value of 
Vo be considerable, and it must be again used to determine a new Vq arid 
h to give a value of Q which will not differ from the previous one enough 
to warrant a recalculation of h. This method of correcting for the velocity 
of approach should be strictly adhered to in using Francis' formuhiH, 
since it was the method used by him when determining the value of hln 
coefficient. 
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Francis' equations have been widely used in this country, and when 
applied to conditions falling within the range of his experiments should 
give good results. It is obvious that they can be no more accurate than 
his coefficient, 0.622, which differed from extreme values by 3 per cent, 
as previously mentioned. For heads less than 0.30 feet, the real discharge 
is greater than that given by the formula. 

Example, —A suppressed weir having a crest 10.58 feet long discharges 
under a head of 0.682 feet. If the depth of the channel of approach be 
2.2 feet, find the discharge per second. Neglecting the velocity of ap- 
proach, 

Q = 3.33 X 10.58 X (0.682)* 

Q = 19.84 cu. ft. per sec. 


•Vo 


Q 

A 


19.84 

10.58 X 2.2 


0.85 ft. per sec. 


h = 


( 0 . 85)2 

64.4 


= 0.011 ft. 


Using formula (81), 


Q = 3.33 X 10.58 [(0.693)* 
Q = 20.3 cu. ft. per sec. 


( 0 . 011 )*] 


This may be taken as the final value, inasmuch as a recalculation of h 
gives 0.012, and this differs so slightly from the value used as to make 
resubstitution unnecessary. 

87. Fteley and Stearns Formulas 

In 1877-79, Alphonse Fteley and Frederick P. Stearns experimented 
with rectangular weirs at Framingham, 

Massachusetts, using weirs 5 feet and 19 
feet long. As a result of more than fifty ex- 
l)i!riments on the 5-foot weir having end 
contractions, they stated their inability to 
express accurately the effect of endcontrac- 
I ions and recommended that such weirs be 
not used unless previously calibrated. 

As the result of their work on rectangular suppressed weirs, 5 and 19 

feet long, they proposed 

Q = 3.316H* + 0.0076, 



(83) 
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to be used when the velocity of approach is negligible, and 

Q = 3.31b{H + ahy + 0.0076, (84) 

when it is so large as to influence the discharge. 

The value of a they made dependent upon the ratio of H to the crest^ 
height, Z (Fig. 86), and furnished the following table of values. 


Values of a for Use in Fteley and Stearns Suppressed Weir 

Formula 


Head on 
weir 

Depth of channel of approach below crest 

2,60 

1. 70 

1.00 

0.50 

0. 20 

1.51 

1.66 

1.87 

1.70 

0.30 

1.50 

1.65 

1.83 

1.53 

0.40 

1.49 

1.63 

1.79 

1.53 

0.50 

1.48 

1.62 

1. 75 

1.53 

0.60 

1.47 

1.60 

1. 71 

1,52 

0. 70 

1.46 

1.59 

1.68 

1.51 

0.80 

1.45 

1.57 

1.65 

1.50 

0.90 

1.44 

1.56 . 

1.63 

1.49 

1.00 

1.43 

1.54 

1.61 

1.48 

1.10 

1.42 

1.53 

1.59 


1.20 

1.41 

1.51 

1.57 


1.30 

1.40 

1.49 

1.55 


1.40 

1.39 

1.48 

1.54 


1.50 

1.38 

1.46 

1.52 


. 1.60 

1.37 

1.44 

1.51 


1.70 

1.36 

1.43 

1.49 


1.80 

1.35 

1.41 



1.90 

1.34 

1.40 



2.0 

1.33 

1.38 




It will be noticed that equation (83) is similar to (76) save for the term 
0.0076, which is wholly empirical and cannot be satisfactorily explained. 
Their method of allowing for velocity of approach, by adding ah to the 
measured head, accords with the reasoning already given in Art. 85. The 
range of head in their experiments was from 0.07 to 1.63 feet, and be¬ 
cause of the inclusion of very low heads, their formula often has been 
preferred when the head is less than one-half a foot, 
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88. A More Logical Formula 

It should be noted that the velocity of approach depends, in value, 
upon the dimensions of the weir and channel. In Fig. 86, the ratio of H 
to H + Z defines the geometry of the flow, hence the velocity of ap¬ 
proach must be some function of this ratio. The head corresponding to 

the velocity will vary as ‘ ^ given head, the value of 

Z be infinite, the velocity will be zero; if Z be zero, the velocity will have 
its maximum value. The ratio also influences the variation in velocity 
between the water surface and the channel bed, and it has been shown 
by Schoder and Turner* that the rate of discharge is considerably af¬ 
fected by this variation. It would appear quite logical to adopt the 
equation, 

Q = c I hW, (85) 


us applicable to the suppressed weir, regardless of the magnitude of the 
velocity of approach, and make c bear the burden of correcting for ve- 

/ H y 

locity of approach by causing its value to depend, m part, upon I ^ ^ ^ j ■ 
'I'his may be done by assuming 


C — Co 


1 “h 


f—yi 

\H + z) J’ 


( 86 ) 


Co being the value of c for 
zero), and a ^ , 


a weir of infinite height (velocity of approach 
a percentage increase in Co to correct for the 


eiTect of velocity of approach. 

Lauck t has shown that the value of Co for a weir of infinite height (fric- 
tion neglected) should be 


c 


o 


TT 

71 + 2 


0.611 


and independent of H. 

Equation (85) has been adopted by many experimenters, but they 
have been unable to express their results by giving to c the value indi¬ 
cated by equation (86). Their data indicate, in general, that Co varies 
slightly with H. Some of their obtained values follow. 


‘Schoder, E. W., and Turner, K. B., “Precise Weir Measurements,” Trans. A.U.C.l;'.., 
vol. 93, 1929, 

t Lauck, A., “Ucberfttll Uber cin Wchr,” Z. Awgcic. Math. Mcch., vol, 5, 1925, 
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89. Bazin’s Formula 

In 1886 H. Bazin of France#undertook a series of experiments that at¬ 
tracted much attention by reason of the careful manner in which they 
were conducted. He adopted 


and for c obtained 


Q = c W^g 

0.01476 


c = 0.6075 + 


H 


for the condition of no velocity of approach. With velocity of approach | 
present, he proposed j 


With this value, the discharge equation becomes 



3.25 + 


0.0789\ 

H ) 


1 + 0.55 



(87) 


Bazin’s weirs ranged from 1.64 to 6.56 feet in length, and the head 
from 0.164 to 1.969 feet. The value of Z varied from 0.66 to 6.56 feet, 
The figures show that his weirs were shorter than those of Francis, and 
the heads larger in proportion to the weir length. 


90. Formula of the Swiss Society of Engineers and Architects 

Prominent among the formulas favored abroad is that adopted by the 
above society in their Code for Measuring Water, 1924. They, too, make 
use of equation (85), giving to c the value. 


505 ^) + 


305F 

The discharge equation becomes 


91. Rehbock’s Formula 

In 1929 Professor Th. Rehbock of Karlsruhe published the results of 
more than twenty years of study on the suppressed weir and proposed 




6035 + 0.0813 f + 

^ z 




0.0036\* 

-R-)' 
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In simplified form the discharge equation becomes 

Q = [ 3.23 + 0.435 Q + 0.0036)1 (89) 

The expression for c is more complicated and empirical than others, 
but it apparently fits Rehbock’s data closely. His weirs were single bronze 
plates set in a glass-sided channel 0.5 meter wide. The approach channel 
was long, and the water before reaching the weir was quiet and free from 
disturbances. Rehbock claims the equation holds for all heads, but recom¬ 
mends that heads less than 0.10 feet, or greater than 2.0 feet, be not 
used. Results from his equation agree well with those from the Swiss 
formula in the previous article. 

92. General Agreement of Formulas 

Provided the velocity of approach be small, and the head be greater 
than 0.25 feet, aU the foregoing formulas for the suppressed weir, save 
Bazin’s, give results agreeing remarkably well. As velocity of approach 
itKTeases, the agreement is less close. The following table shows the re¬ 
sults of applying the several formulas to a weir discharging under differ- 

cnt heads, and having different values of — • 


II 

z 

Vo 

Francis 

Stearns 

Bazin 

Svviss 

Rehbock 

0.20 

1.50 

0.17 

1.000 

1.020 

1.100 

1.010 ' 

1.013 

0 50 

4.00 

0.3 

1.000 

, 1.005 

1.030 

1.000 

0.996 

1.00 

4.00 

0 . 7 

1.000 

1,001 

1.011 

1.000 

0.998 

1.00 

2.00 

1.2 

1.000 

1.012 

1.031 

1.017 

1.012 

2.00 

2.00 

2.6 

1.000 

1.029 

1.075 

1.064 

1.039 


For purposes of comparison, the discharges obtained by the Francis 
formula are taken as units for comparison, and the other discharges are 
expressed in terms of this unit. This does not impute greater accuracy to 
I he Francis formula. Any other might have been chosen. Five different 
nilios of H to Z are assumed, ranging from 0.125 to 1.00, giving veloci- 
lii!S of approach varying from 0.17 to 2,60 feet per second. The divergence 
of results, as the velocity increases, is clearly evident. The Bazin values 
It re in all cases larger than the others. 
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93 . Choice of a Formula 

It is impossible to say that a pertain formula is to be preferred to others 
for general use. For many years it has been the practice in this country 
to use the Stearns formula for heads less than 0.50 of a foot and the 
Francis formula for higher heads. The Rehbock formula and that of the 
Swiss Society of Engineers and Architects have 
not received general recognition, but under labora¬ 
tory-controlled conditions the author believes they 
are to be preferred. 

For weirs whose crests are not sharp and clean, 
or where the back face of the plates forming the 
crests is rough or corroded, it is possible that the 
Bazin formula will prove the most satisfactory. 
Sc'hoder has shown that a slight roughening of 
the plate near the crest will produce an increase 
in discharge, especially under low heads. A very 
slight rounding of the crest’s edge will do like¬ 
wise. Bazin’s formula gives larger discharges, in 
general, than do the others. 

94. Measuring the Head 

All the experimenters previously mentioned 
measured the head by observing the height of the 
water level in an open vessel or box, which com¬ 
municated with the water in the channel back of 
the weir by meafls of a tube. The tube was in¬ 
serted through the side wall of the channel, and 
its inner end was flush with the surface of the wall, 
as specified in Art. 26. This method has been 
adopted as standard and should be followed, espe¬ 
cially for low heads. 

To measure the height of the water level in the vessel, a hook gauge 
is used. This may be described briefly as a graduated metal rod arranged 
to move vertically between fixed supports and having at its lower end a 
pointed hook. The rod is controlled in its vertical movement by a slow- 
motion screw, and a scale with a vernier attachment enables its position 
to be read to the one-thousandth part of a foot. Figure 87 shows a gauge 
as manufactured by W. and L. E. Gurley of Troy, New York. 

In using the gauge, the hook is lowered beneath the surface of the 
water and then raised until the point causes a tiny pimple, or elevation, 
to appear on the surface. The latter is a distortion of the thin surface 



Fig. 87, Hook Gauge 
by W. and L, E. Gurley 
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lilm whose particles are held together by surface tension. The hook is 
then lowered sufl&ciently to cause this just to disappear, and the point is 
assumed to be at the surface of the water. The scale is then read. 

The hook gauge is much used in experimental work where variations 
in water level must be measured. By it, differences in level of one-thou¬ 
sandth of a foot are readily detectable, and with practice a level 
may be determined with an error not exceeding one two-thousandth of 
a foot. 

In using the gauge to ascertain the value of H in weir measurements, 
it is necessary to determine the gauge reading when the point of the hook 
is in the horizontal plane of the crest. One method is to use an auxiliary 
gauge placed just upstream from the crest. Its point is placed level with 
the crest by means of a sensitive spirit level and the scale then read. If 
water now be admitted to the channel until its level is slightly below the 
crest, simultaneous readings of both gauges will enable one to compute 
the reading of the main gauge which corresponds to the placement of its 
point level with the crest. This zero reading, subtracted from observed 
surface readings during flow, gives the value of H. 

Another method, successfully used by the writer, consists in making 
use of an engineer’s level and a very light level-rod to set the point of the 
hook at the same elevation as the crest. Using a carefully adjusted level, 
with a sensitive bubble, and a rod obtained by borrowing the center slide 
of an ordinary 10-inch calculating rule, it was found possible, by repe¬ 
tition, to set the point of the hook at the elevation of the crest with an 
error entirely negligible. The light rod was alternately placed oh the crest 
and the point of the hook, the latter being lowered or raised to give the 
same rod reading as the crest. The reading of the vernier on the gauge 
was noted for each setting and the mean calculated. 

For coarser grades of work and for large heads, a vertical staff gauge, 
graduated to hundredths of a foot, may be set in the gauge box or even 
iti the stream itself, provided the surface be kept quiet. This may be ac¬ 
complished by surrounding the staff with a bottomless box or one having 
a few holes either in the bottom or in the sides that are parallel to the 
direction of flow. 

Francis’ piezometer was inserted at a point six feet upstream from the 
crest and about six inches below it. Fteley and Stearns also located their 
|)iezometers six feet upstream, but the distance below the crest varied, 
Ijeing 0.4, 2.4 and 0.0 feet in their experiments. Bazin’s piezometer was 
16.4 feet upstream and close to the bed of the channel, and it is not im¬ 
possible that this location resulted in larger observed heads when the 
velocity of approach was large. 
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Rehbock recommends that the distance be made equal to 4S, or tO' 
2 (H + Z), whichever gives the greater value. A piezometer connection 
somewhat below the elevation of the crest, but not close to the bottoid 
of the channel, is preferable* J 

95. The Rectangular Contracted Weir \ 

It has been pointed out that the effect of end contractions is to reducoi 
further the rate of discharge for a given head. The Francis equations fori 
such a weir have been discussed in Art. 86. Fteley and Stearns, as a re-^ 
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suit of their experiments, recommended that weirs of this type be avoided, 
but proposed the equation, 

Q = 3.31(6 - + 2.Q5k)^ + 0.0076. (90) 

Like Francis, they considered that the effect of the contractions might 
be represented fairly well by subtracting 0.2H from 6. 

It IS obvious that the contractions cflmplicate the problem of formu¬ 
lating an accurate expression for the rate of discharge, and few experi¬ 
menters have attempted to improve the Francis or Stearns formulas. 
When precision is not required, the equations will give satisfactory re¬ 
sults. For precise work a contracted weir should be carefuDy calibrated 
before using. 

If 6 be ^ 2E, the value of (6 - ^//) becomes zero or negative. Fran¬ 
cis recognized this fact and specified that 6 must always exceed 2H as a 
minimum value, and preferably be greater than m. He also stated that 
the end contractions should be made complete by allowing a clearance of 
2H (better iH) between the ends of the weir and the sides of the channel. 
Likewise Z should at least equal 2tH. Such minimum distances indicate a 
weir and channel of the proportions shown in Fig, 88, It can be shown that 
the velocity of approach will be negligible when the area of the cross- 
section of the channel is at least six times the weir area, hll. 'I’his applies 
to both the suppressed and contracted weir. For the suppressed weir this 
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is equivalent to saying that Z should be at least five times H. A con¬ 
tracted weir having the minimum dimensions shown in Fig. 88 will have 
a negligible velocity of approach. 

96. Weir Construction 

In addition to the facts already enumerated, the following precautions 
should be taken in constructing a weir, if accuracy is to be attained. 

1 . The crest should be sharp-edged, straight, horizontal and normal to 
the direction of the approaching flow. The crest need not be knife-edged, 
but the thickness should be small and the upstream corner straight and 
well formed* If the weir is to serve for some time, the crest should be made 
of brass or other metal not easily corroded. The back face of the plate 
forming the crest should be quite smooth for a considerable distance 
below the crest. 

2 . In the suppressed weir, provision must be made for the free admis¬ 
sion of air to the space beneath the falling sheet or nappe. If this be not 
done, the entrapped air will be removed, in part, by the falling nappe 
and a partial vacuum will exist. This will cause a depression of the nappe 
and an increase in the discharge. 

3. The head must not be so low as to cause the nappe to cling to the 
front face of the weir. 

4. The plane of the upstream face of the weir must be vertical. 

5. A long straight channel above the weir is necessary to insure nor¬ 
mal distribution of velocity and bring about a smooth flow before reach¬ 
ing the crest. 

6 . Where water enters the channel in turbulent condition, screens or 
baffles must be provided to quiet the flow. These should be placed well 
upstream from the weir. The writer has had success with screens made 
by placing two sheets of wire mesh across the channel and filling the 
s])ace between them with crushed stone. The thickness of the screen and 
tlie size of the stone may be varied to meet conditions. 

7. The surface of the tail-water below the weir must not approach the 
c rest. The pressure in the curving nappe is not atmospheric until the 
water reaches a point weU below the crest, and the pressure at this point 
must not rise above that of the atmosphere. 

97. Triangular Weir 

Triangular weirs are sometimes used when the quantity of water flow¬ 
ing is not large. The customary arrangement is shown in Fig. 89, both 
sides of the notch being equally inclined from the vertical. Inasmuch as 
the issuing stream is of similar cross-section for all heads, the value of 





























168 


FLOW OVER WEIRS 


the coefficient should be fairly constant. Experiment has shown this to 
be the case. 

The formula for theoretical ^discharge may be obtained as follows. In 
Fig. 90 let X be the head on an elementary horizontal strip. From similar 
triangles its length is 6 (Z? — x) -J- H, and for its area we have 

dA = — x)dx, 

£1 

Neglecting velocity of approach, the discharge through the strip (con¬ 
sidered as an orifice) is 

~ “ x)dx\/2gx = 2g{Hx^ — x^)dx, 


Fig. 80 * Fig. 90 

and if this be integrated with H and 0 as the limits of x we obtain 

<3 = (91) 

The sides of the triangle being equally inclined, b = 2H tan a, and 

” A 

Introducing the usual coefficient to correct for friction and contraction, 
Q ~ tan ay/Yg H\ (92) 

If the notch has a vertex angle of 90° (a = 45°), equation (92) becomes 

Q = c4.28F^ 

In 1861 Professor James Thomson experimented with a 90-degreo 
notch, using heads from 2 to 7 inches in height, and in 1908 Mr. James 
Barr extended the heads up to 10 inches. The results of the two men were 
closely identical. It was found that c increased slightly as the head de¬ 
creased down to 2 inches, and then decreased. Between heads of 2 and 1 
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inches Thomson estimated the mean value of c as 0.593 which inserted 
in the equation above gives 

<2 = 2.54#. (93) 

Barr found more variation in c as the head increased to 10 inches, but 
the average value was close to Thomson's. 



Discharge from Triangular Weir 


Mr. A. A. Barnes, from a study of Thomson’s and Barr’s experiments, 
proposed ^ ^ (94) 

IIS fitting all of Barr’s experiments, with an error less than one-fifth of 
one per cent. 

[^rofessor Raymond Boucher of the Ecole Polytechnique de Montreal 
has recently obtained 

Q = 2A9H^'^^ 

as did Mr, V. M. Cone in 1916. Mr, Cone also obtained values for other 
angles as follows: 

60 degrees <2 “ 1.45^7^*^^ 

30 degrees () = 0.685//^ '*''’ 
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The triangular weir is very sensitive to any change in roughness of the;] 
weir plate and the equations given assume a smooth plate. 

98. Trapezoidal Weir of Cipolletti 

This weir, invented by an Italian engineer whose name it bears, isi 
mentioned because of its ingenious design and the fact that it is more or] 
less used in irrigation work in this country. As the name indicates, thal 
notch is of trapezoidal form as shown in Fig. 91. The side slopes are alike 

and have an inclination of 1 hori**] 
zontal to 4 vertical. The reason fori 
this is of interest. The dischargai 
may be considered in two parts—one 
ihrough the rectangular area of 
length 5, and the other through a 
triangular area having a base width 5 
of 2 d. The total discharge is, there-l 
fore, greater than from a recUingulari 
cdntracted weir of length b. Cipolletttj 
proposed giving the sides such u 
slope that this increase would be 
just equal to the decrease in discharge through a contracted weir, caused 
by end contractions. This would make the trapezoidal weir the equiv¬ 
alent of a rectangular suppressed weir of length h. The increase, being 
the discharge through the end triangles, may be written from equation 
(91), as 

Q = cX^2dVYgH\ 

and the decrease due to end contractions is, according to Francis, 

Qi — c 'X X (See equation 78.) 

Equating these values and assuming the two values of c to be alike, there 
results 


— d -H 


I 

U- h- -> k— 
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d = 


H 
4 ’ 


■giving the slope which Cipolletti recommended. 

From his own experiments and those of Francis, Cipolletti proposed' 

Q = 3.367 ( 95 ) 

the correction for velocity of approach to be made as in the formula of 
Francis (Art. 86 ). 
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Messrs. Flinn and Dyer in 1893 experimented with a weir of this type 
and obtained a value for the coefficient of 3.283. This was the mean value 
derived from 32 experiments, in which the head varied from 0.3 to 1.25 
feet. In correcting for the velocity of approach, however, they considered 
the total head to be + 1.4A, while Cipolletti used the method of Fran¬ 
cis (Art. 86 ). The difference in method would nearly account for the dif¬ 
ference in coefficient; and their conclusion was that the formula pro¬ 
posed by Cipolletti himself gave results within one per cent of the truth. 

The chief advantage of this weir lies in the fact that it permits the use 
of a contracted weir where ft suppressed weir would be impracticable, 
yet avoids the tedious computations involved in correcting b for end 
contractions by the Francis method. It is often used in measuring water 
in irrigation ditches where there are many varying heads to be recorded 
and computed. Its use is then a matter of convenience, and its accuracy 
is sufficient for the purpose. 

99. Broad^Crested Weirs 

If the weir crest be made broad, smooth and horizontal (Fig. 92), a 
simple formula for discharge may be derived, assuming no frictional losses. 



just upstream from the crest the total head, including that due to velocity 
of approach, may be represented by ZI. At a section on the level crest 
where a uniform depth is assumed, the velocity of flow should be 

V = VlgiH - D), 

and the rate of discharge for a crest length, 6 , should be 

Q = boVlgiH - D) = b^lgip^H - D^) (96) 

It will be assumed further that the rate of discharge is a maximum for 
I he available head, H. The equation shows that Q will have a maximum 
value when {D'^H — D^) is a maximum. The value of £>, in terms of Hf 
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to make the latter a maximum, may be determined 

t 

2DH - 3D^ =0 
H = %D. 

b\^D^ = 5.67hD^. {97} 

Introducing a coefficient to allow for frictional resistances, 

Q = cbVgB^ = c 5.67bD\ (98) 

The value of c being determined, a single depth measurement of D should 
give the discharge. 

In practice it is found that a parallel flow at depth D will not be at¬ 
tained if the width of the crest, Z, is too short. For very wide crests, D 
increases slightly in the direction of flow, and sometimes the surfaQjJ 
undulates. Because of the difficulty in locating the proper point at which 
to measure Z), equation (98) may be changed by replacing D with \lh ; 
There results, * ^ * 

Q = c 3.096Zr% (99) 

H representing the total head, including that due to velocity of approach. 

This equation has been used generally by experimenters. The value of 

c as determined by each one should be regarded as applicable only to 

weirs having the same dimensions as, or at least geometrically similar to, 
the weir of the experimenter. It has been pointed out previously that the 
coefficient must be a function of dimensions that fix the boundaries of 
the flow, hence of the ratio of Z? to (H Z), H in this case is the ob¬ 
served head. 

The results of a few of the most prominent experiment? are briefly 
summarized on page 173. 

The variation of c in the above experiments is clearly noticeable and, 
unless previously calibrated, a broad-crested weir cannot be regarded an 
an accurate measuring device. It offers one advantage over other tyiHSd 
of weirs. The level of the water below the weir may rise to the level of 
the crest, and even to the level of the water on the crest, without alTecl’ 
ing the rate of discharge. It is the difference in level, A, (I"ig. 92) that tlu^ 
termines the discharge. Such a weir, therefore, could be used in a channel 


zero. 

dD _ 
dH " 

Substituting in (96), 

0 = 


. dD 

by equating — to 
did 
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Experimenter 

L 

Z 

Range of 
Head 

Range of 

C X 3.09 

Upstream 

Corner 

Bazin. 

6.56 

2.46 

0.3 to 1.60 

2.58 to 2.91 

Rounded 

U. S. Deep Waterways 
Board. 

6.56 

4.56 

0. 8 to 5.0 

2.81 

Rounded 

Woodburn. 

10.00 

1. 75 

0.5 to 1.5 

2.77 to 2.85 

Rounded 

Bazin. 

6.56 

2.46 

0.2 to 1.50 

2.41 to 2.63 

Sharp 

U. S. Deep Waterways 
Board. 

6.56 

4 56 

0. 9 to 5.0 

2.38 to 2.50 

Sharp 

Woodburn. 

10.00 

1. 75 

0. 5 to 1.5 

2.60 to 2.63 

Sharp 


All dimensions in feet. 


without necessitating a large drop in surface level at the weir. This is 
often of great importance, especially in irrigation ditches extending over 
level terrain. 

100. Dams Used as Weirs 

The many overflow dams existing on natural streams offer opportuni¬ 
ties for measuring the flow if their coefficient, dZ, in the general formula 

<2 = MbIP 

cun be ascertained. Since the shapes or profiles of dams vary greatly in 
detail, it would be a difficult task to determine and tabulate the coeffi¬ 
cients for the many types. It would have to be accomplished mainly by 
the use of models and the assumption made that values of M found for 
each model would apply to its prototype. Because both gravity and fric¬ 
tion would be present, in addition to inertia forces, the flow would be a 
function of the Fronde and of the Reynolds number, and exact hydraulic 
hiinilarity could not be attained (Art. 54). Neglecting friction, and operat¬ 
ing the model according to the Froude relationship, approximate deter¬ 
minations of M could be made. Experiments show that M differs slightly 
with the scale of the model. 

Several excellent studies on model dams have been made, covering 
many types. The first was by Bazin in 1897, and another was made by 
(i. W. Rafter in 1898 at the Cornell Hydraulic Laboratory for the United 
Slates Deep Waterways Board. The results of both experiments appear 
in the Transaclions of the American Society of Civil Engineers (vol. 44, 
UXK)), and are discussed in detail by R. E. Horton in Water Supply 
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Paper No, 200, United States Geological Survey. Other references apf 
in the bibliography at the end of this chapter. 



For overflow dams of the type shown in Fig. 93, the value of M range 
from 3.5 to nearly 4.0. 

101. Spillway Design 

Dams, in general, must be constructed with spillway sections. Thei 
provide means for passing surplus water and flood flows. Sometimes thij' 
entire dam is designed as an overflow*dam, and its profile should be such'J 
that it will pass the maximum amount of water possible for a given head 
on the crest. The usual section employed is similar to that shown in* 
Fig. 93, and is known as the ogee section. It is also important that, under 
all occurring heads, the descending water be in contact with the surfae^ 
of the spillway and be guided smoothly to the lower level, a revert^ 
curve directing it horizontally at the toe. Present practice in this country! 
is to shape the upper portion of the profile so as to conform to the piro4 
file of the under side of a free nappe springing from a sharp-edged weir. 
The point, a, represents the crest of such a weir, the discharge taking 
place under the head, Ho. Neglecting frictional resistances, the flow over 
a spillway, haying its profile coincident with the under side of the nappe, 
would be that from the weir; but the head, H, on the spillway would Ijo 
much less than Ho. 

For a sharp-crested weir, having a height, Z, at least equal to 2H^ 
periments have shown that the profiles of all nappes are geometrically 
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limilar over a wide range of head, if the coordinates of the curves be ex¬ 
pressed in terms of H, Bazin and others have determined this profile. 
The curve of the under side of the nappe cannot be expressed mathemati¬ 
cally, and is not parabolic, due to the effect of the overlying water. From 
Bazinas profile, aided by studies made by the United States Bureau of 
Reclamation, we may easily determine a profile for the upper portion of 
a spillway that should provide constant contact with the water. The 
portion, ab. Fig. 94, closely fits Bazinas profile. The part, he, lies slightly 

.1 



above Bazin’s profile, therefore insuring contact with the water and a 
flight positive pressure. It may be continued beyond c any desired dis¬ 
tance in accordance with the equation, y = 0.48 
The effective base width, I, of the spillway must be determined by 
structural requirements for strength and stability. The middle portion of 
llu! profile may be straight and tangent to the upper curve. The lower por- 
I lion is generally curved to deflect properly the water at the end of its fall. 
In determining the profile from Fig. 94, the procedure is as follows. 
Tlu‘ maximum rate of flow at flood stage having been determined, the 
lit'ad, Ho, required to pass this flow over a sharp-edged crest may be 

del or mined from # 

<3 = 3.33bHo\ 

TIu! head, H, over the crest of the spillway will be 0.89//o, and the co¬ 
ordinates of the profile shown are in terms of H. 

Inasmuch as 3.33bHo^ equals MbH\ and H = 0.%9Ho, the value of 
Ik found to be 3,96. It is probable that friction on the crest will reduce 
I his value slightly. 
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102. Discharge by Weirs under a Falling Head 7 

Let it be required to complete the time that would have to elapse whU| 
reducing by a certain amount the head on a given weir supplied by a rescr* 
voir of constant area, A . The problem is very similar to that of the orifico 
worked out in Art. 73. 

From the weir in dt seconds of time, a small quantity 


dQ = cbH^dt, 


would be discharged, causing a decrease, dH^ in the head. Evidently, 

dQ = cbirdt = A dH 

1 


and 


cbH'^ ch \Vi 


Vih VW' 


It will be noted that if H 2 be given the value of zero, the value of t will! 
be found to be infinity and the problem is indeterminate. The explanation 
is that both the head and the. area of discharge are approaching zero as n 
limit. Were the area fixed, a definite time would result. ■, 


103. Effect on Computed Discharge from Error in Measuring Head j 

The question may arise as to what extent an error in measuring tho) 
head will affect the computed discharge. For the rectangular and trl^| 
angular weirs this may be computed as follows: 

{a) Rectangular Weir * 1 


Since 

<2 = 

3 dQ 
KH\ -V : 


’ dH 

or 

dQ = 

l.SKir dH. 

I’hen 

dQ 

l.SKH^dll 


Q 

KH^ 


I.IKIP 


f 

] 


J 



That is, a percentage change in H produces 1.5 times the same percentage 
change in Q, or an error of 1 per cent in measuring H will produce 1.5 
per cent error in the computed Q, 

{b) Triangular Weir, Proceeding as above, 

Q = Kn% % = 2.5A7/^ 
dll 
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or 


3 


dQ = 

2.SKW dH. 

'Hien 

dQ 

2.5KH^ dH 2.5dH 


Q 

KH^ ^ H 


'Therefore a small change or error of 1 per cent in the head produces an 
error of 2.5 per cent in the computed discharge. 

PROBLEMS 

1. A rectangular weir with end contractions has a crest 10.37 ft. long and 

2.87 ft. above the bottom of the channel. If the channel width be 16 ft., what 
amount of water will be discharged under a head of 0.875 ft,? Use Francis^ 
formula. Ans, 27.9 cu. ft. per sec. 

2. A suppressed weir having a crest length of 6.80 ft., a height of 2.5 ft., 

discharges under a head of 0.67 ft. Compute the rate of discharge by Francis' 
formula. Ans. 12.58 cu. ft. per sec. 

3. A contracted weir is to be built in a rectangular channel, 10 ft. wide, dis¬ 

charging a quantity of 8 cu. ft. per sec. What length and crest height should the 
weir have in order that the head shall not exceed 8 in. or the water depth behind 
the weir 3 ft.? Use Francis' formula. Ans. 4,55 ft.; 2.33 ft. 

4. Solve Problem 2 by use of the Francis and Swiss Society formulas. 

5. A rectangular channel 15 ft. wide contains water flowing 4 ft. deep with 
a mean velocity of 2.2 ft. per sec. If a suppressed weir, 4.5 ft. high, be built 
across the channel, how much will the level of the water l^ack of it be raised? 
Use Bazin's formula. 

6. A rectangular flume, 10 ft. wide and 6 ft. deep, is carrying water to a 
depth of 4 ft. with a mean velocity of 1.5 ft. per sec. How high above the bot¬ 
tom of the channel may the crest of a suppressed weir,' 10 ft. long, be placed and 
not overflow the sides of the flume? Use Francis’ formula. 

7. A suppressed weir, 6.97 ft. long, has its crest 2.79 ft. above the bottom of 
l!ie channel. Compute the discharge under a head of 0.679 ft., using {a) Fteley 
und Stearns’ formula; {b) Bazin’s formula. 

8 . A triangular weir has a 90-degree notch. What head will be necessary to 
discharge 1000 gal. per min.? Use Barnes’ formula. 

9. A triangular weir has a 60-degree notch. Compute the discharge under a 
head of 1.6 ft., by Cone’s formula. 

10 . A triangular weir has one side sloping at 45° and the other at x hori¬ 
zontal to 1 vertical. Assuming the coeflicient of discharge to be 0.60, what value 
of X should give a discharge of 10 cu. ft. per sec. under a head of 1 ft.? 

Ans» 6.74 ft. 

IL A triangular weir has one side sloping at 45° and the other has a slope of 
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6 horizontal to 2 vertical. Assuming the coefficient of discharge as 0.60, fin^ 
the probable rate of discharge under a head of 1.44 ft, i 

12 . A Cipolletti weir with a &est length of 5.87 ft, discharges under a hea^ 
of 0.875 ft. Compute the rate of discharge. 

13. Compute the theoretical rate of discharge over a trapezoidal weir 2 ftJ 
long on the crest, and having one side vertical and the other sloping outwarj 
2 horizontal to 1 vertical, under a head of 2 ft. Ans, 54.5 cu. ft. per seel 

14. Compute the rate of discharge over a trapezoidal weir, crest iengiM 

5 ft., ends sloping out at 45°, head 1 ft. and velocity of approach negligibfe. 
Assume coefficient of discharge 0.62. Ans, 19.3 cu. ft. per sec#J 

15. A reservoir, 500,000 sq. ft. in area, is to be controlled by a concrete spill«' 

way with a permanent crest at Elev. 100 ft. It is intended to make the lengti^ 
of the spillway such that (by removing flash-boards) water can be drawn froid 
Elev. 104 down to Elev. 102 in 30 ifiinutes of time. What should be the leng^ 
of the spillway if Jlf = 3.5? Ans. 32.8 fU. 

16. A reservoir whose area is 12,000 sq. ft. has an outlet through a suppress^ 

weir whose crest is 3 ft. long. How long a time will be required to lower thi^ 
reservoir level 1 ft. from an initial head of 1.60 ft. on the weir crest? Use thi;, 
Francis formula. Ans, 20.2 mfe: 

17. A reservoir, 50 ft. by 20Q ft. in plan, has its sides vertical. It dischargfft 

through a rectangular suppressed weir, the initial head being 15 in. How long, 
is the crest if 30 min. are required to lower the level 13.50 in.? Use the Franclli 
formula. Ans, 6.47 It. 

18. A reservoir, 150 ft. by 200 ft. in plan, discharges over a suppressed wfiir 

10 ft. long. Beginning with a head of 2 ft., how long a time will be necessary to 
lower the water level 18 in.? Use the Francis formula. Ans, 21.2 min* 
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CHAPTER VIII: 

* 


Flow TJirougJi Pipes 


104. Explanation 

The use of the term pipe is generally limited, in its application, to 
closed conduits carrying water under pressure. Pipes are commonly cir-^j 
cular in section, this form combining the advantage of structural strength 
with that of structural simplicity. The circular pipe also has the follow- 1 
ing important property. Of all pipes having equal sectional areas, but i 
differing in shape of section, the circular pipe has the smallest perimeier 
of section and, therefore, per foot of length, the smallest inside waU area. 
It follows that the resistance which a circular pipe offers to water flowing ; 
through it, is less than in a pipe of any other section. \ 

When pipes carry water with their sections only partially filled, as in | 
the case of sewers and large aqueducts, it is sometimes of advantage to | 
employ sections other than circular. Such conduits, being under no prea* ( 
sure, do not carry the flow by reason of an external head which they may | 
be under, but depend upon the incliflation of the conduit and the sur- | 
face of the water, to give to the latter its velocity. They are of the nature j 
of open channels and, although they obey the same fundamental laws as j 
do the pressure pipes, it will be found more convenient to classify them 
with open channels .said discuss them in the following chapter. I 

In view of the above facts, the present discussion will be confined to | 
pipes of circular section; but at the proper point it will be shown how the 
formulas derived may be used, with slight modification, for sections of 
any shape. 

105. Pipe Friction 

In a smooth straight pipe, in which laminar flow of a liquid takes place^ 
the resistance to flow arises from the viscous shear between particles 
moving in parallel paths with different velocities. At the pipe wall, [wir- 
tides adhere to the wall and have no motion. Particles moving over them 
are subjected to a viscous shear which decreases as the center of the 
pipe is approached. The velocity variation across the pipe is wholly do- j 
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termined by the viscous shear between the imaginary moving layers of 
liquid (Art. 111). This resistance to flow is often described as due to 
wall or pipe friction, but the term is a misnomer, since the resistance is 
wholly of a viscous nature. 

If the flow be turbulent, the velocity variation across the pipe no longer 
is determined solely by viscosity, but depends upon the amount and 
strength of the turbulence. The amount of viscous shear present, how¬ 
ever, is increased by the innumerable eddies or vortices accompanying 
turbulence, and pipes with rough walls tend to increase the turbulence. 
Again, as in laminar flow, the resistance to flow is wholly a viscous phe¬ 
nomenon, although commonly referred to as due to pipe friction. 

106. Head Lost by Pipe Friction 

Probably no other subject in fluid flow has received the attention given 
to the study of the law governing loss of head by pipe friction. From 
this study it has been learned that resistance to flow is 

(a) Independent of the pressure under which the liquid flows. 

(b) Directly proportional to the length of the pipe. 

(c) Variable with some power of the velocity. 

(d) Inversely proportional to some power of the diameter. 

(e) Variable with the roughness of the pipe if the flow be turbulent. 
Since the lost head depends upon the resistance, these facts may be 

summated by writing , „ 

Lost head = A —, (101) 

K representing the constant of proportionality and being affected in 
value by the roughness of the pipe if the flow be turbulent. 

Experiments show that n varies in value, being unity for laminar flow. 
I "or turbulent flow its value ranges from 1.70 for a smooth pipe to 2.0 
for a rough pipe. Likewise x has a value of 2 for laminar flow and varies 
from 1.0 to 1.3 for turbulent flow. These facts would make it appear 
difficult to formulate an expression for head lost that will fit the varying 
c onditions indicated by the facts. However, the problem can be solved 
(|uite satisfactorily as follows. 

Writing the Bernoulli equation between any two sections of a straight 
horizontal pipe, 

+ + — + 22 + lost head. 

2g w 2g w 

Since Vi = ^2 and Zi = S 2 , 

Lost head = — — • 

w w 
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The lost head is therefore proportional to the pressure-drop, pi — 

occurring in the length, L For the flow of any fluid through a pipe, th4( 

factors affecting the resistance are the variables, v, I, p, p and the pipe^ll 

roughness. No other quantities or dimensions enter the problem. Wft' 

may therefore write . ^ n v z 

pi - p2 = Kd I V ix p , ^ 

The expression does not include a factor representing the pipers rough-j 
ness, and for the present this will be ignored, the pipe being assume® 
very smooth. Each of the quantities involved may be expressed dimeil- \ 
sionally, using mass (M), length (L) and time {T) as units of measure^^ 


11 


II 

II 


M 

^ ~ LT 

11 


M 


K has no dimensions, being the constant of proportionality. 

These dimensions substituted in the above equation give 

Theory and experiment show that the value of m is unity, so that 

Since the dimensional values on both sides of a homogeneous equation^ 
must be alike, 

y + z = \ I 

~ y — n = — 2 \ 

X — y — 3z-\~n-\-\ = — j 

The values of y and s in terms of n are found to be j 

X — n ~ 3 
y ^ 2 ~ n 

I 

z = n — 

which placed in the original equation give 

Dividing both members of the equation by w, and noting that w = gp,' 

Pi - P2 


Lost head = 


w 


KP 
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which may be written 


hs = IK- 


lip' 


d2g 


( 102 ) 


In vdp -J- p, we recognize the Reynolds number (Art. 52), and (102) may 
be simplifled to 12 

hf = 2irR”-2--, (103) 


or 


Iv^ 


(104) 


This value for hf was proposed by Darcy in 1857 and has been widely 
used. Inspection of the equation shows / to be dimensionless and there¬ 
fore independent of the units of measure employed. This also follows from 
the fact that it is a function of which is, itself, dimensionless. Since J 
equals 2i^R'^“^, its numerical value will vary with d, p and p. For a 
given fluid, it will vary inversely with d and v, since R varies likewise. 
Because rough pipes produce more turbulence than smooth pipes, / will 
increase with roughness, as proved by experiments. 

Equation (104) does not indicate that the loss is always proportional 
to and inversely proportional to d. Thus, if experiment indicates that 
the loss in a given pipe is proportional to then n = l.S and by (102), 

'rhe true powers of v and d, by which the loss varies in this particular 
pipe, here appear. 

Finally, nothing in the derivation of (104) 
requires that the type of flow be known, 
and it may be either laminar or turbulent. 

The nature of the liquid was not specified, 
hence (104) holds for all liquids. 

107. Determination of / 

The quantity / is generally spoken of as 
the friction factor, and its value for any 
particular pipe and velocity of flow may be Fig. 95 

obtained experimentally as follows:— 

Figure 95 shows two piezometers inserted in a pipe at two sections a 
distance I apart. Since the velocity at both sections is the same (diame¬ 
ter constant), we may write, 

+ a = — lost head, 

IV w 
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Lost head = ^^-^ + a = h. ! 

* W W I 

If d, I, h and <2 be measured, equation (104) may be solved for/. \ 

108. Values of / | 

Experimental values of / show a variation in strict accordance withj 
the theory just presented. Working with water, early experimenters at* | 
tempted to formulate tables showing the variation of /, with v and d, for j' 



Twenty-four-inch Cast Iron Pipe Line, ^ourtesy of U,S. Pipe aird Foundry Co.) 

a pipe made from a given material. The results of various expcrimentaf| 
differed somewhat, owing to slight physical differences in the surface con* 
dition of the pipes employed, and to errors of observation. Not only will 
a given material,' like cast-iron, vary in surface roughness, but experi¬ 
ments made upon long pipes, where joints are frequent and inaccuradc^i 
of alignment are present, should yield results slightly different from whut 
would be obtained in laboratory experiments upon short lengths where 
joints are few and the losses so small as to be susceptible to errors of 
measurement. Changes in ju and p with temperature were neglected by 
early experimenters, due to ignorance of their effect. Nevertheless, by 
careful averaging of results it has been possible to tabulate values of / 
for pipes of different materials with fairly satisfactory results. Front 
review of the most trustworthy experiments, the author has compiletl 
the tables on the following pages. The given figures represent average 
values and apply to water only. In Art. 112 will be shown another rnelht«l 
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of determining/, based on the fact that it is a function of the Reynolds 
number. The method applies to any liquid flowing in pipes. 

The table for cast-iron pipe gives values for lost head agreeing closely 
with results obtained by the Hazen and Williams formula (Art. 129), 
using a value for C equal to 130. This formula has received wide accept¬ 
ance among hydraulic engineers. The same table may be used for steel 
pipe and for concrete pipe cast on steel forms having oiled surfaces. For 
concrete pipe, less smooth, cast on wooden forms or having surface ir¬ 
regularities, the tabular values should be increased by 15 per cent. These 
recommendations are based on Scobey^s well known experiments de¬ 
scribed in Bulletin 852, United States Department of Agriculture. 

Values of / for fire hose are based on experiments by the National 
Board of Fire Underwriters. Those for wood-stave pipe agree with the 
experiments of Scobey as reported in Bulletin 376, United States De- 
[^artment of Agriculture. 


Values oe / for Clean, Smooth, Cast-Iron, Steel and Concrete 

Pipes 


Velocity in feet 


in 

inches 

1 

2 

3 

4 

5 

6 

8 

10 

15 

20 

4 

.0285 

.0255 

.0240 

.0230 

.0225 

.0220 

0210 

.0200 

.0190 

.0180 

5 

.0275 

.0245 

.0230 

.0225 

.0215 

.0210 

.0200 

.0195 

0185 

.0175 

6 

.0265 

.0240 

.0225 

.0215 

.0210 

.0200 

.0195 

.0190 

.0175 

.0170 

8 

.0255 

.0230 

.0215 

.0205 

.0200 

.0195 

0185 

.0180 

.0170 

.0160 

10 

.0245 

.0220 

.0205 

-0200 

.0190 

.0185 

.0180 

.0175 

.0165 

.0155 

12 

.0235 

.0215 

.0200 

.0190 

.0185 

.0180 

0175 

.0170 

.0160 

.0150 

14 

.0233 

.0210 

.0197 

.0188 

.0183 

.0178 

,0170 

.0165 

.0155 

.0148 

16 

.0228 

.0205 

.0194 

.0185 

.0180 

.0175 

0167 

.0162 

.0152 

.0145 

18 

.0220 

0200 

.0190 

.0180 

.0175 

.0170 

.0165 

0160 

.0150 

.0140 

20 

.0215 

.0195 

0185 

.0175 

.0170 

.0165 

0160 

,0155 

.0145 

.0140 

24 

.0210 

.0190 

.0180 

.0170 ' 

.0165 

0160 

.0155 

.0150 

.0140 

.0135 

30 

.0200 

.0185 

.0175 

.0165 

.0160 

.0155 

.0150 

.0145 

.0135 

0130 

36 

0195 

.0180 

.0170 

.0160 

.0155 

.0150 

.0145 

.0140 

.0130 

.0125 

42 

.0190 

.0175 

.0165 

.0155 

.0150 

.0145 

.0140 

0135 

.0130 

.0125 

48 

.0185 

.0170 

.0160 

.0155 

0150 

.0145 

.0140 

.0135 

.0125 

.0120 

60 

.0180 

.0165 

0155 

.0150 

.0145 

.0140 

.0135 

.0130 

.0120 

.0115 

72 

.0175 

0160 

.0150 

.0145 

.0140 

.0135 

.0130 

.0125 

.0120 

.0115 

84 

0170 

.0155 

.0145 

.0140 

.0135 

.0130 

.0125 

.0120 

.0115 

.0110 

06 

.0165 

.0150 

.0140 

.0135 

.0130 

.0125 

.0120 

.0120 

.0110 

.0105 
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Values of / for Small Wrought-Iron or Steel Pipes 


Nominal 
diam. in 
inches 

Actual 
diam. in 
inches 



i 

Velocity 

in feet 




1 

2 

3 

4 

5 

6 

8 

ID 

15 

20 

3 

4 

0.824 

.0430 

.0390 

.0365 

.0350 

.0340 

.0330 

.0320 

.0305 

.02M 

.0280 

1 

l.(Ha 

.0415 

.0370 

.0350 

.0335 

,0325 

,0315 

.0305 

.0295 

,0275 

.0265 

li 

1.38 

.0395 

,0355 

.0335 

.0320 

.0310 

.0300 

,0290 

.0280 

,0265 

.0155 


1.61 

.0385 

.0345 

.0325 

.0315 

.0300 

.0295 

,0280 

.0275 

,0255 

.024Sj 

2 

2.0 

.0370 

.0335 

.0315 

.0300 

.0290 

.0285 

,0270 

.0265 

.0245 

.02511 

^2 

2,5 

.0355 

,0325 

.0305 

.0290 

.0280 

.0275 

.0260 

.0255 

,0240 

.023^ 

3 

3.0 

.0345 

.m\s 

,0295 

.0280 

.0270 

.0265 

.0255 

.0245 

. 0250 

.0220 


Values of / for 2.5-Inch Fire Hose 
(smooth rubber-lined cotton) 


Velocity in feet 


5 

10 

12 

14 

16 

18 

20 

25 

0.0220 

0.0195 

0.0185 

0-0180 

0.0178 

0,0172 

0,0168 

0.0163 


O.OKiol 


Increase these values 50 per cent for rough rubber lining. 


Values of / for Smoot*h, Wood-Stave Pipe 


Velocity in feet 


m 

inches 

1 

2 

3 

4 

5 

6 

8 

10 

15 

20 

6 

.0305 

.0265 

.0245 

.0230 

,0220 

.0210 

.0200 

0190 

.0175 

• OtftS 

12 

.0270 

.0235 

.0215 

.0205 

.0195 

.0190 ^ 

.0180 

.0170 

.0155 

.01.W 

24 

,024f) 

.0210 

.0195 

-0180 

.0175 

0170 

.0160 

.0150 

.0140 

,0I,W 

36 

0225 

.0195 

.0180 

.0170 

.0160 

0155 

.0150 

.0140 

,0130 

.OUA 

48 

.0215 

.0185 

.0170 

.0160 

.0155 

,0150 

.0140 

.0135 

.0125 

.011,1 

60 

0205 

.0180 

.0165 

.0155 

.0150 

0145 

.0135 

.0130 

.0120 

.011,1 

72 

.0200 

.0175 

.0160 

.0150 

.0145 

.0140 

.0130 

.0125 

.0115 

.0110 

84 

.0195 

.0170 

.0155 

.0145 

.0140 

.0135 

.0130 

.0120 

.0115 

OIM 

96 

.0190 

.0165 

0150 

.0145 

.0135 

.0130 

.0125 

.0120 

.0110 

• OIOS 

108 

.0185 

.0160 

.0150 

.0140 

.0135 

.0130 

.0120 

.0115 

.0105 

.011)1) 

120 

.0180 

.0160 

.0145 

.0140 

.0130 

.0125 

.0120 

.0115 

0105 

.0100 
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109. Variation in / with Age of Pipe 

Experiments made upon iron pipes which have been in use for a long 
time often show values of / much larger than those given in the tables. 
This is because of the gradual roughening of the pipe due to the accumu¬ 
lation of rust tubercles, or other matter, upon the pipe wall. This deterio¬ 
ration of the pipe with age follows no rule, as the rate is dependent upon 
the quality of the water and metal. In designing pipes of a desired ca¬ 


ll 



10 30 30 40 no eo TO 

A^e of pipe vn ears 

Fig . 96 . Increase in Friction Factor, with Age of Pipe (cast iron) 


pacity, it evidently is the future value of / that is important if the pipe 
is to be satisfactory over a long period of years. Pipes of small diameter 
deteriorate faster than do larger pipes, owing to the proportionately 
greater effect of waU resistance and to the fact that the section area is 
rapidly reduced by incrustations. 

In 1936 M. S. Carter made a thesis study of the problem at the Massa¬ 
chusetts Institute of Technology, using data obtained from an experi¬ 
mental survey of 385 cast-iron pipes serving in municipal water systems 
in various parts of the country. Their ages varied from 0 to 70 years, 
and the diameters ranged from 4 to 60 inches. It was found that an ap¬ 
proximate value of /, for a pipe of stated age, could be obtained by mul¬ 
tiplying the value of /, as given in the table for new pipe, by an age factor 
obtained from the plot in Fig. 96. The curves shown were carefully drawn 
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with respect to the plotted points, which in many cases varied widely for 
pipes of the same size and age. This scattering of points was particularly 
noticeable among the smaller ^ipes, and, of the two curves shown, that 
for the smaller pipes is the less dependable. The scarcity of information 
on this important subject warrants the inclusion of these data. 

110. Critical Velocity 

In Art. 43 it was shown that the change from laminar to turbulent 
flow begins to take place when a certain velocity, known as the crilical 
velocity, is reached and passed. Because of the difference in the laws gov¬ 
erning the two types of flow, it is important to know the value of the 
critical velocity for a given condition of flow. 



Valve 


The problem was first studied by Sir Oshome Reynolds in 1883, using 
a glass tube in connection with a reservoir of water. His apparatus is 
schematically shown in Fig. 97. The entrance end of the tube was fitted 
with a bell mouth, and a valve near i^s other end controlled the rate of 
flow. Colored fluid was introduced at the entrance in the form of a fine 
jet. With the water in the reservoir devoid of motion, the slow opening 
of the valve produced a flow so steady that the colored fluid passed 
through the tube as a sharply defined ribbon, not mixing with the sur¬ 
rounding water. The flow was laminar. As the rate of flow was progres¬ 
sively increased, a velocity was reached at which the filament of colored 
fluid commenced to waver and lose its sharpness of definition, this change 
appearing first at a point remote from the entrance. Further increases ill 
velocity resulted finally in complete dispersion of the colored fluid whicli 
mixed with the water throughout the length of the tube. 

The velocity at which the change began corresponded to a Reyholtlfi 
number of about 12,000. By exercising great care to eliminate initial din- 
turbances in the reservoir and jarring of the apparatus, other ex])eri-' 
menters have succeeded in maintaining laminar flow up to values of R as 
great as 40,000. Evidently the limiting value of R at which laminar flow 
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may be maintained is determined by the care with which disturbances 
are eliminated. 

Reynolds also found that, starting with turbulent flow, a return to 
laminar always took place when the velocity was reduced to a value cor¬ 
responding to a Reynolds number of about 2000. Other experimenters 
have found likewise and we may state that R = 2000 marks the lower 
critical velocity, below which all turbulence is damped out by the vis¬ 
cosity of the liquid. The importance of its value lies in the fact that water. 



12-Koot Pipe Line of the California-Oregon Power Co. (Courtesy of Continental Pipe Mfg. Co.) 

or any liquid, usually enters a pipe in a turbulent condition which will 
('ontinue turbulent imless the flow is at a velocity below this lower critical 
velocity. 

Using R = 2000, the value of Vc may be obtained from 


values of v for water being taken from the table in Art. 8. For ready refer¬ 
ence, the following values are tabulated. 


Temp. ^ F. 

V 

i)cd 

40 

1.67 X 10-'' 

0.0334 

50 

1.41 X 10“’’ 

0.0282 

60 

1.21 XU)'' 

0 0242 

70 

1.06 X 10 

0 0212 

80 

0.929 X 10 

0.0186 
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Values of lower Critical Velocity, in Feet per Second, 
FOR Water at 50° F. 


Diameter 

0, 5 in. 

t in. 

2 in. 

4 in. 

6 in. 

12 in, 


0. 70 

0. 35 

0.18 

0.09 

0.06 

0.03 


It is seen from the above table that velocities with which the engineepj 
usually deals are above the critical and the flow will be turbulent. In 
tubes of very smaU bore the flow will be laminar. 

111. Laminar Flow in Pipes 

Expressions for the velocity and rate of flow in circular pipes, when lam¬ 
inar flow exists, may be derived as follows: i 

Figure 98 shows a section of the pipe, and two such sections a distancd 

/ apart will be considered. The average pfai^ 
sure at the sections will be represented by Pi i 
and p 2 . A cylindrical portion C, of the en-J 
closed water, has a uniform motion under theJ 
action of the end pressures and the viscoylJ 
resistance (shear) along its sides. The algebral® 
sum of the end pressures is {pi — and! 

the viscous shearing force is equal to I 

The value of r was shown in Art. 8 to b<5 | 
dv • 

^dx' 

Since the difference in end pressure must balance the viscous shear, 

— = (pi — p2)'XX^, 

dv 

the minus sign being used because — is negative. Rearranging and integ¬ 
rating. 
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This is a general expression for v at any distance x from the pipers center. 
At the pipe wall {x = r) the velocity is zero, as the fluid adheres to the 
wall, and 


^ = Vc 


~ P2 ^2 


or 


'Vc 


P^ - P2 2 


This special value of Vj substituted in the general expression for Vxj gives 


or 


_ pi - P2 2 Pi - P2 2 
V 4m/ ’ 




'I'he flow through an elementary ring, of radius x and width dx, will be 
(Ittx dx)vx, or 

2ir(pi - P 2 ) 


or 


In terms of d. 


dQ = 

<2 = 

Q = 


ifll 

-iriPi - P 2 ) 

2fil 


(r^ — x^)xdx. 

/I 

~ T/!(/ 


Trr*(pi - P 2 ) 

S/d 

ird^ipi - P2) 


128 ai/ 

The value of the mean velocity is 

40 {pi - P2)d^ 




32/d 


(105) 


(106) 


and is seen to equal one-half the center velocity. An earlier equation in 
this article shows that — Vx varies as the square of the distance, x^ from 
the pipers axis. Therefore the curve of velocities (Fig. 99) is a parabola 
with vertex on the axis. 

In a straight horizontal pipe the loss of head in a length, Z, is given by 
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If the value of pi — p 2 , as given in the equation for v^, be substituted, 


32nlvn 


(107) 


The friction loss is seen to vary with the^r 5 ^ power of zj, or w = 1 , as wai 
stated in Art. 106. By equation (104), 



h— 


Fig. 99 


for both laminar and turbulent flow. Equating 

32/ufo / ^ 

dYg’ 

^ bVg _ 

^ m)d ’ 

. ^ jU 

but since — = p, and - = 

g P 

^ ~ '7d ~ r" 

Since no restriction was placed on the values of p and p during the derl* 
vation, this value of / holds for all fluids in laminar flow. 

Example 1 .—It is desired to compute the head lost in 1000 feet of 
0.5-inch pipe conveying water whose mean velocity is 0.4 feet per second 
and whose temperature is 60° F. 

From the table in Art. 9,v = 1.21 X 10 “® sq. ft. per sec. 

R = — = 0.4 X — + 1.21 X 10 ”® = 1380, indicating laminar flow. ' 
V 24 


these two values, 


(108) 
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Example 2 .—Oil having an A.P.I. gravity of 20 ° and a viscosity of 
800 Saybolt seconds, flows through 20,000 feet of 6 -inch pipe with a 
velocity of 4 feet per second. Compute the friction loss. 


By equation (11), specific gravity 


141.5 

131.5 + 20 


0.934. 


.By equation ( 8 ), p 


/ 1.30\ 

(<’ 0022 X 800 - —) 


0.934 = 1.642 poises. 


Also p = 1.642 478.69 = 0.00343 lb. sec. per sq. ft. 

p = 62.42 X 0.934 32.17 = 1.81 slugs per cu. ft. 

V = 0.00343 1.81 = 0.00189 sq. ft. per sec. 

R = 4 X J ^ 0.00189 = 1055 (laminar flow) 


/ = 


64 

1 ^ 


0.0606 


hr = 0.0606 X 20000 X 2 X 77 ^ = 603 ft. 
^ 64.4 


112. Value of/ in Terms of Reynolds’ Number 

64 

It was shown in the previous article that, for laminar flow, / “ “p * 

On logarithmic paper this equation plots as a straight line. For turbulent 
flow, equation (103) shows / to be proportional to for a given pipe, 
or / = aW, This equation also plots as a straight line on logarithmic 
[laper. If experimentally determined values of / are thus plotted, the 
[)oints representing simultaneous values of / and R do lie in a straight 
line if the flow be laminar; but for turbulent flow they lie on a line that 
is slightly curved. This indicates that / is not equal to aR^, and the ex¬ 
planation is that X, which equals w — 2, varies slightly with R. For a 
smooth pipe, n has a value of 1.75 for R = 3000, and approaches 2 as a 
limit as R approaches infinity. 

Curve A in Fig. 100 shows / plotted logarithmically against R for 
laminar flow. This relationship is independent of the viscosity and den¬ 
sity of the liquid. Curve Z) shows the variation for turbulent flow as de¬ 
termined by Stanton and Pannell from their study of turbulent flow in 
very smooth pipes. For laminar flow, their plotted points followed line A 
down to a point represented by R = 2000 . Retween R = 2000 and 
R = 3000, the points lay on the irregular dotted line and followed no 
delinite law. This interval represents a transition period during which 
the flow changes from laminar to turbulent. Stanton and Pannell found 
I he curve, /J, to be the locus of all points plotted for the turbulent flow of 
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water, oU and air in a pipe that had the smoothness of glass. 

In Art. 106 it was assumed that the pipe was smooth and the rough¬ 
ness effect negligible. Experimental values of /, determined for a pipe 
somewhat rougher than those used by Stanton and Pannell, do not lie 
on curve D, but in general have a locus approximately parallel to D and 
placed higher in the diagram. The rougher the pipe, the higher placed is 
the curve. Curve B has been plotted by the author in the following man¬ 
ner. From the most reliable experiments available, made upon pipes of 
various degrees of roughness but all falling within the category of fairly 
smooth pipes, a large number of values of / were plotted. Through the 
points lying highest in the group, the curve B was drawn. It may be said 
to represent the maximum values of / for pipes of this class. Midway be¬ 
tween curves B and D was drawn curve C as representing average values 
of / for fairly smooth pipes. The values of / given in Art. 108 for water 
in clean cast-iron pipes wiU be found to agree remarkably well with values 
taken from this curve, although they were determined quite differently. 

The curves are useful in computations involving fluids other than water. 
Curve D applies to t^ery smooth pipes such as glass, drawn brass, tin and 
lead. Curve C may be used for new, clean cast-iron and steel pipes. Such 
pipes, after several years of use, may have / values as determined from 
curve B if corrosion occurs. Curve A may be used for all pipes. 

As previously stated, laminar flow will occur at values of R below 2000, 
and turbulent flow may be expected at values above 3000. For values 
intermediate, the state of flow is indeterminate, but values of / may be 
taken from the dotted curve. However, in designing pipes for a given 
capacity, it is advisable to assume the flow turbulent in this region, as 
the larger values of / will insure adequate capacity. 

113. Rough Pipes 

Pipes that are rough differ much in their degree of roughness. The 
effect of roughening, due to corrosion, was treated in Art. 109 for the 
case of cast-iron pipes. The exact form and position of the / vs. R curve 
(Idg. 100) for a pipe of a given roughness is not known. Experiments by 
Nikuradse and Streeter have been made upon pipes artifically roughened. 
Nikuradse simulated pipes of varying roughness by cementing sand 
grains of uniform size to the pipe Wall. By varying the size of the grains, 
different degrees of roughness were obtained. Using the ratio of the pipe’s 
radius, r, to the diameter of the sand grain, k, as a measure of the relative 
roughness, Nikuradse obtained the curves shown in Fig. 101. It is seen 
lliat the curve for the smoothest pipe, followed the Stanton-Pannell curve 
for smooth pipes some distance before rising. The curves for rougher 
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pipes left the Stanton-Pannell curve at successively lower values of Rj 
the rise of each curve increasing with relative roughness. All curves tend 
to become horizontal at some ^alue of R, showing that / finally becomci 
independent of R. To be independent of R, the exponent of R, w — 2p 
must be zero^ or n equal to 2. All experiments have shown that n hai 
this value for very rough pipes, even for moderate values of R. It may 
have this same value for smoother pipes at very high values of R. 



Fig. 101. Friction Factors for Artificially Roughened Pipes. (Data from Nikuradse) 


Nikuradse^s results are informative in a qualitative sense, but pipei 
that are rough in practice generally have no such uniformity of rough¬ 
ness as did those of Nikuradse. Streeter’s experiments upon pipes, artifi¬ 
cially roughened by rifling, conclusively showed that the geometrical form 
of the surface irregularities had an important effect, as did their spacing 
along the pipe wall. Both sets of experiments showed that roughness is a 
relative term, pipes of small diameter being relatively rougher than larger 
pipes, if having the same absolute roughness. Much more information is 
needed on the effect of roughness before quantitative knowledge of a re¬ 
liable nature is available. 

114. Straight Pipe, Uniform Diameter 

The simplest case of flow occurs when a fairly straight pipe of uniform 
diameter is inserted in the side of a reservoir and allowed to discharge 



into the free air under a constant head (Fig. 102). Writing the BernoulU 
equation between points m and n, 

v^ 

h = — + lost head. 

2g 
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The last term covers all the losses occurring between the two points, no 
matter how caused. In the present case only two losses are involved— 
the head lost at entrance to the pipe and that lost in pipe friction. 

Entrance Loss, —If the end of the pipe entering the reservoir be flush 
with the inner surface of the wall, the conditions of flow in the first three 
diameters of pipe length are identical with those existing in the standard 
short tube, as was pointed out in Art. 77. We may assume the loss in 
this distance as equal to the loss in passing through the tube and write 

Entrance loss = 0.5 — (109) 

2g 

v^ 

If this end of the pipe be fitted with a bell mouth, the loss is about .05 — 

2g 

and negligible. 

For a pipe projecting inwardly beyond the wall, 

v^ 

Entrance loss = (0.5 to 0.78) — (HO) 


as shown in Art. 78. 

Assuming, for the pipe under discussion, that its end is flush with the 
wall, the head equation becomes 


. = - + 0.50- + 


/ 


if 

d2g' 


If the pipe be 12-inch cast-iron, the head 100 feet and I = 4000, the table 
of/ values indicates an average value for/ of 0.018. Using this tentatively. 


100 = 1.5 — + 0.018 X 
2 ^ 


4000 v^ 


V = 9.36 ft. per sec. 


d'he/ value corresponding is found to be 0,0172. 


100 = 1.5 — + 0.0172 X 


4000 

~^^g 


V = 9.6 ft. per sec. 


If the corresponding / value of 0.0171 be used, the result remains 9.6 
loot i)er second. 'J'he uncertainty of the / values, however, hardly war¬ 
rants such close interpolations, and 9.5 feet per second may be regarded 
as the velocity. 




































































198 


FLOW THROUGH PIPES 


If the end of the pipe terminated in a second reservoir (Fig. 103)J 
whose surface level was h feet below that in the first, the head equation* 
between m and n would be * 


, I 

^ ^ ^ To ^ To ^ 1 Vo ^ 

2g 2g d 2g 


and for the numerical values used in the above problem, the rate of flow . 
would be the same. With the discharge end submerged, the effective head 

is the difference in reservoir levels, and 
I the amount of submergence has no 
effect upon the rate of discharge. 

Discharge Loss. —If the head equa¬ 
tion be written between points m and 
n\ an additional loss occurring between 
n and w' must be included. The veloc¬ 
ity-head at n (or kinetic energy per 
pound) will be entirely lost in turbulence as the discharge from the pipe 
enters the water in the reservoir. Therefore 



Fio. 103 


Discharge loss = ^ , 


and the head equation is 

I 

h = o + o + 0 + 0.5-+f-- + - 

d 2g 2g 


(in) 


which contains the same terms as when written between m and n. This 
discharge loss always occurs when a qpnduit of any kind discharges be¬ 
neath the surface of a receiving reservoir, and must be considered when 
writing the head equation between an upstream point in the flow and a 
point in the surface of the receiving reservoir. 

An idea of the relative size of the friction losses in the problem ju»t 
discussed may be obtained from the following summary. 


Velocity head 


2g 


Entrance loss 
Pipe friction 


U2g 


1.43 

0.72 

97.85 

100.00 


For this particular pipe nearly 98 per cent of the head was lost in pipe 
friction, while less than one per cent was lost at entrance. Had the latter 
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loss been omitted from the head equation, no appreciable change in the 
computed value of v would have resulted. 

It can be shown that if the length of the pipe is 1500 diameters or more, 
the velocity, as computed without the entrance loss, will be in error by 
less than one per cent when / has values between 0.015 and 0.025. Like¬ 
wise, both entrance loss and velocity head may be neglected without 
affecting the computed value of v more than one per cent if / ■ SOOOci 
and / has values between the limits just stated. The head equation is 
then 

an equation commonly used for long pipes. 

115. Other Losses in Head 

Because any sudden diminution, or change in direction, of the velocity 
will produce added turbulence, and therefore loss of head, it is seen that 
changes in diameter, the presence of curves (or elbows), gates and valves 
are further sources of loss. Detailed treatment of these losses follows. 


116. Loss by Sudden Enlargement 

If the cross-section of the pipe be 
abruptly enlarged, as in Fig. 104, the 
velocity will be suddenly reduced from 
vi to V 2 and a loss in head will result 
from the eddying caused by the meeting 
of the more swiftly moving water in the 
small pipe with the slower water in the 
large pipe. A rational expression for the 
magnitude of the loss may be derived 
as follows. 

Let the area of the pipe sections be ai and ^ 2 , 



respectively, so that 


= a 2 V 2 . Between the points m and n we may write 


— H-= - I-h lost head 

2g w 2g w 


from which 


Lost head = 


2g 


_ ^ _ (fc _ M. (1,3) 

2g \w w / 


The velocity is maintained up to, and probably slightly beyond, CD 
so that at w' the average pressure may be assumed to be pi. The total 
pressure in the large pipe on section CD may then be taken as a 2 P\y while 
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on EF it will be ^ 2 ^ 2 * That p 2 is greater than pi may be seen from the 
fact that between m and n there occurs a large decrease in velocity head 
without a corresponding gain in potential head. It is true that betweei# 
these same points a loss is occurring, but analysis will show that this ill 
never large enough to cause p 2 to be less than pi. There exists, therefore!'^ 
an unbalanced, horizontal force {a 2 p 2 -(i 2 pi) between CD and EF against 
which W pounds of water move each second and thereby have their 
velocity changed from Vi to V 2 . By the momentum principle (Art. 50), 


or 


W 

^2p2 — ^2pl ~ (^1 ^ 2 ) 

g 


w w g 


(114) 


Combining (113) and (114), 

Lost head = '^-z --~ (^^i ~ ^^ 2 ) = 


J'2)^ 


2g 2^ g 


2g 


(115) 


Another form of expression may be derived from (115) using the relatioaj 
aiVi = a 2 ^' 2 • If we substitute for Vi its equivalent-, there results 

di 


Lost head = 


f y • 
KW ~ V 


2g 


- if, - 0 


w 

2g' 


( 116 ) 


Equation (115) will be found more gfaerally applicable than (116). 

The difference in the pressures existing on either side of the enlarge^ 
ment may be found from (114), which shows that the pressure always^ 
rises in passing the enlargement. } 

The additional turbulence, produced by the change in velocity, con^i 
tinues for a distance of 50 to 100 diameters downstream from the en^| 
largement, and the loss due to the enlargement is the total loss occurrin|^ 
in this distance minus the loss due to normal pipe frictibn in the 
distance. Piezometers dor measuring the loss must be placed just before 1 
the enlargement and at a considerable distance below it. The subtract*»’^ 
able pipe-friction loss must be determined by a separate experiment upon 
the larger pipe. The same procedure must be followed when losses due 
to the presence of bends, fittings or other devices in a pipe-line are being 
measured. 

The discharge loss discussed in Art. 114 is a special case of sudden 
enlargement. 
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117. Sudden Enlargement with Change in Direction 

If the axis of the larger pipe makes an angle, a, with that of the smaller 
pipe (Fig. 105), a similar analysis to that presented in the previous article 
will show that the head lost may be 
computed from 

Head lost = , (117) 

2g ' 



Av being the vector difference between 
111 and ZI 2 , and having the value, 

+ V 2 ^ — 2viV2 cos a. While this 
case seldom, if ever, arises in pipe 
flow, a similar condition exists in yig. 105 

Home hydraulic machines such as the 

centrifugal pump equipped with a volute casing (see thap. XIV). Here 
the water leaving the periphery of the rotating impeller undergoes a 
change in velocity, not only in magnitude but also in direction, as it flows 
Into the surrounding casing. 


118. Gradual Enlargement 

Changes in diameter are usually accomplished by inserting a short 
length of pipe having the shape of a truncated cone, and known as a 
diffuser (Fig. 106). Experiments by Gibson indicate that the gradual en- 



Fig. 106 


largement has the effect of reducing the loss below that occurring for 
Hudden enlargement, if a be less than about 40 degrees. For this value of 
a the loss is about equal to that for sudden enlargement. For angles be¬ 
tween 40 and 60 degrees the loss exceeds that of sudden enlargement. 

These facts appear to be borne out by theory. The total loss in the 
diffuser may be divided into two parts—that produced by pipe friction 
and that due to the turbulence accompanying the reduction in velocity. 
I*\)r a given change in diameter, small values of a necessitate a long 
length of diffuser in which pipe friction is large and that due to reduction 
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in velocity is small. With increase in a, the pipe friction decreases, due 
to shortened length, and the turbulence loss increases. For some value of ^ 
a the sum of the two losses wilf be a minimum, and experiments indicate j 
that this occurs when a is approximately 6 degrees. Beyond this valuQi 
the turbulence loss increases rapidly, the turbulence extending far intoJ 
the large pipe. When a value of about 40 degrees is reached, the turbulencflrj 
loss becomes so great as to produce a loss nearly equal to that of suddeiM 
enlargement. From 40 to 60 degrees the turbulence loss increases without ; 
a corresponding loss by pipe friction, the sum of the two being a maximum > 
at the latter value. From 60 to 180 degrees the turbulence changes lit tie J 
but the loss by pipe friction decreases to zero. f 

If a diffuser is to setve the purpose of diminishing loss, it should have] 
an angle, a, of not more than 30 degrees, for which Gibson^s experimentij 
indicate a loss about equal to 0.6 that from sudden enlargement. I 

Expressing the loss by, 

Gradual enlargement loss = k 
Gibson's values of k are approximately as follows. 


a 

k 

a 

k 

a 

k 

6° 

0.17 

20° 

0.40 

50° 

1. 10 

10° 

0.20 

o 

o 

0.62 

60° 

1.18 

15° 

0.30 

o 

o 

0.90 

ft 

90° 

1.10 


119. Sudden Contraction 

If a pipe abruptly decreases in diameter in the direction of flow, a loai 

results which may be analyzed as 
follows. Due to the presence of tho 
vertical wall separating the pipes 
(Fig. 107), turbiflence will exist iu 
annular space, AaBb^ in front of the 
waU. If the edge at ab be well defined, 
the stream contracts on entering the 
smaller pipe, expanding again to iill 
the pipe. Doubtless the major por¬ 
tion of the loss occurring is due to 
expansion beyond point m. Since the 
amount of contraction at m depends upon the distance, Aa, or Bb^ It 








,, JLlLi J „ 

—L ' 

- 


B 

Fig. 107 
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follows that the expansion loss will depend upon the ratio of the two 
pipe-diameters, as will the entire loss due to change in section. 

Experimental investigation of the loss shows that it may be expressed 
by 

2 

Lost Head = if,, ^ , (119) 


V 2 being the velocity in the smaller pipe, and Kc having values dependent 
upon^- From what information is available, the author has compiled 
the following values of Kc. 


d2 

4 

3.5 

3.0 

2.5 

2.0 

L5 

1.25 

1.1 

1.0 

Kc 

0.45 

0.43 

0.42 

0.40 

0.37 

0.28 

0.19 

. 10 

0 


The loss is generally very small when compared with that due to fric¬ 
tion in the adjoining pipes, and is of secondary concern unless occurring 
in a short pipe. 


120. Curves and Elbows 


The flow of water, or any liquid, around a bend in a pipe is accom- 
l)anied by a redistribution of velocities, by a spiralling motion and ab¬ 
normal turbulence. Turbulence occurs in the bend itself but the larger 
portion of it exists in the pipe below the bend. Schoder found evidences 
of it at a distance downstream equal to 75 or 100 diameters. As the water 
approaches the bend, its energy, or head, near the walls is small, due to 
viscous friction. In swinging around the bend beyond a point a (Fig. 108), 
the increase in pressure, due to centripetal force, causes the velocity of 
particles close to the outer wall to become zero, resulting in the forma¬ 
tion of eddies and a separation from the wall. Separation and eddying 
also occur at a point b on the inside of the bend. Not only does the iner¬ 
tia of the water cause this, but the pressure on the inside of the bend, 
which is low at the midpoint, increases as h is approached, producing 
separation and eddying. 

If a radial section, x — it, be taken across the bend, a double spiralling 
motion will be found to exist as shown in the small figure. Along the 
horizontal diameter of this section the pressure increases with radial dis¬ 
tance,, but rapidly decreases as the low pressure region near the wall is 
jipproached. This fall in pressure causes an outward motion toward the 
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wall and water is drawn in from the region of the inner wall. The doubU 
spiral which results adds to the friction loss and increases turbiilence in' 
the tail-pipe. 

The lost head may be determined by pressure measurements mad^ 
Just above the bend and in the tail-pipe at a sufficient distance from the , 
bend to insure consummation of the loss. From the total loss so deteivi' 
mined, the head normally lost by pipe friction in a straight pipe having. 



a length equal to the total distance between piezometers, must be sub¬ 
tracted, thus giving the excess loss due to curvature. 

The results of different experiments have so far been in quantitative 
disagreement. All indicate that, starting with a short radius of curvature, 
the loss decreases with increase in radius down to a certain point and 
then increases. It should be a function of the Reynolds number inas¬ 
much as viscous shear and inertia are the only forces involved. The loss 
may be expressed as 


Excess loss due to curvature 



( 120 ) 


y 

K}y being a function of R and of the ratio, - , of the bend radius to the 

. d 

y 

diameter of the pipe. For like values of - , bends in pipes of different 

a 

diameter are geometrically similar, and experimental results should allow^ 
Ki to be plotted, for a given , against R. Geometrical similarity also 
requires the relative roughness of the pipes to be the same. Lack of geo¬ 
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metrical similarity and failure of experimenters to record the values of 
R make it quite impossible to correlate the available data. 

Most of the investigations have been made on bends of 90 degrees. 
Those of Hoffman at Munich in 1929 involved both smooth and rough 



Ratio R/D 

Fig. 109, Loss Coefficients for 90° Bends 

pipes and appear to have been performed with much care. They show 

the loss to decrease with increase in - until a value of ” equal to about 7 

d d 

is reached. From there on the loss increases. For the rough pipes Hoff- 

y ... 

man found to be fairly constant for a given - , as shown in a simplified 

y 

plot (Fig. 109) of his results. For smooth pipes, a given value of - pro¬ 
duced values of Kt which decreased somewhat with increase in the Rey- 

y 

nolds number. The aveyage value of Kb, for a given - , was about half 
that for rough pipes. 


















































206 


FLOW THROUGH PIPES 


It is improbable that the above statements apply to bends of larg 
radius, and Hoffman’s curve should not be extrapolated beyond a valui 

f ^ 

of equal to 12. Easy bends having very long radii probably produC 
d ' 

small losses which may be neglected. 

For bends having central angles different from 90 degrees, very littli 
data exist. Yarnell foimd that a 180-degree bend produced a loss abouij 
1.5 times that in a 90-degree bend, and that the loss in a 45-degree bend 
was about 0.75 that in a 90-degree bend. 

More experimental data are necessary before a definite knowledge 
the magnitude of the loss can be had. 

Elbows .—Bends in pipes are often made by using short, cast sectic 
known as elbows. They are commonly used for 90- and 45-degree bendH: 
and are made with either flanged or screw connections. They are classified 

r 

as short turns and long turns. The short turn has an - ratio of about on0| 

u 

r 

and the long turn has an - ratio of 2 or more. Those having flanged con* 

Or 

nections to the pipe generally cause no change in sectional area as the 
water passes through them. Those having threaded connections generally 
have a sectional area larger than the pipe and the change of section adcll 
to the loss. Values oi for these elbows, may be assumed as follows* 
Flanged connections 

Short turn, = 0.50 

Long turn, =*0.25 = 2 to 8^ 

Threaded connections 

Short turn, = 0.75 

Long turn, = 0.50 to 0.65. 

Sometimes the loss is expressed in terms of the length of a straight 

pipe in which the loss by pipe friction equals the bend loss. Assuming JUi 

average value of / equal to 0.02, 

I 

^^Yg^'^^dYg 

1iKi = 0.25, I = n.Sd. ' 

If Ki = 0.75, I - 37,5d. 
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If the loss be so expressed, it may be allowed for in pipe computations 

by adding, to the actual length of pipe, a length of — d. The presence of 

one or more short bends in a long pipe affects the rate of flow but little, 
the loss by pipe friction being comparatively very large. 


121. Loss Caused by Valves 


Valves are used in pipes for the purpose of controlling the rate of flow. 
This they do by causing a loss of head that varies with the amount of 



Fig. 110. Gate Valve 



valve closure. The loss is mainly the result of sudden contraction in the 
stream followed by sudden enlargement. The ideal valve should not 
cause a loss when wide open. One of the best in this respect is the gate 
valve shown in Fig. 110. In its open position the general direction of flow 
is unaltered, and the loss occurring is due mainly to changes in cross- 
section. The magnitude of the loss (valve open) varies with the design, 
imd values for in 

Valve loss = K^—, (121) 

2 ^ 


liave been found to range from about 0.10 to more than 1.0. In the ex¬ 
periments by Corp at the University of Wisconsin in 1922, ranged 
from about 0.20, for a 1-inch valve, to about 0.10 for a 12-inch valve, 
between these values, it decreased uniformly with increase in diameter. 
Vor a ^-inch and a -^-inch valve, was 0.30 and 0.80 respectively, A 
value commonly used for valves larger than 2-inch is 0,15. 

The general design of the globe valve appears in Fig. 111. One of its 
characteristics is that when wide open it causes considerable loss of head. 
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In a pipe-line where the pressure is normally low, this would be a diaJ 
advantage. Professor Corp and others have shown that for this typti 
of valve varies between about 6.0 and 15.0, an average value, commonly] 
used, being 10 . 0 . The loss in this valve is therefore about 15 to 60 tlmm 
that in a gate valve, depending upon the size. | 

122. Long Pipe with Changes in Diameter, Bends and Valves i 

The effect of changes in diameter, and the presence of bends and valve»|| 
may be seen from a study of the pipe-line shown in Fig. 112 . A gatil 
valve, wide open, is at point A, and at B are two 90-degree bends having 


m 



a radius of 4 feet. Between points m and n the entire head available \n 
lost in friction, since velocity head and pressure head at both points arc 
zero. Therefore 


7 _ / I / ^2 V2 . r h •Vs .5vi^ 

di 2 g d 2 2 g ds 2 g 2 g 


+ 


2 g 2 g 


+ + + ( 122 ) 


the losses being due to pipe friction, entrance, passing the valve, enlarg®** 
ment, contraction, bends and head lost at exit. The following dimensionH 
will be assumed. 


k = 100 ft., = 6 in., d 2 = 12 in., ds = S in., I = 1000 ft., 
I 2 = 3000 ft., I 3 = 2000 ft. 


The velocities being unknown, a tentative value of 0.02 may be assumwl 
for /, and since it is probable that pipe friction is a large percentage of 
the whole loss, labor may be saved by temporarily neglecting the other 
losses and determining vi, V 2 and ^^3 approximately. Accordingly, ' 


100 = 


1/2 2 g 


2g 




1 
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and, replacing ^^2 and ^3 by — and ^ respectively, there results 

4 16 


9vi 


— = 1.6 ft., or Vi 
2g 


10.2 ft. per sec. 

V 2 = 2.6 ft. per sec. 

V 3 = 5.8 ft. per sec. 

Referring to the table of friction factors for cast-iron pipe, the corre¬ 
sponding values of / are: 

/i = 0.019;/2 = 0.0207;/3 = 0.0196, 

The values of (for the valve) may be taken as 0.50, and Kc, from the 

r 

table (Art. 119), is 0.33. Since - for the bends is 6 , Kjy equals 0 . 20 . If 

d 

these values be substituted in ( 122 ), there results: 

Vi — 10.15; V 2 = 2.54; V 3 = 5.7, 

For these values, the/’s are the same as before and no further substitu¬ 
tion is necessary. The close agreement between these values and those 
lirst found by assuming / = .02 is accidental and not always to be ex¬ 
pected. 

The values of the separate losses are: 


Friction, 6 -inch pipe = 
“ 12 -inch pipe = 
8 -inch pipe = 
Entrance = 
Valve = 
Enlargement = 
Contraction = 
2 Bends = 
Discharge = 


feet 

60.60 

6.20 

28.50 

0.80 

0.80 

0.85 

0.15 

1.60 

0.50 

100.00 


It is seen that pipe friction caused 95.3 per cent of the whole loss. In 
fact, had all other losses been neglected, the velocities would have been 
found to be 10.0 feet, 2.5 feet and 5.6 feet per second. In this pipe-line, 
the uncertainty in the values of / would not warrant the more detailed 
computation. The example shows that changes in section, and the pres- 
(‘Hce of bends and open valves (not including globe valves), may be neg¬ 
lected in long pipes if they are not of frequent occurrence. 
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123. The Pressure Gradient 

The pressure gradient may be defined as an imaginary line drawn abov 
a pipe (and in^the same vertical plane as its axis) so that the vertic( 
distance from any point on the pipe’s axis to the line represents the prei 
sure-head at that point. In other words, if a row of open piezometci 
were placed at frequent intervals along a pipe-line, the grade line wouli 



join the levels of their water columns. For a straight pipe of miijoftm 
section^ the grade line will be a straight line, sloping in the direction of' 
flow as may be seen from a ^tudy of the pipe shown in Fig. 113. TwOj 
piezometer columns at any points, m and n, indicate the pressure-headl^ 
at the respective points, and reference to Art. 107 and Fig. 95 shows thit 
the difference in their top levels measures, the head lost between the two^ 

points. Since the length of the pipe sepil* < 
rating the two colunms is the only factof 
affecting the magnitude of the loss, ll 
is apparent that the vertical distance 
between the tops of these columns Is 
directly proportional to the interveniri(i 
length. The line joining the tops is there¬ 
fore straight. 

At the discharge end of the pipe, I hi* 
pressure-head is equal to the depth n( 
submergence below the reservoir level, and the grade line terminates at 
C. Had the pipe discharged into the air, the pressure at the end woulil 
have been zero, and the grade line would have run to the end of the pipe. 

Close to the upper reservoir, the gradient ceases to be straight owlliK 
to the rapid change in pressure-head which takes place in the first few 
diameters of the pipe’s length (Fig. 114). Written between m and 
Bernoulli’s equation gives 

, p 

A = — + - -f entrance loss. 

2g w 


m A 

A’ 






B 

h* 

1 

J 



—I 


f 

' 71 


1 


Fig. 114 
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or 

P f 

- = A' — I-h entrance loss 

w \2g 

The point B is therefore below A by the amount of the velocity head 
at n plus the head lost in entering the pipe. Between A and B a curved 
line may serve to represent the gradient. In long pipes where the greater 
portion of the available head is lost in friction, the vertical distance, 
/IB, is relatively so small that the curved portion of the line is usually 
neglected and the gradient assumed to run straight from A'. 

From the figure it is seen that the minimum depth at which the end 

/v^ , \ 

of the pipe may be submerged must be greater than + entrance loss j 

if the pressure at n is to be greater than zero. If a given pressure-head 
must be obtained at n, the depth must, at least, equal 


/ 

I-h entrance loss + 

\^g 



Pipes that are straight in profile may not be straight in plan, but, if 
the changes in direction are effected by long easy curves, the pressure 
gradient will have a uniform rate of slope provided pipe friction be the 
only loss. Likewise, the pressure gradient will have a nearly constant 
slope even though the elevation of the pipe may vary from point to 
point. For any given pipe-profile, the exact position of the gradient, for 

P 

a given flow, may be determined by computing the value of — at a num¬ 
ber of points. 

Sharp curves, bends, or any other source of loss will depress the gradient 
at the point where the loss occurs. One exception to this statement is 
found in the case of sudden enlargement, where the pressure actually 
rises in passing the enlargement (see equation 114). 

From the foregoing statements, the following facts regarding the 
gradient may be deduced: 


(a) Shows, by its distance above the pipe, the pressure-head at any 
point in the pipe. 

{b) Has a general slope in the direction of flow. 

(c) In the same pipe, or pipes of like material and diameter, the steeper 
the slope of the gradient, the higher is the velocity of flow. 

(d) Shows by its vertical drop the amount of head lost in any manner 
between two points in the pipe, provided the velocity at the two 
points is the same. 
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{e) Is straight for straight pipes of uniform section and practically ,so 
for pipes whose length js sensibly the same as that of the straight 
line joining their ends. 

These facts^ kept well in mind, will greatly aid in the solution of many 
problems. 

A gradient for the pipe in Fig. 112 has been drawn, assuming that the 
valve at A is partly closed. Another line, not drawn, might be plotted''! 
above the gradient, the vertical distance between it and the pressured 
gradient being at all points equal to the velocity head at the point. Such 
a line is known as the energy gradient^ and by its drop between successive 
points shows the energy loss per pound of water flowing. It is very help¬ 
ful in visualizing losses. If drawn .for Fig. 112, it would start at the level 
of the upper reservoir, and the pressure gradient would start at a point 

below it equal to ^ ■ 

124. Pipes Which Run above the Gradient 

In Fig. 115 is shown a pipe that has a portion of its length above the 
gradient. The latter, while not quite straight, may be considered so in 
this discussion and be represented by ADB. At point C the pipe is aboi^ 
the gradient and the pressure must be below atmospheric, being measured 
by the pressure-head, CD. Where the gradient crosses the pipe the pres^ 
sure is atmospheric. If the pipe be air tight throughout the portion lying 
above the gradient, and the velocity of flow be sufficiently high, the flow 
will take place under the head, h. Water generally contains a quantity 
of air in solution which is set free whenever the pressure falls below that 
of the atmosphere. For this reason the stipulation was made that the 
velocity be sufficiently high in order that any air, set free in the portion 
of the pipe above the gradient, be swept along by the friction of the 
water and removed from the pipe. If the velocity be not sufficient, the 
air will collect in the summit of the pipe, tending to raise the pressure 
there. This will cause the point, D, on the gradient to be raised, and Ihe 
portion, AD, of the gradient will have a lessened slope, indicating a re¬ 
duced rate of flow in the pipe. The portion, DB, of the gradient then 
would have a total drop greater than shown, indicating increased rate of 
flow in the second portion of the pipe. This would be impossible if iluj 
pipe were to flow full. It is probable that the pipe beyond C would iinjl 
be filled until a point was reached where positive pressure was necessary 
to force the water along the remaining part of the pipe against frictional 
resistance and the pressure at the submerged end of the pipe. 
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Siphons. —It would be possible for the pipe in Fig. 115 to flow full 
under the head, h, even though the point C was at a higher elevation 
than the level of the supplying reservoir. Such a pipe is called a siphon. 
It would be necessary first to fill the entire pipe with water. This could 
be done by evacuating the air, using an air pump or ejector placed at 



the summit. If free discharge occurred by B, a valve at that point would 
be kept closed while filling the pipe. 

The practical difficulty in operating a siphon is keeping air from col¬ 
lecting at the summit, as stated earlier. Low velocities of flow favor the 
collection of air which not only would be set free from solution in the 
water but also might ascend the pipe from B if the end of the pipe were 
not submerged. The formation of water vapor in the region of low pres¬ 
sure causes similar trouble. 

The height to which a siphon may be carried above the level of the 
reservoir may be computed as follows. 

Between m and n (Fig. 116) the head 
equation is / 

34 = — + ^ H- s + 0.5-, 

2g w Ig-'dlg Fig. 116 



the pressure being computed above absolute zero. The lowest limit which 
p may reach would be absolute zero, were it not for the water vapor 

P 

which would produce a pressure-head, — , whose value may be computed 

w 

from the table in Art. 20. The maximum height, z, is therefore 

J 


= 34 - 

\w 




-)■ 

2g/ 


(123) 


Mow under this condition would be uncertain unless the velocity were 
high. The air pump or ejector used for priming the pipe might have to 
be operated occasionally to remove accumulated air and vapor. Lower 
values of z than those given by (123) should be used whenever possible. 
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Assuming d = 12 in., I — 2000 ft., v = 6 it, per sec., and T = 60® Fil 

s = 34 - (^.6 + 0.8 + 20.2) = 12.4 ft. I 

A control valve should never be placed in the ascending leg of a siphcw 
because the attendant loss would decrease the pressure at the summit*. 
It should be placed in the descending leg. 

125. Pipe^Line Supplied by Pump 

Pipe-lines are more often furnished with water from a pump than from 
a gravity reservoir. The point of discharge is generally at a higher ele- 


a 



vation than the pump and the latter supplies the head necessary to maia- 
tain the discharge. No new principle is involved in the theory of flow 
through the pipe under these conditions, but the location of the hydrauHjJ 
gradient and the amount of head aijd energy furnished by the pump 
should be noted. A simple case is illustrated in Fig. 117, water being 
pumped from a reservoir at .4 to a higher-level reservoir at C. When at - 
A, the water possesses no energy or head with reference to a datum 
through As it passes through the pump, work is done upon it and 
energy stored in it. On leaving the pump at B its energy per pound (ur 
head) is 

p 

Energy per pound = -—|- \- z 

2g w 


and if Qw pounds of water have passed through the pump each secondi 
then 


Energy delivery by pump per second 




p 

w 


)■ 


(124) 


We see that the pump has raised the water through a distance s, given 
it velocity (hence kinetic energy) and raised its pressure. 
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If we consider the heads at the points B and C we find 

p 

r— I- h 2 = Lift + / j h ~ 

2g w dig 2g 


in which the last term represents the head lost by discharge into the 
reservoir. By reason of the equality expressed in the equation, the right- 
hand member represents the head (or energy per pound) received from 
the pump. Again we may write, 


Energy delivered by pump per second = Qw 


( I 



and we see that the pump has raised water from A to C, given it velocity- 
head and supplied the head lost in friction. In general, the head (or 
energy per pound) supplied by a pump may be determined by comparing 
the total heads at two points separated by the pump, and adding to 
their difference the head lost between the points, excluding losses in the 
pump. 

The pressure gradient for the given conditions is ac. The pressure- 
head at B is just sufficient to raise the water to the level of C and supply 
the head lost by pipe friction. The velocity-head at B is lost at exit. 

Example 1.—In Fig. 117, let it be assumed that 7.85 cubic feet per 
second are being pumped through 1000 feet of 12-inch pipe to a reservoir 
whose level is 100 feet above that of the supplying reservoir. From equa¬ 
tion (125), 

Knergy per second 


= ,(7.85 X 62.4) ( 


.017 X 1000 100 

100 H-^-X 


100 100 \ 


= 491(100 + 26.4 + 1.6) 
= 62800 ft. lb. 


Horse power delivered = 62800 550 = 114 


If point B be 10 feet above A, 

Pressure-head at B = 100 -|- 26.4 — 10 = 116.4 ft. 


Example 2.—With the pipe and elevations given in the preceding ex¬ 
ample, how much water can be delivered if 100 hp. be delivered to the 
pump and the efficiency of the latter be 75 per cent? 

Energy per second delivered by pump = 100 X 550 X 0.75 = 41250 
ft. lb. 


Q = av = 0.785^). 
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From equation (125) 

41250 = (0.785d X 62A) (lOO + ^ - -f- 

\ 1 64.4 64.4/ 

or 

V = 7.2 ft. per sec. 

From the table in Art. 108, this corresponds to a value for/ of 0.0177i» 
Using this value and resolving, 

V = 7.3 ft. per sec., 

giving a discharge of 5.7 cu. ft. per sec. 


126. Pipe Diameter for a Given I and h 


A very common problem is the determination of the size of pipe neces^ 


sary to produce a given rate of flow, the length and allowable loss being 
known. If the loss may be considered as due to pipe friction only, the 

1 { 2 ( 1 

value of from h = / - — , is —— • 
d 2g Jl 

In terms of Q and d, 


V 


Q 

0.785d" ^ 


or 


0,617d^ 


Equating the two values of 

2ghd 

~fr 

from which 


d^ 


0.617d^’ 

* 

39.7 h 


(126) 


Both d and v being unknown, a trial value of / must be assumed and 
approximate values of d and v obtained. A closer value of/ may then bo 
selected and d recomputed, until the d and v, so obtained, indicate an / 
equal to that used in their determination. An example »will make the 
steps clear. 

It will be assumed that 4 cubic feet per second must be carried by a 
pipe 10,000 feet long, with a head loss not exceeding 100 feet. Cast-iron 
pipe is specified. 

Assuming/ = 0.02, 


16 0.02 X 10000 

- 35:7 ^ 


d = 0.96 ft, or 11,5 in. 
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The corresponding sectional area is 0.72 square feet, and v is 5.6 feet per 
second. From the table of / values in Art. 108,/ = 0.0182. 


= 0.805 X 


0.0182 

0.02 


0.732 


d = 0.94 ft. or 11.3 in. 


Further computation is unnecessary due to the uncertainty in the tabu¬ 
lated values of /. 

Standard stock sizes of cast-iron pipe offer diameters of 10 and 12 
inches, and the latter size must be selected. 

No account has been taken of the possible deterioration in carrying 
capacity with age, and if the pipe is to serve satisfactorily for a 50-year 
period, the computation must be revised. The curve in Fig. 96 indicates 
that / may be approximately trebled in a cast-iron pipe during 50 years, 
reaching a final value, therefore, of 0.055. Since d in equation (126) varies 
directly with the fifth root of /, the new value of d becomes 

d = 11.3 X 3‘'-2 = 14.2 in. 


A 14-inch pipe would be satisfactory, probably, and is a standard stock 
size. 

If / were to be chosen from Fig. 100, as would doubtless be done for 
any fluid other than water, a similar method for computing d would be 
followed. The first obtained values of d and v, in the above example, 
were 0.94 feet and 5.6 feet per second. Assuming a water temperature of 
60° F., for which v has the value, 1.21 X 10“® square feet per second 
(Art. 9), the Reynolds number corresponding to these values is 


5.6 X 0.94 
1.21 X 10“® 


= 435000. 


From curve C in Fig. 100,/ equals 0.018, and d is found to be 11.3 inches 
as before. 

It was assumed in the above discussion that losses of a minor nature, 
such as those due to entrance, valves, bends and other fittings, were ab¬ 
sent, or negligible as compared with loss by pipe friction. Where this is 
not true, the computation becomes slightly more complicated. It is pos- 

, Kv^ , ^ 

sible to express each such loss as equal to , and their sum as • 


'rhe entire loss is then 


l\ 
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and 


Proceeding as before, 


and 






2gh 


'LK+J 


I OMId* 


= (SA'^/ + fl) . 

^ ’ 3,9.n 


(127) 


I'he equation can be solved by trial, assuming values of d. For this pur^ 
pose it may be re-arranged and written 


()2 = 


39.1d^h 
'LKd +//■ 


(128) 


Let it be assumed that h ~ SO feet, I = 2000 feet, Q = 1.2 cubic Imt 
per second, and that = 10 by reason of entrance loss and losses pr<3 
duced by bends and one valve in open position. It also includes the dU 
charge loss at exit. 

The first trial value for d may be conveniently assumed as 1 foolj 
corresponding to a pipe area of 0.785 square feet and a velocity of 1,2 + 
0.785, or 1.53 feet per second. The tabular value of / is approximately 
0.0225. 

Accordingly, 




39.7 X 50 
10 + 45 


= 36.1, 


which is much larger than 1.44, the square of the desired Q. Reference 
to (128) shows that varies approximately as and the next assumed 
value for d may be approximated from 

/^^Y_ 1.44 
\1/ “ 36.1' 

This gives d = 0.53 foot, and a diameter of 6 inches will be tried, for 
which V would be 6.1 feet per second, and / equal to 0.02. ^ 


39.7(0.5)^^ 50 
5 + 0.02(2000) 


1.38. 
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Diameter in inches 

Fig. 118, Flow Diagram for Clean, Smooth, Cast Iron, Steel and Concrete Pipe 
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This value of being so nearly that desired, we may assume the 6 -inc 
pipe satisfactory. The following check computation may be made. 


, U ^ V V 

h = W— +/- — 

2g ^ dig 

50 = (10 + .02 X 2000 X 2) -- 

2^ 

^2 

— = 0.56, v = 6 ft. per sec., and Q = 0.196 X 6 = 1.18 cu. ft. per sec* 

Where computations for necessary diameters must be made frequently; ■ 
the use of a diagram like that in Fig. 118 is very convenient. The one 
shown is based on the data from which the friction factors for clean cast- 
iron pipe were obtained, and may be used for pipes of wrought iron, steel 
and smooth concrete. The method of using the diagram is evident. Simul¬ 
taneous values of Q and k give coordinates, which by their intersectioi^ 
indicate the necessary pipe diameter. 

127. Economic Pipe Diameter 

In the previous article the imposed conditions resulted in a definitol 
diameter of pipe. If the quantity, Q, and the length, /, were the onlyj 
limiting factors, any size of pipe could be used if the head lost were of 
no importance. When pipes are supplied by a pump, it is apparent that ' 

a large pipe will produce a small fric¬ 
tion head, against which the pump 
must work. On the other hand, ii 
smaller pipe will increase the friction 
head but will cost less than the larger 
pipe. The most economical diamt- 
ter is that which will make the conir 
bined annual cost of the pipe and 
pumping a minimum. This may \m 
seen from an inspection of the curvcn 
in Fig. 119, where the annual cost of 
pumping through pipes of different diameter is shown by one curve, and 
the annual cost of the pipe by another. The third curve gives the com¬ 
bined cost, and its low point determines the economical diameter. Thp 
annual cost of the pipe includes interest on the investment and depre¬ 
ciation charges. \ 
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128. Chevy’s Formula for Pipe Flow 

Where the length of a pipe is sufficiently great to warrant the neglect 
of all losses save pipe friction, it was shown in Art. 114 that the avail¬ 
able head may be equated to this loss, giving 


as a formula for flow through such pipes. 

The hydraulic radius of a pipe is a term used to express the ratio of 
the area of the pipe to its wetted perimeter, so that 


X d 


The name is a misnomer, inasmuch as R is not a radius; but it may be 
accepted as a distinguishing name for this ratio. Substituting for d the 

h 

value 47^, and replacing - by S, the formula becomes, by transposition, 

V 

V = Vy 

or 

V = CV^. (129) 


'I'his form of expression was proposed by Chezy as early as 1775, and for 
many years has been in common use. The quantity S represents the head 
lost per foot of pipe and is sometimes referred to as the hydraulic slope 
of the pipe. That it closely represents the slope of the pressure gradient 
may be seen from Fig. 113. If the length of the gradient between points 
m and n be assumed equal to the corresponding length, /, of the pipe, 

h , . 

I hen - is the sine of the angle made by the gradient with a horizontal. 

V 


Because C is a function of /, it varies in pipes of like roughness with 
the Reynolds number, or with v and d. For all liquids, C may be computed 
from Fig. 100 for pipes of commercial roughness. Values of C for water 
ill clean cast-iron, steel, concrete and wood pipe appear in the following 
tables. They are based on the/ values given in Art. 108. 
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Values oe C for Clean, Smooth, Cast-Iron, Steel and Concre' 

, Pipes 


Diam. in 




Velocity in 

feet 





inches 

1 

2 

3 

4 

5 

6 

8 

10 

15 

20 

4 

95 

101 

104 

106 

107 

108 

111 

114 

116 

120 

5 

97 

103 

106 

107 

no 

111 

114 

115 

118 

121 

6 

99 

104 

107 

no 

111 

114 

115 

116 

121 

123 

8 

101 

106 

no 

112 

114 

115 

118 

120 

123 

127 

10 

103 

108 

112 

114 

116 

118 

120 

121 

125 

129 

12 

105 

no 

114 

116 

118 

120 

121 

123 

127 

131 

15 

106 

112 

115 

118 

120 

121 

123 

125 

129 

134 

18 

108 

114 

116 

120 

121 

123 

125 

127 

131 

130 

20 

110 

115 

118 

121 

123 

125 

127 

129 

134 

130 

24 

111 

116 

120 

123 

125 

127 

129 

131 

136 

138 

30 

114 

118 

121 

125 

127 

129 

131 

134 

138 

141 

36 

115 

120 

123 

127 

129 

131 

134 

136 

141 

144 

42 

116 

121 

125 

129 

131 

134 

136 

138 

141 

144 

48 

118 

123 

127 

129 

131 

134 

136 

138 

144 

147 

60 

120 

125 

129 

131* 

134 

136 

138 

141 

147 

ISO 

72 

121 

127 

131 

134 

136* 

138 

141 

144 

147 

ISO 

84 

123 

129 

134 

136 

138 

141 

144 

147 

150 

153 

96 

125 

131 

136 

138 

141 

—«- 

144 

147 

147 

153 

1S7 


Values or C for Small Wrought-Iron Pipes 


Nominal 
diam. in 
inches 

Actual 
diam. in 
inches 




Velocity in 

feet 




1 

2 

3 

4 

5 

6 

8 

10 

15 

20 

3 

4 

0.824 

77 

81 

84 

86 

87 

88 

90 

92 

94 

96 

1 

1.048 

79 

84 

86 

88 

89 

90 

92 

94 

97 

99 

H 

1.380 

81 

85 

88 

90 

91 

93 

94 

96 

99 

101 


1.61 

82 

87 

89 

90 

93 

94 

96 

97 

101 

m 

2 

2.0 

84 

88 

90 

93 

94 

95 

98 

99 

103 

fo*; 

2- 

2.5 

85 

89 

92 

94 

96 

97 

100 

101 

104 

106 

3 

3.0 

87 

90 

94 

96 

98 

99 

101 

103 

106 

lOH 
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Values of C for Wood-Stave Pipes 


Velocity in feet 


i.7iani. Ill 

inches 

] 

2 

3 

4 

5 

6 

8 

10 

15 

20 

6 

92 

98 

103 

106 

108 

no 

113 

116 

121 

125 

12 

98 

105 

109 

112 

115 

117 

120 

123 

128 

132 

24 

104 

111 

115 

119 

122 

124 

127 

130 

136 

140 

36 

107 

115 

120 

123 

126 

128 

132 

135 

140 

145 

48 

no 

118 

123 

126 

129 

131 

135 

13B 

144 

149 

60 

112 

120 

125 

129 

132 

134 

138 

141 

147 

151 

72 

114 

122 

127 

131 

134 

136 

140 

143 

149 

154 

84 

116 

124 

129 

133 

136 

138 

142 

145 

151 

156 

96 

117 

125 

130 

134 

137 

140 

144 

147 

153 

158 

108 

118 

126 

132 

136 

139 

141 

145 

149 

155 

159 

120 

119 

128 

133 

137 

140 

142 

147 

150 

156 

161 


129. Other Formulas for Pipe Flow 

Many formulas have been proposed for pipe flow, on the basis that 
the total available head may be considered as lost in pipe friction. For a 
long pipe of given material and roughness it was shown in Art. 106 that 
head lost may be written 

^ = ( 130 ) 


K, n and x having values corresponding to the roughness. It was also 
pointed out that n and x vary slightly for a given fluid, if v (therefore R) 
varies widely. Investigators have either assumed n and x constant, or 
given to them average values. Expressing d in terms of the hydraulic 


radius, R, and substituting for - the hydraulic slope, S, equation (130) 

If 


may be written as 


= CR^S^, 


(131) 


In this form the relationship is similar to Chezy’s equation (Art. 128) 
in which a and have the value 0.50. Both (130) and (131) have been 
used by experimenters and values of K, n, x and C, a and jS determined. 
I f n and x were really constant for a given pipe, it would follow that A", 
( \ <x and jS would be constant. Because n and x do vary slightly with R, 
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K and C are not quite constant. Nevertheless they vary but little, and] 
in the formulas that follow they are assumed constant. 

Williams and Hazen^s Formula. —In 1905, and again in 1920, Williaim 
and Hazen published the results of a study of all available experimenti| 
upon pipe flow. The pipes ranged in diameter from 1 inch to about 1SJ 
feet, and the materials included tin, lead, brass, wrought iron, cast 
riveted steel, wood, cement, brick and glass. They proposed | 

II = 0 . 001 -''•''^ (132) ' 

or 

If to R an d S b e given the values unity and 0.001 respectively, v has the , 
value C\/ 0 . 001 , which would be obtained, also, from the Chezy formula* ] 
It follows that Williams and Hazen^s C (constant for a given roughneai) J 
is the same as Chezy’s C (variable with roughness, d and v) if the hydraulic \ 
radius be unity and S be 0 . 001 . The wide use of Chezy’s formula, and the f 
availability of tables for its C values at different slopes, led Williams and | 
Hazen to introduce the term 0.001 The proper value of C in (132) 
may be taken from such tables by selecting the C for a 48-inch pipe hav* ■ 
ing a hydraulic slope of 0 . 001 . 

More detailed information as to C is contained in the following quo* 
tation from the authors’ book, Hydraulic. Tables.'^ ' 

In a general way it may be said that for cast-iron pipe, very straight and I 
smooth, C may be as high as 140, but for ordinary conditions 130 is a fair value I 
for new pipe. As pipes rust and become dirty, the value of C decreases, as luis ^ 
been mentioned above. For new riveted steel pipe C is about 110. 

In making estimates for pipe-lines where the carrying capacity after a scrlei 
of years, rather than the value of the new pipe, is the controlling factor, a con* 
siderably lower value of C must be used, depending upon the amount of delcrb \ 
oration which is contemplated. A fair value for general computation is C — UHI ; 
for cast-iron pipe and C = 95 for steel pipe, but for small iron pipes a somo* \ 
what lower value of C should be taken. Lead, brass, tin, and glass, and other j 
pipe presenting perfectly smooth surfaces, and perfectly straight, will glvfl t 
values of C up to 140. A very little falling off in the smoothness will reduce the ] 
value of C to 130 and 120, or even less. For smooth wooden pipe or wchmIcm - j 
stave pipe 120 seems a fair value. For masonry conduits of concrete, or plastered | 
with very smooth surfaces, when clean, values of C = 140 may be observed, 
Generally such surfaces become slime-covered, reducing the value of C to 1 
or less in a moderate length of time; and if the surfaces are only a little leni 
smooth, say in such shape as is represented by ordinary good work, the vftlmi i 
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of C is reduced to 120 . A conservative value for general use with first-class 
masonry structures is about 120 . For brick sewers much lower values may be 
used, and C = 100 seems safe. For vitrified pipe C = 110 may be used. It must 
be understood that these values depend entirely upon the smoothness and 
regularity of the surfaces, and are likely to vary in individual cases. 


To facilitate the use of their equation, the authors devised a special 
form of slide-rule, and their tables are arranged to give either Q and v 
for a given diameter and head loss, or the necessary diameter for a given 
Q and head loss. The formula and tables are widely used by engineers, 
and the alignment chart in Fig. 120 offers a graphical solution of the 
formula. 

SchodeFs Formulas .—The formulas offered by Professor^E. W. Schoder 
of Cornell University are another example of empirical formulas. He 
divides all pipes into four classes, as follows. 

For extremely smooth pipes, 


^1 = or hf 

For fairly smooth pipes, 

or hf 

For rough pipes, 

ji = 120 5-^1 or hf 

For extremely rough pipes, 

v= 9\ R'^^ox hf 


0.0003 




^^ 1.86 

0.00038 


;^ 1.96 

0.00050 ^, 2,- 
Iv^ 

0.00069 


Evidently a given pipe may lie between these classifications, and con¬ 
siderable experience is required in selecting the proper equation or in 
modifying the coefficients and exponents. In Hydraulics, by Schoder and 
Dawson* descriptions of the classifications are given. 

130. Branching Pipes 

In any water supply, water power or sewerage system it is common to 
(iiul pipes arranged with branches or laterals which may or may not re¬ 
turn to the parent main. Many of the problems thus presented are very 
complicated and often impossible of exact solution, but certain general 
principles may be laid down as applicable in nearly all cases. An under¬ 
standing of these may be had from a study of the following problems. 

* McGniw-Hill Book Co., New York. 
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Fig. 120. Diagram for the Graphical Solution of the William and Hazen Formula 
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(1) The Problem of Three Reservoirs .—Figure 121 illustrates a problem 
which may arise in the design of water supply systems. A high-level reser¬ 
voir is to be connected with two others at lower levels by means of a 
main and branches. Given the length and diameter of each pipe and the 
levels of the junction and the reservoirs, it is desired to find the rate of 
discharge between reservoirs. It was pointed out in Art. 114, equation 
(112), that in the case of long pipes the loss by friction is so nearly the 



Fig. 121 


entire head, A, on the discharging end, as to permit the law of flow to be 
represented by , 2 

without incurring an error larger than is apt to result from the selection 
of a proper value for/. 

We may therefore apply this equation to the flow in the pipes AD^ 
DB, and DC, obtaining respectively, 



Since there are four imknowns appearing in these equations, — , Vi, V 2 , 

w 

and Vs, a fourth equation must be had for solution and this is furnished 
from the equation of continuity ,— 

aiVi = a2V2 + asVs^ {d) 

The solution involves the use of tentative values for /, which may be 
more closely found from the resulting values of vx, V 2 i and vg. 
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The addition of {a) and (b) results in 


, fh , r h ^2^ 

Zl - 22 

(i\ 2g 0,2 2 ^ 


Similarly the addition of (a) and (c) gives 


^^3 


rh n , rh 

21-23 = f T O 

»1 2 g ds 2g 


w 


(/) 


which with {d) and {e) enables the flow in each pipe to be found. 

It is to be noted that the above solution depends on the assumption| 
that the flow is from reservoir A to both B and C. A little thought will 
enable the student to see that the dimensions of the pipes and the levdft 
of the reservoirs might be so arranged that the intermediate reservoir at 
B would discharge through DB instead of being filled by it. If the pipe 
DB is to deliver water to the reservoir B^ its gradient must slope in that 
direction, and this requires that the pressure-head at the junction be such 


that 


(*"+0 


> 22 . If ( 00 + —) just equals 22 , then the water in DB will 


2 . If (2 
t.If^2 




have no movement. If < ^2 the flow must be from B to D, In any 

problem, therefore, where the level of B is higher than the junction, it ia 
necessary to determine first the direction of flow in BD. This may be done 

by assuming that ^ just equals 2 : 2 , so that in this pipe no flow occura, 




We may then compute, for the resulting value of — , what the quantitiea 


w 


Qi and would be [equation (a) and (c)]. If Qs is found larger than Qu 
it means that flow must be from B to D. For, assuming the reverse to be 
truej the grade line for DB would slope as shown in Fig. 121 , under which 

P 

condition the actual value of ~ , would be greater than assumed, and pH 

would be increased while would be diminished. With ^3 larger than 
Qi by the Jirsl assumption, and the difference in amount increased by 
the second^ it can be seen that the second is not possible, since it implioi 
Qi = Q 2 + Qs- Similarly, if on the first assumption Qi is found larger 
than ^ 3 , it means that the flow is from D to B, Having thus determined 
the direction of flow in DB, the discharge from DB and DC may be ob¬ 
tained by the use of the equations previously given. A method which 
seems preferable to this, however, because of its shortness, is as follows: 

The direction of flow having been determined, a value for - may be 

w 
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assumed that will give a slope to the grade line of DB consistent with 
the found direction. Equations (a), (fc), and {c) then serve to give Qi, 
{> 2 , and ^ 3 , and Qi should equal Q 2 + Qsj or Qi + Q 2 = Qs, according 
us the flow is into or from B. Assuming that Qi should equal Q 2 4 -^ 3 ? 


but is found to be greater than Q 2 + 03 , then the value of — has been 

w 

assumed too small and must be modified to give the desired relation. 
Although seemingly a laborious method, it will be found that two or 
three trials will give a satisfactory solution and the time required will 



be less than that required to solve equations (d), (e), and (/) simul¬ 
taneously. 

This problem may be extended to any number of reservoirs and solved 
by this last method. 

( 2 ) Problem of Divided Flow ,—One phase of the problem is presented 
in Fig. 122 which shows a high-level reservoir connected with a lower 
one by means of a pipe-line whose lower portion consists of two pipes, of 
diameters dx and (^ 2 ? laid side by side and entering the second reservoir 
at the same level. Given the diameters and lengths of the pipes, also the 
difference in reservoir level, it is desired to find the rate of flow in the 
separate pipes of the system. Proceeding, as in the previous problem, 
with the assumption that the fall in the gradient in a length of pipe is 
the measure of the head lost in that length, we have for pipe AB, 


hi =f 


and for BC 


h =j 


1 

dig’ 

(a) 

h 

d, 2g’ 

ib) 


(f) 

(h 2g 



while for BD 
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The addition of (a) and (b) results in 


and (a) and (c) give 


, .(.v 


These two equations contain three unknown velocities, but a third 
equation is furnished by the relation 

aV = < 1 \V\ -|- 02 ^ 2 - 

The solution is then possible. 

It should be noted that the head lost by friction in BC is the same as 
in BD. If the total loss in head between reservoirs be desired, it will bo 
the loss in AB plus the loss in one of the branch pipes. In case it is diffi¬ 
cult for the student to see that this is so, let him bear in mind that losi 
head and lost energy per pound of water flowing are synonymous termi 
and that the total lost energy per pound will be the sum of the losses in 
the main pipe and one of the branches. 

If the branch pipes have the same diameter, then only two velocitie 
are unknown and two equations will suffice. These are 

^ ^d2g^^d,2g’ 


and 


av 




( 3 ) Problem of Divided Flow. —A common arrangement of piping is 
that shown in Fig. 123, where, for purpose of distribution, a main line is 



Fig. 123 

tapped by a smaller pipe which later returns to the main. Assuming thal| 
no water is drawn from the main or branch between B and E and that 
the draught at F, and beyond, causes the grade line at that point to lie 
at a distance H below the reservoir level, we may proceed to find the 
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velocities of flow in the different pipes as follows. Since the pressures at 
B and E may be assumed as common to both pipes BCE and BDE^ and 
therefore the total fall in the gradients of these pipes the same in amount, 
it follows that the lost heads in the pipes are equal, or 

^ d2 2g ^ dg 2g 


As for the total loss in head between A and F we have 
H 


r h , f k . f h 'Vi 

di 2g d2 2g d4 2g 


(a) 


since, as in the previous problem, we may include the loss in but one pipe 
between B and E. To obtain Vi, V 2 and from this equation, it is neces¬ 
sary to have other equations, and these are furnished by the relations 

(c) 

(d) 


0 \V\ — O 4 V 4 J 
a\Vx = a2V2 + ^^ 3 ^ 3 ? 


and 


4 V ^ . l^vj^ 

^^d2 2g ^^dg2g' 


The solution of these four equations simultaneously gives the desired 
velocities. Using the relations given in ( 6 ), (c), and (rf), equation (a) may 
be written 


H 


“h C 2 C 3 


ai 


\a2yj C3 + as\/c2 


h-mi 


in which Ci, C 2 , C 3 , and 64 have replaced the more cumbersome ratios. 



etc. 


In the first solution of this equation it is necessary that an average 
value for the different friction factors be assumed and afterward cor¬ 
rected according to the resulting velocities. 

(4) Main Line with Laterals. —Whenever a pipe-line becomes the main 
of a distributing system, the laterals of which lead from the main at ir¬ 
regular intervals along its length, a very complicated problem arises in 
computing the necessary size for the main so that the pressure will not 
fall at any point below a stated amount. A solution anything more than 
approximate is impossible unless all the data concerning the sizes of the 
laterals and the amounts of their maximum simultaneous withdrawals 
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are known. As these are generally unknown^ the following rude approxi¬ 
mation may be made. Figure 124 shows such a main line supplied with 
water from a reservoir A, In tlfe upper portion AB of the main there are 
no laterals, and the assumption will be made that from the point B to 
the end of the pipe at C the laterals are spaced equi-distant on the main 
and draw equal quantities of water from it. At C the main is dead-ended. 
The assumption of equal draught by the laterals causes a uniform reduc¬ 
tion in velocity in the main between B and C, the velocity at C being 
zero. In the portion AB the velocity is v and is constant. Below the pi];Xf 
is sketched a shaded area to represent the variation in velocity in the 


A 



main. It will be seen that at any point m, distant x feet from C, the 
velocity is 

X 

h 


The lost head occurring in a dx length of pipe at this point would be 


_ ^ ^ ^ 


To find the total head lost between B and C we may integrated the above 
expression with x a variable whose limits are zero and li. There results, 


L.H. in BC = 



or the amount lost is one-third that lost in an equal length of main con¬ 
taining no laterals. For the head lost in the entire main we have 


L.H. 




3d 2g 


It will be noted that / is not constant for the total portion BC and what¬ 
ever value is assumed for it will therefore be an approximation. In actuaP 
design, however, this need cause no serious error, since liberal allowanca 
has to be made in choosing a value for / to provide for deterioration of 
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the pipe. The lost head as given by the last equation may be subtracted 
from the static head on the end of the pipe to give the pressure-head at 
that point. Since the general requirement is to find the diameter of pipe 
necessary for fixed values of pressure-head at C and quantity Q, we may 

7rd^ 


substitute for v its equal, , obtaining for d 



As stated above, results obtained by the process of reasoning just given 
will be approximate only and should be modified to meet the peculiar 
conditions of each problem. 

131. Graphical Solution for Problems in Divided Flow 

In the design of municipal distributing systems, the problem of divided 
How, as illustrated under paragraph (3) of the previous article, often 
])resents itself. The flow to any one point is generally not by a single pipe 
route, but by means of two or even more routes, and the question arises 
us to the amount which can be furnished at the point without excessive 
loss in head. Thus in Fig. 123 it might be desired to find what pressure 
could be obtained at the point F under certain specified rates of flow, 
l^'reeman has suggested a graphical method of handling the problem 
which effects a considerable saving in time and labor, especially if several 
different rates of flow are to be investigated. 

The loss in the pipes AB and EF may be easily computed and tabu¬ 
lated for the specified rates of flow. For the divided flow between B and 
F it will be convenient to plot two curves, BCE and BDE (Fig. 125), 
each showing the relation between the head lost in one of the pipes and 
the rate of flow in the pipe, as the latter is made to vary. Each curve 
may be easily constructed from the plotting of a few points showing the 
liead lost at arbitrarily assumed rates of flow. It should be borne in mind, 
however, that the rate of flow in either pipe will be less than the combined 
How and hence rates that are less than the desired combined flow should 
he assumed. In the plot as made, the two curves have been drawn with 
I lie rates of flow laid off on opposite sides of the origin and it will at once 
he noted that any horizontal line, m-n, will represent by its length, the 
combined flow of the two pipes when the head lost is that intercepted by 
(he line on the axis of ordinates. Also m-0 will represent the flow in 
BCE, and 0-n the flow in BDE. A line representing any desired rate of 
How may be similarly fitted to the curves and the corresponding lost 
head determined. If desired, a third curve, as shown, may be plotted to 








































































234 


FLOW THROUGH PIPES 


give directly the relation between head lost and the corresponding ool 
bined flow. 

It will be seen that any niftnber of pipes may run from B to E and ' 
relation between flow and loss determined in the above manner. Whc 
successive diversions are met it will be found that the graphical methc 
is the only practical one. A description of the method by Freemaiii 
which he shows its applicability to more complicated problems, may hil 



found in the Journal of the New England Waterworks Association lot 
Sept., 1892. 

Analytical Solutions for Pipe Grids,—K complicated problem in divided 
flow arises where, as in water distribution systems, extensive grids of 
piping are used. In such a system it is often required to determine the 
available pressure at certain points when demands for large flows arisOi 
These would occur during fires. Professor Hardy Cross of Yale Uni vet- [ 
sity has devised an excellent analytical solution* which allows approxi^ij 
mate computations to be made. Professor Gordon M. Fair of Harvard ^ 
University offers a similar solutionf based on the Cross method. A satis¬ 
factory description of these methods is not possible in a brief space, and 
the reader is referred to the articles noted below. 

* Hardy Cross, “Analysis of Flow in Networks of Conduits,** Bull. 286, Engineering Exp<sr* 
Station, Univ. of Illinois. 

t Gordon M. Fair, “Analyzing Flow in Pipe Networks/’ Eng, News-Record^ vol, 120, 
p. 342. 
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132. Pipe^Line with No^le 


The combination of a nozzle and pipe-line is very common in engineer- 
ing. It is used in fire fighting, mining and power developments. Fig. 126 
illustrates a general case, the water being supplied to the pipe from a 
reservoir. 

If we apply Bernoulli’s theorem to the points m and n, we obtain 



the last term representing the head lost in passing through the nozzle. 
In this equation appear two unknowns, v and Vi^ but a relation between 
them being given by 




(134) 


a solution for either of them is possible. 

In power developments where the kinetic energy of the jet is utilized 
by a turbine, it often happens that more than one nozzle is attached to 
the pipe-line, furnishing power to several wheels or even to the same 
wheel. It is worthy of note that equation (133) would apply in such a 
case, and the total loss in head would consist of pipe losses and the loss 
in one nozzle. The latter statement may be checked by remembering that 
lost head is synonymous with lost energy per pound. Equation (134) 
must, however, be re-written since the discharge is now through several 
nozzles. If the nozzles are two in number and of equal area, 

2 av = aiV\ 
or 

1 - ^ 

The amount of energy furnished by a jet is seen to depend largely 
upon the energy lost in the pipe-line, inasmuch as the loss in the nozzle 
is relatively small. In power work it is therefore essential to use as large 
a i)ipe as possible in combination with a given nozzle in order to reduce 
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the loss by pipe friction. There is an economical limit, however, to the! 
size which may be used, and this will be reached when further increase 
in diameter causes an additional outlay, the interest of which will exceedj 
the return from the increase in power. I 

133. Velocity Distribution at a Cross-Section,—Pipe Coefficient 

It was shown in Art. Ill that, for laminar flow, the variation in velocity 1 
across a pipe diameter follows a parabolic curve. The velocity is a maxi-i 

mum at the center, decreases to zero at the pipe wall, and the meaaj 

velocity, is one-half the center, 
velocity, v^- If the pipe coefficient be, 

V 

defined as the ratio, — , its value for i 

Vc I 

laminar flow is therefore 0.50. If Vq 
be determined experimentally, 
may be readily computed. If the 
flow be laminar, the resistance to 
flow, hence the head lost, is inde*.^ 
pendent of the roughness of the pij^o 
wall. 

In turbulent flow, the resistance is still due to the viscosity of the liquid» 
but the turbiflence results in a mixing process by which the variation in 
velocity across a diameter is much reduced. The greater the strength of 
the turbulence, the more uniform becomes the velocity distribution, and 
the curve is flattened. Since turbulence increases with the Reynoldi 
number, the flatness increases with*R. Figure 127 shows approximaUi 
velocity curves for three values of R. As drawn, they represent identicul 
flow rates, or the same mean velocity. Obviously the pipe coefficient in¬ 
creases in value with R, ranging from 0.50, when the flow is laminar, Ui 
0.85 or more when the flow is turbulent. It is possible theoretically to 
relate the pipe coefficient to the friction-factor, /, but the uncertainty tjf 
the latter^s value, for a given pipe, makes an experimental determination 
of the pipe coefficient preferable. A knowledge of the pipe coefficient al¬ 
lows computation of the mean velocity when an instrumental determinifc* 
tion of the center velocity has been made (see Art. 136). 

134. The Boundary Layer 

For laminar flow, the velocity at the pipe-wall is zero and the incruu^^t^ 
in velocity with distance from the wall is at first rapid (Fig. 127). Witli 
turbulent flow in a smooth pipe, there will exist at the wall a thin hxyvr 
of liquid in which the flow is laminar. In this region the velocity is low 
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and the effect of viscosity greatly exceeds the effect of inertia. With in¬ 
crease in distance from the wall, the increase in velocity gradually results 
in stronger inertia forces, and turbulence begins. If the mean velocity of 
flow at the section be increased (therefore R also), the rate of change in 
velocity near the wall is increased and the thickness of the laminar bound¬ 
ary layer decreases. The velocity at the pipe-wall still remains zero. The 
thickness* of the boundary layer may be approximated from 


32M 

rv7‘ 


(135) 


If the pipe-wall be slightly rough, the boundary layer will still exist 
and the resistance to flow will not be affected by the roughness provided 
the surface projections do not pierce the layer. The roughness will begin 
to affect the resistance as soon as an increase in R results in reducing the 
thickness of the boundary layer sufficiently to cause the surface irregu¬ 
larities to pierce the layer. The citation of these facts is for the purpose 
of throwing more light upon the phenomena of resistance to flow. It is 
seen that a rough pipe may be really smooth at low velocities, changing 
to rough at higher velocities. 

That the boundary layer is generally very thin may be seen by sub¬ 
stituting numerical values in equation (135). Assuming d = 12 inches, 
V = 2 feet per second, and water at 50^^ F., the thickness will be found 
to be about 0.015 inches (R = 142,000). If the velocity be increased to 
10 feet per second (R = 710,000), the thickness reduces to 0.004 inches. 
1 o the practising engineer the existence of the boundary layer in pipe 
flow is of little importance. 

135. Measurement of Pipe Flow 

The instrumental determination of the rate of flow in a pipe has long 
engrossed the attention of engineers, and many methods have been de¬ 
vised for its accomplishment. Some of the most commonly used of these 
will now be" presented. 

136. The Pitot Tube 

''fhe Pitot tube was devised and first used by Henri Pitot in 1730. He 
licld a bent glass tube, of the form shown in Fig. 128a, in the River Seine 
luid discovered that the water rose in the tube to a height, A, above the 
Hurface of the stream. The horizontal portion of the tube was parallel to 
the moving stream lines. Pitot also found that the head, 7?, was propor- 


* J. K. Vennurdp Khmenltiry Fluid MeckanieSy John Wiley and Sons, New York, p. 158, 
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tional to the square of the velocity at a point, m, in the undisturborl 
region upstream from the tub|. 

A relation between v and h may be obtained by assuming that a small 
group of particles leaving the point, approach the tube with a dfl 
celerated motion, their velocity becoming zero at n. By the BemDu]||^| 
equation, 

’l + P.a + f^, o, 

2g w w w w 2g 

Also, — must equal ^ + A, the height of the water column within tha ' 

w w 

p 

tube. Substituting this for — in the above equation, 

w 


h = 




or V = \^2gh. 


Experiments have shown this to be the correct relation for all tubes 
this type. 

Another, and perhaps preferable, proof is obtained by equating ths 
dynamic force, exerted by the water against the orifice opening, to thi 
pressure force exerted by the head, A, within the tube. If the orifice arst 
be a, the latter force is awh. The dynamic force may be considered pro** 
portional to the mass of water flowing in the stream tube, mn, per second 
and to the velocity of the water at m. If so. 


F = 


kwav^ 


k'wa 


2S 


Equating the two forces, 


= h, 
2g 


Experiments show that k' is equal to unity. 

If the tube be turned to the position in Fig. 128fe, so that the plane of 
the orifice be parallel to the direction of flow, the top of the coluntn 
within the tube is approximately level with the free surface of the stream ■ 
Eddying near the orifice, due to the presence of the tube, generally caunpi 
the colunrn to stand somewhat lower. If the tube be reversed and tivil 
orifice pointed downstream (Fig. 128c), the pressure at its end will br 
reduced by the movement of the water away from the orifice, and th| 
top of the column will be below the surface of the stream. The vaKio of 

h will be less than — , however. These facts will be referred to later. 

2g 
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In general, the tube is not adapted to velocity determinations in open 
channels by reason of the fact that low velocities produce values of h too 
small to be accurately measured. A velocity of 1 foot per second results 
In a head of approximately 0.2 of an inch. Used in the free jet from a 
nozzle, it usually has its upper end attached to an ordinary pressure 
gauge from which h may be computed. 

If used in a pipe containing fluid under pressure, the height of the 
column in the tube is increased by the static pressure, and the latter must 
be measured separately in order to determine h. Figure 129 shows ope 
method of accomplishing this. An ordinary wall piezometer is inserted 



Fig. 128 
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Fig. 129 


ut a point somewhat ahead of the tip of the tube. The difference in level 
between the tops of the two columns is taken as h. On account of the 
magnitude of the static pressure-head, and the relatively small height of 
//, it is customary to determine h by joining the two columns to a suit¬ 
able differential gauge. Again, by reason of the small value of h, a differ- 
(*ntial gauge, employing a liquid having a specific gravity only slightly 
different from that of the liquid in the pipe, generally is used. The meas¬ 
ured deflection, z, is thereby made much greater than h (Art. 25), and 
from it the difference between static and dynamic pressure-heads at the 
lij) of the tube may be computed. 

If the tube be free to move through a stuffing-box, its tip may be 
pLiccd at well chosen points on the diameter of the pipe and the varia¬ 
tion in velocity across the pipe determined. It is then possible to com¬ 
pute the mean velocity and, if the center velocity has been observed, 
llu‘ pipe coefficient may be computed. The latter is fairly constant with 
rhunge in mean velocity, and subsequent flow measurements may be 
iiiiide at the same section by observing only the center velocity and ap¬ 
plying the coefficient. For precise work it is better to make separate de- 
Irrminations of mean velocity for each new rate of flow. A satisfactory 
nu'lliotl of i)rocedure is as follows. 
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The cross-section of the pipe is divided into ten equal areas by a series 
of concentric circles (Fig. 130)^ These are numbered from 1 to 10, begin¬ 
ning at the center, the tenth circle being the pipe-wall. The Pitot tube 
is then placed successively at points on the odd-numbered circles. The 
radial distances from the center ^these points will be VTio, 

R\/,50j R\/.70 and if R be the 

radius of the pipe. There will be ten observed 
velocities if a complete traverse across the 
pipe be made, and their arithmetical mean 
may be assumed to be the mean velocity of 
flow. The ten velocities are given equal 
weight since they closely approximate the 
mean* velocity for each of the ten equal 
areas. The method will give the mean veloc¬ 
ity with an error no larger than the atten¬ 
dant errors of observation. 

The use of a wall piezometer to measure the static pressure near the 
tip of the tube is questionable. Careful experiments* have shown that its 
reading is usually affected by 'the presence of the stem of the Pitot, and 
that the real velocity is given by 



Fig, 130 


v = c\/2gh,^ (136) 

c having a value somewhat less than unity and slightly variable with the 
mean velocity of flow. For this reason the wall piezometer is not recom¬ 
mended for precise work. • 

A preferable construction is shown schematically in Fig. 131. It con¬ 
sists of one tube within another, the inner one being the Pitot tube and 
the outer one serving to measure the static pressure. The nose may be 
conical or rounded. Small holes drilled in the sides of the static tube act 
as piezometer openings. Such a combination is called a Pitot-static tube. 
The location of the piezometer openings is important as determining the 
value of Cj the coefficient of the tube. 

Figure 1316 shows a design based on the recommendations of Prandtli 
The curve m indicates, by its position above or below the dot and dash 
line, the variation in the dynamic pressure as the fluid approaches and 
flows past the nose. Reaching a maximum value at the nose, this pressure 
decreases rapidly to a negative value and then gradually approaches zerOt^ 
A dynamic pressure will also exist at the front face of the vertical stem, 
its value decreasing in the direction of the nose (curve n). If the piezom- 

* C. W. Hubbard, “Investigation of ICrrora of Pitot 1'ubcH/' Trans, A,S.Af.E., Aug., 1931, 
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eter openings are made at the point where the excess pressure caused by 
the stem equals the negative pressure resulting from the flow around the 
nose, they should register the true static pressure. For a tube having the 
proportions shown, the value of c will be practically equal to unity. This 
may be true also for tubes similar to Fig. 131a, but for precise work such 
tubes should have their coefficient experimentally determined. This may 
be done by computing the mean velocity from a complete traverse of the 
pipe, as previously explained, assuming c to be unity. The true value of 
the mean velocity is then computed from a volumetric measurement of 



the rate of discharge, using a weighing tank or other means. The ratio 
of the true to the computed mean is the value of c. 

In using the tube, care should be taken to direct its horizontal portion 
parallel to the axis of the pipe. Even then, turbulence will cause the in¬ 
stantaneous velocity at a point opposite the nose to change constantly in 
direction, thereby making a changing angle with the axis of the tube. 
The effect of this angularity of flow upon the tube readings has been the 
subject of much discussion. Hubbard, whose experiments have already 
been noted, found that the mean value of this angularity was less than 
3 degrees and practically negligible in its effects. The rounded-nose tube 
in Fig. 1316 is particularly insensitive to angularity in the flow and to 
angularity caused by improper placing of the tube at an angle with the 
axis of the stream. 

One common error in the use of the tube should be noted. Before mak¬ 
ing a reading of the differential gauge to which the tube is attached, care 
should be taken to expel all air from the lines of tubing commonly used 
in making the connection. 

Quite a different form of Pitot-static tube is manufactured by the 
Pi tome ter Company of New York City. A general view of it is shown In 
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Fig. 132, and a detailed sketch of its tip appears in Fig. 133. Reference 
to Fig. 128 will show that the design is a composition of tubes a and € 
placed back to back. The resulting deflection of the attached gauge is 

therefore greater than in the case of 
tubes previously discussed, which is 
an advantage when observing low 
velocities. The construction of the 
pitometer permits its being inserted 
through a standard corporation cock 
without shutting off the water from 
the pipe. Flexible tubing connects 
the tube to a differential gauge, and 
provision is made for registering the 
gauge readings on a revolving paper 
as the tip of the instrument is moved 
across the pipe. 

The value of c for the pitometer 
varies from about 0.86 to 0.89 with 
velocity. Its makers furnish calibra¬ 
tion curves with each instrument. 

Pitot-static tubes are often used to 
measure the flow of air and other 
compressible fluids in pipes. 

Example.—Air at 
20 pounds per square 
Fig. 132. The Cole Pitometer inch • (absolute) and 

60° F. flows in an 8- 
inch pipe. A differential gauge containing water, and at¬ 
tached to a Pitot-static tube, shows a deflection of 0.5 
of an inch with the tip of the tube placed at the center of 
the pipe. Assuming a pipe coefficient of 0.84 and unity as 
the coefficient of the tube, what rate of flow is indicated? 

By equation (16), 


rnm 


Fig. 135 


Specific weight of air 


20 X 144 
53.34 X 519.4 


0.104 lb. per cu. ft. 


Specific gravity of water relative to air 


62.4 

0.104 


600 


Dynamic head = z(s 


, 0.5 

1) = — X 599 = 24.96 ft. of air. 
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= 0.84a/ 64.4 X 24.96 = 33.7 ft. per sec. 

Q = 0.349 X 33.7 = 11.75 cu. ft. per sec. 

This is equivalent to 11.75 X 0.104, or 1.22 pounds per second of air 
at 20 pounds per square inch and 60° F. 

137. The Venturi Meter 

This device, invented by Herschel in 1887 and named by him after 
the distinguished philosopher who first experimented with diverging 
tubes, is designed to measure the rate of flow in pipe-lines. It is extremely 



simple in form and detail, consisting merely of two conically converging 
and diverging sections of pipe joined by a short cylindrical section as 
shown in Figs. 134 and 135. The whole is inserted in the pipe-line whose 



How is to be metered. Pressure gauges fitted to the main pipe at A and 
to the throat of the meter at measure the pressure-heads at these 
points and complete the apparatus in its essentials. Flow takes place 
in the direction indicated by the arrows and the meter is a very practical 
illustration of the principles embodied in Bernoulli’s theorem. Between 
I he points m and n (meter horizontal) we may write 

2i^ IV 2^ IV ^ 
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if the loss in head between the two points be neglected. If and rep¬ 
resent the areas of the sections which contain the points, we may also 
write 



and V 2 = — • 
a2 


These values substituted in the first equation give 



which may be written as 




1 - 




Introducing a coeiiicicnt to correct for frictional losses between inlet and 
throat, 


G = 



(137) 



The equation is identical with those derived in Arts. 71 and 81 for 
the flow of a liquid through diaphragm-orifices and nozzle-meters in pipes. 


115-incli Venturi Meter Installed at Baltimore, Md. (Courtesy of Builders Iron Foundry, 

Providence, R. I.) 


In fact the only geometrical dilTercnce between these two devices and 
the Venturi meter lies in the degree of abruptness with which the stream 
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changes its section before entering and after leaving the contracted 
section. 

If a compressible fluid flows through the meter, equation (137) must 
be replaced by equation (65) of Art. 72. If the fluid be air, the value of 
the adiabatic factor, K, may be obtained from the equations in Art. 72. 

As originally designed by Herschel, the con¬ 
vergent portion of the meter was short, its 
length varying from 2 to 2.5 times the pipe 
diameter. The divergent portion had a central 
angle of 5 degrees, and the ratio of to d 2 
was 3.0. These proportions are no longer stand¬ 
ard. The ratio of di to d 2 varies from 1.5 to 4.0, 
with 2.0 a common value. The larger ratios 
result in greater differential pressures which can 
easily be measured, especially at low velocities 
of flow. At high velocities, however, the throat 
pressure may be less than atmospheric, offering 
opportunity for air and vapor to affect the pres¬ 
sure reading. Large ratios also increase the loss 
in the diffuser. Smaller ratios are therefore 
generally better to use, although they require 
more sensitive gauges. 

The coefficient c in equation (137) is the 
coefficient of the nozzle portion. The coefficient 
of a smooth, well-shaped nozzle is but little less 
than unity, and we may expect c to have a like 
value. Tests on meters having inlet diameters 
Irom 2.to 108 inches show c to vary between 
approximately 0.94 and 0.99. It varies with the 
mean velocity of flow, particularly in the region 
of low Reynolds numbers. This is seen from 
the graph in Fig. 136, drawn from the test 
results of a 12 X 6-inch meter carrying water. The coefficient generally 
is lower in value for small meters, and it decreases in all meters with 
increased roughness in the convergent and throat sections. It decreases 
also with time in service if the metal becomes fouled or corroded. If not 
previously calibrated, a clean, smooth meter of large size may be as¬ 
sumed to have a coefficient of 0.99, and 0.97 may be assumed for small 
meters, provided in both cases the value of the Reynolds number is not 
small. The error resulting should not exceed one per cent. For ])recisi^ 
work, a meter should be calibrated from lime to time. 



Graphic Recorder for Ven- 
turi Meter as Manufactured 
by Builders Iron Foundry, 
Providence, R. I. 
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The loss in a meter varies with geometrical proportions and workmarf** 
shipj the main portion occurring in the diffuser. For meters having dif¬ 
fuser angles less than 8 or 9 clegrees, the total loss may be approximated 
from 

^2 

Lost head = 0,10 to 0,15 — , (138) 

V being the throat velocity. For greater angles, 

Lost head = 0.15 to 0.35 — (139) 

2g 


.may be used, the larger values applying to 


d2 


ratios between 1.5 and 3.0, 


Velocity at throat in.Jt.per sec. 



(D and V at throat) 


Fig. 136. Coefficient for a \1” X 6" Venturi Meter 


If the coefficient be plotted againt R, as in Fig. 136, the graph may 
be used for any fluid whatever. This follows from the fact that only thf 
forces of inertia and viscosity are present and R is the criterion for 
similarity (Art. 52). 

In installing a meter, it should be preceded by a run of straight, smooth 
pipe having, preferably, a length of 20 to 25 diameters, in order that a 
normal distribution of velocity be maintained at the inlet. When ihil 
distance is not permissible, straightening vanes may be placed in the pipe 
to accomplish the same purpose. 

References to articles on the subject of meters and their coefficientii 
appear at the end of this chapter. 
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138. Determination of Discharge by Salt-Velocity Method 

Professor C. M. Allen of Worcester Polytechnic Institute, in collabo¬ 
ration with E. A. Taylor, has devised a method for measuring the rate 
of flow in conduits which is based on the fact that salt in solution in¬ 
creases the electrical conductivity of water. In applying the method, a 
concentrated solution of salt and water is suddenly injected into the 
conduit, preferably by means of a pop-valve. The effect is to produce in 
the flow a short slug of the solution which keeps its entity as it moves 
along the conduit. A pair of electrodes is inserted across each of two sec¬ 
tions of the conduit, the sections being spaced sufficiently to allow ac- 


If 
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Fig. 137 

curate timing of the slug’s movement past the electrodes. Each pair of 

electrodes is cut into an electrical circuit containing an ammeter, or other 

suitable device, for measuring current strength. Variations in the latter 

are graphically recorded on a moving paper, and the passage of the slug 

by each electrode results in a current graph similar to that shown in 

Fig. 137. A second graph, drawn simultaneously, indicates time intervals 

of one second. Allen found that the time corresponding to the interval 

between the centers of gravity of the two current humps is the correct 

time to use in , tit a t i 

^ _ Volume _ Mean Area X Length 


Time 


Time 


in which volume is that of the conduit between electrodes. If the cross- 
section of the conduit be constant, the mean velocity is the distance 
between electrodes divided by the observed time. 

In applying this method, several successive slugs of salt-solution should 
be sent down the conduit and the corresponding values of <2 averaged. 

I' urther details of the technique involved are given in a paper by Allen 
IInd Taylor.* 

* C. M. Allen and K. A, Taylor, “T'hc Salt Velocity Method of Water MeaHuroment," 
Trans. A.S.M.E., vol, 43, 1933. 
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139. Water Hammer in Pipes 

It has long been a well-knojv^n fact that the sudden stopping of Uie 
flow of water in a pipe will cause a rise in pressure in that portion of the 
pipe lying between the source of flow and the gate or valve by which 
the flow is checked. In some cases the rise in pressure may be so large aft 
to cause a bursting of the pipe, and it becomes a matter of importance 
that we determine the laws which govern the appearance of this phfr*^ ' 
nomenon. 

That we may better understand what actually takes place under such J 
conditions, Fig. 138 has been drawn, showing a long pipe-line of constant : 



diameter leading from a reservoir of water, and provided at its further^ 
end with a quick-closing valve G. . | 

Under normal conditions the flow through the pipe is steady, Having ti i 
velocity v past all sections. If the gate be made to close instantaneouslyi i 
the particles of water in immediate proximity to it will have their velocity 
at once reduced from v to zero. If the wRole mass of water in the pipe were 
inelastic (rigid) and contained in pipe-walls that were inelastic also, then ■ 
all the particles of water would likewise be instantaneously brought to 
rest and the pressure against the gate and all through the pipe would be 
infinite. That the pressure does not become infinite is due to the com- 
l)ressibility of the water and to the elasticity of the pipe-wall. To under' 
stand the effect of these factors, we shall assume the water in the pipe 
to be divided into a great number of laminae of equal mass, each one in¬ 
finitely short. Some of these are shown, greatly exaggerated in size, in 
Fig. 138a. 

First Period .—When the gate closes, lamina 1 crowds up against it; and 
is compressed by virtue of its own kinetic energy. As it is compresttedi 
the ring of pipe-wall surrounding it is distended by the increased pi'uft 
sure in the lamina. While the first lamina is being compressed and shtirt- 
ened, lamina 2 follows on behind with undiminished velocity until llm 
compression of lamina 1 is complete. It then sulTers retardation and coin- 
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pression, at the same time stretching the pipe-wall around it. Other 
laminae follow in succession, so that in a very short time conditions are 
as shown in Fig. 1386. The pressure throughout the distended portion of 
the pipe has been increased at every point by the change of the kinetic 
energy of each lamina into pressure energy. The laminae being of equal 
mass, the rise in pressure is uniform at all points, and the pressure at 
any point in the distended portion is the original pressure during flow 
plus the pressure rise. In the unstretched portion of the pipe the velocity, 
V, is stiU maintained. When the last lamina at the inlet end is compressed, 
the entire pipe is filled with water at rest and under excess pressure. If 
the length of the pipe be /, and t seconds have elapsed between the time 
of closure of the gate and the compression of the last lamina, a wave of 

I 

pressure has swept up the pipe with a velocity, equal to - • 

t 

With the last lamina brought to rest, the total kinetic energy of the 
water has been transformed and stored up in the elastic deformation of 
the water and pipe-wall. This marks the end of the first period. 

Second Period ,—As soon as the last lamina is compressed, the energy 
stored in it, and in the distended wall, will cause it to move out of the 
pipe and acquire the velocity, v, which it originally had, but in the oppo¬ 
site direction. This happens to each lamina in succession until number 1 
is reached, and a wave of reduced pressure has swept down the pipe, re¬ 
storing pressures to normal. The wall is no longer distended, the laminae 
have acquired their original velocity, y, but the motion is toward the 
reservoir. 

Third Period ,—Since the pipe is closed at G, the kinetic energy of 
lamina 1 will be expended in lowering its pressure below normal and the 
lamina will come to rest. This is repeated by lamina 2, and the others in 
succession, until the water in the pipe is at rest and under subnormal 
pressure. 

Fourth Period ,—With the pressure at the inlet of the pipe below nor¬ 
mal, water now enters the pipe from the reservoir. The nearest lamina 
regains its normal pressure and moves with its original velocity toward 
\ he gate. The other laminae follow in succession, and finally all the water 
is moving toward the gate with normal pressure and velocity. A cycle of 

4/ 

four movements has been completed, occupying a time equal to — • 

Vp 

Other cycles follow but, due to viscous friction, each one takes place with 
diminished energy, and the pressure waves gradually die out. 

The value of />, the excess pressure produced, will now be determined. 
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Figure 139 represents a prism of water, ABCD^ caught at the end of 
pipe by the closing of the gate. It contains many of the laminae inentioa|i|| 
above, and by their compression the prism is shortened by the amoil 
ds. Its final length is ds\ and by the stretching of the pipe-wall its radii) 
has been increased to r + Ar. For the change in volume, we may writ! 

AVol. = Ads — 27rr Ar ds\ 

A being the sectional area of the pipe before distention, and 2irf Af ' 



Fig. 139 


representing the annular area added by distention. The volume-modulup 
of elasticity of the water, K, is therefore 


K = 


pA{ds + ds') 
Ads ~ Iwr. Ar ds^ 


(140) 


P representing the intensity of the excess pressure. The stress produced 
in the pipe-wall by this pressure is 

if e be the thickness of the wall. If the circumference of the wall is stretched 
an amount, A/, the elastic modulus of the wall is 

lirpr^ , 


E = 


/ 


Al -- lirr eAl 
Since a circumference increases directly with increase in radius, 
A/ : 27rr = Ar : r, or Al = 27rAr. 

This value of Al substituted in (141) gives 

Pr^ 


(141) 


Ar = 


eE 


(142) 


Each lamina of the prism, ABCDj was brought to rest by a pressure 
on its front face varying from zero to p. If we imagine the first lamina In 
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have reached its maximmn pressure, we then may think of the mass, 
ABCD, behind it as being brought to rest by the force, pA, Its mass be- 


w 


ing A ids ds') — , its rate of deceleration is 
g 

force 

a — 


Mg 


mass A{ds + ds^)w 

In coming to rest, its center of gravity will have moved through a dis- 
ds 

tance — • The space traversed by a mass, while having its velocity re¬ 
duced from V to zero by a constant force, is given by 


S = 


2a 


Using this relation and substituting the above values, 

ds v^A {ds + ds^)w 


2pAg 


If for ds we substitute v dt. 


(143) 


(144) 


WO {ds + ds^) 

^"7 dt 

Finally, since ds is very small compared with ds', 

wv ds' 
g dt ’ 

ds', . 

— being the velocity with which the pressure wave moved up the pipe. 

If in equation (140) we substitute for A its value, Trr^, and for Ar its 
value from (142), equations (140) and (143) may be combined and 
{ds + ds^) eliminated. 

There results, 

ds 2pr ds' p^g . 

~ ^ ^. ( 145 ) 


dt 


Ee dt Kvw ’ 


ds , 


but — is V, and for p we may substitute its value from (144), obtaining 


ds' [ 

^ = V: 


'g KEe 


w Ee + 2rK 



i 
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Assuming K = 300000 lb. per sq. in., 


Vp = 4720 


1 


' Kd 


ft, per sec. 


(146) 




It can be shown that \ — is the velocity of propagation of pressure ^ 
^ w I 

waves through any medium having an elastic modulus, K, and specific | 
weight, w. The figure 4720 is the velocity, therefore, in feet per second 
with which pressure (or sound) waves would travel through water con¬ 
fined in a rigid pipe. The radical quantity in (146) is a reduction factor : 
necessitated by the stretching of the pipe-wall under the action of the 
pressure wave. Its value is always less than unity, increasing with E and 

K d 

with the ratio of wall thickness to pipe diameter. Since — and - are ratios, 

E e 

either the inch or foot may be used in making numerical substitutions. 
For a 48-inch steel pipe {E = 30,000,000 pounds per square inch) having 
a thickness of 0.25 inch, equation (146) gives Vp as 2760 feet per second* 
To determine the excess pressure produced by extinguishing the ve^ 
locity, Vj we have only to note that by equation (144) 


wv . 

p ^ — Vp. 

g 


If the value of Vp as given above be substituted, 

* 

p = 9150 zi /- ^ lb. per sq. ft. 


Kd 


(147) 


p = 63.6 


1 


' Kd 


lb. per sq. in. 


(148) 


Here, as in (146), the radical quantity is necessitated by the elasticity ) 
of the pipe. Were the elasticity neglected, the pressure rise in pounds per [ 
square inch would be 63.6 v. For the 48-inch steel pipe mentioned abovCp j 
the value of the radical is 0.585. If a quick-closing valve operates to close j 
off the flow in this pipe when the velocity is 5 feet per second, the excess 
pressure will be | 

P = 63.6 X 5 X 0.S85 = 186 lb. per sq. in. 
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The magnitude of the maximum pressure reached near the end of the 
pipe should be carefully noted. In Fig. 13^ the pressure at the end would 
be zero with the valve open. This is instantly increased, by the gate 
closing, to p as computed from (148). At the end of the first period when 
the entire water column is at rest under supernormal pressure, the pres¬ 
sure near the gate wiU have been further increased by the weight of the 
water in the pipe. The final maximum pressure near the gate is there¬ 
fore equal to that produced by the static head, H, plus the excess pres¬ 
sure computed from (148). 

It should be noted that the derivation of p assumed instantaneous 
closure of the gate. If the description of events, as narrated for the first 
and second periods, be re-read, it will be seen that the pressure rise at 
the gate is maintained during the time required for the pressure wave to 

21 

make a round trip of the pipe. This time is — • If the gate be closed gradu- 

Vp 

ally, but within this time, the pressure at the gate will build up to the 
same value as before. This is because the first small pressure wave, gene¬ 
rated as the gate starts to move, will not have had time to make the 
round trip and return to the gate as a wave lowering the pressure to nor¬ 
mal. Equation (148) therefore applies for any time of closure up to 
21 

t = -• 

Vp 

The validity of the equation was first demonstrated by Professor Jou- 
kovsky of Moscow, Russia, in 1898. A translation by Simin of his com¬ 
plete paper appears in the Journal of the American Waterworks Associa¬ 
tion, 1904, p. 335. Joukovsky experimented with the effects of slow clo- 
, . 2 / 

sure, thertime being — • He concluded that for such times the pressure is 

Vp 

reduced in intensity according to the proportion. 


P 


21 -r- Vp 

" ~t 


It has been proven since that this relation results in values greater 
than the actual pressure. Values computed from it therefore err on the 
side of safety. 

An equation which may be used for times of closure greater than — is 

Vp 

that proposed by Allievi, a noted Italian engineer. In its simplest form, 

(NH \ , 

p = w —h H yj -^ ]^J in lb. per sq. ft. 
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H = static head, in feet, on the pipe near the gate 



t = time of closure 


The value of p so computed will be close enough, for practical purposesS 
to the true value. J 

If, in Fig. 138, H be 165 ft., v be 11.75 ft. per sec., I be 820 ft. and t bc| 
2.1 sec., li 

p = 9^ lb. per sq. in. ' 

The simplest method of protecting pipes from water hammer is found '' 
in slowly closing gates. Air chambers of adequate size connected to the , 
pipe near the gate or valve will prevent pressure waves of much magni¬ 
tude from passing up the pipe. Such chambers must be kept filled with ' 
air, since water will readily absorb air under pressure. Pressure relief 
valves of adequate size will also absorb much of the excess pressure. Thqr 
should be designed to open quickly and close slowly. 

The subject of water hammer has been briefly, and only in part, pre- ! 
sented here, and the reader is referred to excellent articles on the subject | 
given in the bibliography at the end of this chapter. 

140. Flow of Compressible Fluids through Pipes 

If a compressible fluid, such as air, flows through a pipe, its density | 
changes from section to section, due to the change in pressure which takes { 
place. If the pipe-wall be perfectly insulated so that heat cannot escape ' 
from, or be added to, the fluid, the change in density will follow approxi¬ 
mately the adiabatic law for gases. The process will not be strictly an 
adiabatic one because of the heat added to the fluid by viscous friction, i 
If the pipe be not insulated and the heat transfer through the wall bal¬ 
ances the heat of friction, then the temperature of the fluid will remain ! 
constant and the density change will follow the isothermal law for gases* f 
This case only will be considered. I 

The differential equation for fluid flow (Art. 49), friction neglected, is i 

dp 

-h gdz -h vdv = 0 

P 

or 

di? V 

— + ds + - dif « 0. 

w g I 
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With friction considered, 

di? V 

— + dz + ~dv + dhf = 0. 

w g 

For gas flow, changes in elevation are usually very small compared with 
the changes in pressure-head, and dz may ordinarily be neglected. For 
pipe flow, dhf has the value 

dl ^ 

Making these changes and dividing each term by —, the equation becomes 

0 . 

V w V d 


Two further substitutions 
section each second be W, 

and 


may be made. If the pounds of fluid passing a 


W = wav 


W 

V — — 

wa 


This value may be substituted in the first term of the equation. The fluid 
being compressible, the value of w varies with p and with the absolute 
temperature of the fluid. Assuming that the fluid follows the law for a 
perfect gas, w has the value 


w 


RT' 


R being the gas constant. 
With these substitutions. 


2ga^ 

W^RT 


pdp + 


2dv 

V 



Integrating each term between corresponding limits, 

A-o- 

w^rtJ„ J„ 11 dj„ 
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Because W equals wav at all sections, the value of v changes from sectio| 
to section, varying with p. The friction factor,/, however, remains conq 
stant. It depends upon the Reynolds number which, in a pipe of unifor 

, Vp VW , I 

diameter, vanes as — or as — Since wav is constant, vw is constant also, 

and fx for a gas is constant for a given temperature. The Reynolds num^ 
ber and / are therefore constant. 

The second term of the parenthesis quantity is usually small compare 
/ 

with/ - and may be omitted. Then 
a 


Pl^ - P2^ = 


W^RT 

ga^ 


( 4 ) 


(150)1 


For a given weight flow, IF, the equation will give P 2 if pi and the otheri 
quantities are known. To find p 2 by (149) requires that V 2 be known, and 
its value depends upon p 2 ^ A solution by trial becomes necessary. It is 
much easier to obtain a value of p 2 by (150) and use it to approximate V 2 in 


(149). The value of — is 

W 2 

A 

Wi _ RT ^ pi 
^2 ^ P 2 

RT 


Hence, 


, Wi V 2 

Wiavi = W 2 CiV 2 and — = —. 

* W2 Vi 


tl = 

P 2 ^^1 


For — in (149) we may use, therefore, the value — , p 2 having been ap* 

Vi p2 

proximated from (150). If P 2 as then obtained from (149) differs materi¬ 


ally from its value as given by (150), the value of — may be re-computed 

^1 

and the process repeated. 

The drop in pressure is seen to be inversely proportional to the increase 
in velocity. If the distance between sections be not too large, the in¬ 
crease in velocity wiU be small, and the conditions of flow may be com¬ 
puted as though the fluid was a liquid. The resulting percentage of error 
can be shown to be approximately one-half the percentage increase in 
velocity. 
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Example.—^At a given section on a 4-inch pipe, through which 1 pound 
of air at 70° F. flows per second, the pressure is 30 pounds per square 
inch. What will be the pressure and velocity at a section 500 feet distant? 

P ' 44.7 X 144 

liMin + 459.4) ■ P" “■ "• 


Vi = 


1 


0.229 X 0.087 
I' = 1.06 X 10“® (Art. 9) 
„ 50.2 X 0.333 


= 50.2 ft. per sec. 


1.06 X 10' 


= 1575000 


/ = 0.015 (from Fig. 100, curve C). 

By equation (150), 

(44 7 X 144)^ = 1 X 53.34 X 529.4 / 0.015 X 500 \ 

32.2(0.087)2 V 0.333 / 

p 2 = 6240 lb. per sq. ft. 


Since 


p 2 = 43.3 Ib. per sq. in. (absolute) 
pivi = 44.7 X 50.2 = 43.3i;2, 

V 2 = 51.7 ft. per sec. 

51.7 

2 log, - 0.75. 


If this value be used in equation (149), the value of p 2 to three signifi¬ 
cant figures remains 43.3 pounds per square inch. 

If the fluid be treated as incompressible, 


pz I v^ f50 

= X 500 X 3 X = 882 ft. 


Ap = 882 X 0.229 = 202 lb. per sq. ft. 

= 1.4 lb. per sq. in. 
p 2 “ 44.7 — 1.4 = 43.3 lb. per sq. in^ 












25 ^ 


FLOW THROUGH PIPES 


PROBLEMS 

Note.—Unless otherwise spetified, water is assumed to be the liquid in the 
following problems. 

1. Find the rate of discharge from a 30-inch pipe; 3220 ft. long, supplied 
from a reservoir whose surface is 46 ft. above the pipe’s end. Assume a clean, 
cast-iron pipe and make the computations (1) allowing for loss at entrance, (2) 
neglecting it. 

2. Assuming a 12-inch pipe line, 2400 ft. long, to be made from wood staves, 
what will be its rate of discharge under a head of 32 ft.? What if the length were 
only 1200 ft.? 

3. Two reservoirs with a difference in level of 90 ft. are connected by 2 mi. of 
12-inch cast-iron pipe. Compute the rate of discharge. Ans, 4.3 cu. ft. per sec. 

4. At what rate will water be discharged through 600 ft. of rubber-lined 
cotton hose, 3 in. in diameter, if it be attached to a hydrant at which the pres¬ 
sure is 60 lb. per sq. in. during flow? Assume no nozzle on the end of the hose 
and / = 0.022. 

If a 1-inch nozzle be used, what discharge may be expected if a pressure of 
70 lb. at the hydrant can be maintained? For the nozzle Cv = Cd = 0.96? 
Assume hose horizontal and/ = 0.024. Ans. (1) 285 gal. per min. 

(2) 185 gal. per min. 

5. The pressure-head at a point in a 12-inch cast-iron pipe is 50 ft. At a point 

1000 ft. beyond, in the direction of flow, the pressure is 20 lb. per sq. in. If the 
discharge be 5 cu. ft. per sec. and 2 ft. of head is lost at intervening bends, what' 
is the slope of the pipe? Ans. 0.009. 

6. At a distance of 2000 ft. (measured on pipe) from the supplying reservoir, 
a 12-inch riveted steel pipe is 140 ft. below the reservoir’s surface and the pres¬ 
sure is 50 lb. per sq. in. What is the velodty in the pipe? Assume/ = .025. 

Ans, 5.6 ft. per sec. 

7. An 18-inch cast-iron pipe is discharging 3000 gal. per min. At a point 1000 

ft. from the supplying reservoir (measured on pipe) the center of the pipe is 
80 ft. below the reservoir surface. What pressure, in pounds per square inch, is 
to be expected there? Ans, 33.4 lb. per sq. in. 

8. Through a rusty iron pipe, 6 inches in diameter, the observed velocity is 

8 ft. per sec. At a section A on the pipe, the measured pressure-head is 89.7 ft., 
while at B, 100 ft. farther on where the pipe is 3 ft. below T, the pressure-head' 
is found to be 78,0 ft. Compute the probable value off. Ans. 0.074. 

9. A 30-inch cast-iron pipe, 50 years old, furnishes water at the rate of 30 
cu. ft. per sec. What is a probable rate of head loss in feet per thousand? 

Ans, 10.8 ft. 

10. Compute the value of the lower critical velocity for a pipe 3 in. in diam¬ 
eter carrying water whose temperature is 70° F. Ans. 0.085 ft. per sec. 

11. Compute the lower critical velocity for crude oil, having a kinematic 
viscosity of 0.0002 sq. ft. per sec., flowing in a 6-inch pipe. What pressure drop 
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will occur in 1000 ft. at this velocity, assuming laminar flow to be maintained? 

Ans. 0.8 ft. per sec.; 0.64 ft. 

12. A 6-inch pipe suddenly enlarges to a diameter of 18 in., the velocity of 
flow in the 18-inch pipe being 2 ft. per sec. Compute the lost head in feet and 
the foot-pounds of energy lost per second. What difference in pressure will be 
found in the two pipes near the enlargement? What would be the head lost if 
the velocity in the 18-jnch pipe were 0.5 ft. per sec.? 

Ans. (1) 3.98 ft. 

(2) 875 ft. lb. 

(3) 0.43 lb. per sq. in. 

(4) 0.25 ft. 

13. A level pipe line is abruptly enlarged from 4 to 8 in. in diameter. The 

velocity in the 4-inch pipe being 16 ft. per sec., how much energy is wasted in 
heat at the enlargement? If the pressure-head in the 4-inch pipe be 50 ft., what 
will it be in the 8-inch? Ans. (1) 194 ft. lb. per sec. 

(2) 51.5 ft. 

14. A 24-inch pipe is successively reduced in size to 12 in. and 6 in., the 

reductions being abrupt in each case. With a discharge of 2 cu. ft. per sec., 
what total loss will be occasioned by the reductions? What difference in pressure 
will there be in the 24- and 6-inch pipes if 2 ft. of head be lost by pipe friction in 
the 12-inch pipe? Ans. (1) 0.7 ft. 

(2) 1.8 lb. per sq. in. 

15. Compute the probable drop in pressure as a pipe line carrying 6 cu. ft. per 
sec. suddenly changes from 12 inches to 6 inches in diameter. , 

16. A long pipe line, 12 inches in diameter, contains 15 bends, each approxi¬ 
mately through 90°. What allowance in head should be made for the effect of 
these bends if Q = 6 cu. ft. per sec.? Radius of bends is 8 ft. 

17. A pipe line, discharging into air, consists of two sections, one 500 ft. long 

and 12 inches in diameter, the other 1200 ft. long and 18 in. in diameter. If the 
change in section be abrupt and the quantity discharged be 3 cu. ft. per sec., 
find the loss in head in each section due to pipe friction and the loss due to sud¬ 
den enlargement. Plot the hydraulic grade line choosing suitable scales. Assume 
/ = 0.02. Ans. Lost heads are 2.26 ft., 0.72 ft., and 0.07 ft. 

18. From a reservoir whose level is 300 ft. above a datum, a 12-inch pipe 

runs 12,000 ft. to a second reservoir whose level is at elevation 220 ft. A valve 
midway along the line is closed sufficiently to reduce the discharge to one-half 
what it was with the valve wide open. The friction factor, /, may be taken as 
0.023 with valve open and as 0.021 when it is partly shut. Compute the loss of 
head due to the partial closure of the valve, and sketch the hydraulic grade line. 
The loss at pipe entrance may be neglected, also that consumed in giving the 
water its velocity. Ans. 61.8 ft* 

19. At a point i4, a 12-mch^pipe is 400 ft. above a given datum. It terminates 
6000 ft. beyond A, and at elevation 500, in the bottom of a standpipe which 
contains 30 ft. of water. With flow toward the standpipe, the hydraulic grade 
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line at A is 150 ft. above the pipe. What is the rate of discharge into the stand¬ 
pipe if / be 0.02? Ans, 2.6 cu. ft. per sec* 

20. The slope of the hydraulic grade line of a pipe is 0.005 and the pipe is to 
deliver 4000 gal. per min. If the friction coefficient be assumed as that for a 
clean pipe plus a. 50% increase to allow for roughening of surface with age^ 
compute the diameter of the pipe. Assume cast iron. ' 

21. A pump at elevation 900 is pumping 1.60 cu. ft. per sec. through 6000 ft* 

of 6-inch pipe to a reservoir whose level is at elevation 1250. What pressure will 
be found in the pipe at a point where the elevation is 1020 ft. above datum and 
the distance (measured along the pipe) from the pump 2500 ft.? Assume/- 
0.0225. Afis, 1701b. per sq. in. 

22. From a reservoir whose surface is at elevation 750, water is pumped 

through 4000 ft. of 12-inch pipe across a valley to a second reservoir whose level 
is at elevation 800. If, during pumping, the pressure is 80 lb. per sq. in. at a 
point on the pipe, midway of its length and at elevation 650, compute the rate 
of discharge and the power exerted by the pumps. Plot the hydraulic grade line 
(/ — 0.02). A ns. 5.9 cu. ft, per sec.; 80.5 hp* 

23. A fire-engine supplies water to a nozzle through 500 ft. of 3-inch hose. 

What power at the pump will be necessary to maintain a stream of water having 
a velocity of 75 ft. per sec., with the nozzle held 30 ft. above the pump cylinder? 
The nozzle has a diameter of 1J in.* at the tip and a coefficient of 0.90. The value 
of/for the hose may be assumed at 0.017. Ans. 33.8 hp. 

24. Water is pumped from reservoir A, at Elev. 100, through 4000 ft. of 2 ft. 

pipe to reservoir B at Elev. 300. The pump is dose to reservoir A and at the 
same elevation as A. A hydraulic motor is placed in the pipe line at a point mid¬ 
way on the length of pipe, and at Elev. 275. The motor delivers 56 hp. and is 
80% efficient. With a water delivery of 31.4 cu. ft. per sec., what will be the 
power output of the pump? What will be the pressures at entrance to, and exit 
from, the motor? Plot the grade line showing its elevations at controlling points. 
Assume/ = 0.02. Ans. 1015 hp.; 32.8 and 24.2 lb. per sq. in* 

25 . ^A pump, taking water from a reservoir at Elev. 0, pumps it through & 
12-inch diameter pipe over a hill whose summit is at Elev. 160 and is 2000 ft, 
from the pump. The pipe continues 1000 ft. farther when it terminates in a 
3-inch nozzle. The pump is to deliver 6 cu. ft. per sec. and the gauge pressure 
ttt the top of the hill is to be 60 lb. per sq. in. Assume / = 0.02 for the pipe and 
Cv - c,j -i 0.95 for the nozzle. Neglect entrance loss at the pump. 

Compute, (a) the horsepower output of the pump, 

(d) the height of the nozzle above the pump, 

(c) the elevations of the hydraulic gradient at the pump, top of 
hill, base of nozzle and tip of nozzle. 

26 . Water is pumped through 3000 ft. of 6-inch pipe to a reservoir whose levol 
is 20 ft. above the pump. During pumping, a gauge on the line at a point 40 fti 
above the pump and 1000 ft. away from it (measured on the pipe) reads 20 lb, 
per sq. in. At the same time a gauge on the 6-inch suc/ion pipe, close to thf 
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pump, reads 7.35 lb. per sq. in. below atmosphere. Against what head is the 
pump.working? What energy does the pump impart to the water per second? 
Assume / = 0.02. Ans. 22.3 hp. 

27. Compute the diameter of pipe necessary for discharging 1500 gal. of 
water per min., the pipe being of cast iron, 1000 ft. long, and its discharging 
end 4 ft. lower than the surface of the reservoir supplying it. 

28. What commercial size of pipe should be used for the data in the previous 
problem if it is to have the required capacity at the end of 30 years? 

29. Reservoir A is at elevation 1000 ft. above datum. Thence an 8-inch pipe 
line leads 3000 ft. to elevation 800, at which point it branches into two lines: a 
6-inch line running 2000 ft. to reservoir B, elevation 850, and a 6-inch line 
running 1000 ft. to reservoir C, elevation 875. At what rate will water be 
delivered to each reservoir? Assume/ = 0.02 in all cases. 

Ans. To Bf 1.35 cu. ft, per sec. 

To C, 1.45 cu. ft. per sec. 

30. A reservoir at elevation 300 ft. above datum furnishes water to a 24-inch 
pipe which leads to a point at elevation 100 ft., the pipe being 2000 ft. long. 
Here it branches into 3 pipes, 8 in., 12 in., and 6 in. in diameter. The 8-inch 
runs 1000 ft. and discharges at elevation 250, the 12-inch runs 1500 ft. to eleva¬ 
tion 175, and the 6-inch runs 3000 ft. and discharges at elevation 100. Compute 
the discharge for each pipe. Assume / = 0.02. 

Ans. From 8-in., 3.2 cu. ft. per sec. 

From 12-in., 12,3 cu. ft. per sec. 

From 6-in., 2.0 cu. ft. per sec. 

31. Reservoir No. 1 is at Grade 400. Thence an 18-inch pipe, which is to 
carry 7 cu. ft. per sec. of water, leads 2000 ft. to Grade 300. It there divides and 
Branch A, 12 in. in diameter, leads 13,000 ft. to Reservoir No. 2, which is at 
Grade 250. Branch B leads 4000 ft. to Reservoir No. 3, which is at Grade 50. 

Neglect all losses except from friction, assume / as 0,02 in each case, and find 
the diameter of Branch B. Ans. 6 in. 

32. A 12-inch pipe, 8000 ft. long, is connected with a reservoir whose surface 

is 250 ft. above the pipe’s discharging end. If for the last 4000 ft. a second pipe 
of the same diameter be laid beside the first and connected to it, what would be 
the increase in discharge? Assume / = 0.02. Ans. 2.1 cu. ft. per sec. 

33. Assuming the pipe line as described in the first part of the preceding 

|:)roblem, find the change in discharge resulting from inserting in the original 
line a section of 18-mch pipe 2000 ft. long. (No restriction is made regarding 
the location of the enlarged portion.) Loss by change in section may be neg¬ 
lected and / assumed equal to 0.02. Ans. 1.1 cu. ft. per sec. 

34. A 6-inch pipe leaves a straight 4-inch pipe at a point A and later joins 
it again at a point C. The distance AC on the straight 4-inch pipe is 2000 ft. and 
on the 6-inch pipe it is 15,000 ft. How will the flow divide when it comes to i4 ? 
Assume / = 0.02 for both pipes and consider only losses by pipe friction. 

Ans. Ratio 1 to 1* 
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35 . A 48-inch main, carrying 75.4 cu. ft. per sec. branches at a point A intoi* 

two pipes, one 2000 ft. long, 3 ft. in diameter, and one 6000 ft. long, 2. ft. in 
diameter. Both pipes come together at a point B and continue as a single 48- 
inch pipe. The following value of / may be assumed; / = 0.0210,0.022 and 0.023 
respectively for the 48-inch, 36-inch and 24^inch pipes. Compute the rate of 
flow in the branch pipes. Ans. 13 and 62.4 cu. ft. per sec. 

36. A 6-inch pipe leaves a straight 4-inch pipe at a point A, and later joins 
it again at C. The distance on the straight 4-inch pipe is 2000 ft. How long 
will the 6-inch pipe have to be in order that the flow in the two pipes may be 
the same? Assume / = 0.02 and consider only losses by pipe friction. 

Ans, 15,200 ft 

37. What head would be required for an 8-inch wood-stave pipe line, 3000 ft. 
long, leading from a reservoir and terminating in a 2-inch nozzle, the required 
discharge being that corresponding to a velocity of flow of 6 ft. per sec. in the 
pipe? Assume velocity coefficient for the nozzle at 0.95 and / = 0.0223. 

Ans, 215 ft. 

38. A 24-inch steel pipe line leaves a reservoir at elevation 1400 and runs 

8000 ft. on a straight grade to elevation 1300; thence on a straight grade 4000 
ft. to elevation 700, where it terminates in a 4-inch nozzle. The reservoir level 
being at elevation 1450, sketch the hydraulic grade line, giving elevations at a 
sufficient number of points to define it. Assume / = 0.025 and = Cj = 0.93 
for the nozzle. At 80% efficiency, what horsepower can be developed by a wheel 
driven by the jet? Ans. 960 hp. 

39. A pipe line 30,000 ft. long and 6 ft. in diameter supplies 10 nozzles with 
water from a reservoir whose level is 507 ft. above the nozzles. Each nozzle has 
an opening of 6 sq. in. and a coefficient of discharge and velocity of 0.95. Assum¬ 
ing/ = 0.017, find the aggregate horsepow^ available in the jets. 

Ans, 3640 hpi 

40. A 24-inch pipe line, 5000 ft. long is to take water from a reservoir at £)* 

500 and discharge it through a 6-inch nozzle (c^ = Cv = 0.95) at EL 100. The 
pipe line is to be constructed so that at a point. A, 4500 ft. from the reservoir, 
the pipe shall be 10 ft. below the hydraulic grade line. What would be the elevaf 
tion of the pipe at A and what hp. will be available in the jet from the nozzle? 
Assume/ = 0.025 and no loss at entrance to pipe. Ans. 424 ft.; 910 hpi 

41. A 6-inch pipe line, 2400 ft. long, has its discharging end 20 ft. below the 

level of the reservoir which supplies it. The discharge is 0.50 cu. ft. per ^c. and 
/ = 0.025. Compute the loss in head which is being caused by a partial obstruc* 
tion that exists in the pipe. Ans, 7.9, ft 

42. Two open, cylindrical tanks are connected by 1000 ft. of 3-inch iron pipe 
laid horizontally. Reservoir A is 25 ft. in diameter and its water level is 36 hi 
above that in reservoir B whose diameter is 16 ft. How long, after opening $ 
valve on the pipe line, will it be before the reservoir levels are the same? Assumi 
/ to be constant at 0.02 and neglect head lost at entrance, Ans. 10 hr. 54 mini 
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43. A pitot-static tube placed at the center of a 24-inch pipe registered a 

differential pressure-head of 22.3 in. of water. Assuming c = 0.975 and a pipe 
coefficient of 0.83, compute the flow rate. Ans, 27.8 cu. ft. per sec. 

44. Air at a temperature of 60° F. flows in a 6-inch pipe, the static pressure at 

a certain section being 24.7 lb. per sq. in. absolute. A pitot-static tube at the 
center of the same section produces a deflection of 12 in. of water in a differential 
gauge. Assuming c — 1.00 and a pipe coefficient of 0.87, what rate of discharge 
is indicated? ' Ans, 3.86 lb. per sec. 

45. A Cole pitometer was used to measure the velocity in a 12-inch pipe. 

Carbon tetrachloride (sp. gr. = 1.50) was used in the differential gauge, and 
the deflection during a 10-point traverse noted. Deflections were as follows, 
commencing at one side of the pipe: 0.112^, 0.179^, 0.218', 0.245', 0.267', 
0.261', 0.230', 0.182', 0.159' and 0.091'. During the traverse a reading at the 
center gave a deflection of 0.279'. What was the flow rate and the value of the 
coefficient? Ans. 1.94 cu. ft. per sec.; 0.824. 

46. A Cole pitometer is set with its orifices at the center of a 16-inch pipe. 

For three different rates of discharge the deflection, s, of the carbon tetrachlor¬ 
ide (sp. gr. 1.50) in the differential gauge is 2, 7 and 13 in. With c = 0.84, what 
are the three discharges? The ratio of the mean velocity to center velocity may 
be assumed as 0.83. Ans. 2.26, 4.22 and 5.75 cu. ft. per sec, 

47. A Venturi meter has an area ratio of 9 to 1, the larger diameter being 

12 in. During flow the recorded pressure-head in the large section is 21.4 ft. and 
that at the throat, 13.9 ft. If c be 0.99, what rate of discharge through the meter 
is indicated? Ans. 1.89 cu. ft. per sec. 

48. A 24-inch Venturi meter has a throat diameter of 8 in. During a 10-min- 

ute test it discharged 18,600 cu. ft. of water with a mean pressure-head at the 
large section of 112 ft. and at th§ throat a negative pressure corresponding to 
10.50 in. of mercury. Compute the coefficient of the meter. Ans. 0.99, 

49. The discharge through a Venturi meter is 920 gal. per min. The diameter 

of the pipe is 30 in. and the area ratio is 4 to 1. If the value of c be 0.99 and the 
pressure-head at entrance 18.8 ft., find the velocity and the pressure-head at the 
throat Ans. 18,76 ft,; 1.68 ft, per sec, 

50. A special Venturi meter has area ratios of 1 to 10. It is fitted to a 2-ft. 

])ipe and the difference in pressure between the entrance and the throat corre¬ 
sponds to 18 in. of mercury. What discharge is indicated, assuming a coefficient 
of discharge of 0.98? Ans. 11.2 cu. ft per sec. 

51. A Venturi meter with an area ratio of 1 to 4 measures the flow of air in a 

3-inch pipe. The air temperature is 80° F., the absolute pressure at the inlet is 
18 lb. per sq. in., and the differential pressure is 2 lb. per sq. in. If c be 0.96, com¬ 
pute the weight flow per sec. Ans, 0.465 lb. per sec. 

52. A Venturi meter with an area ratio of 1 to 4 has a coefficient of 0.95 and 

measures the flow of air at 60° F. through a 6-inch pipe. The absolute pressure 
at the inlet is 34.7 lb. per sq. in. and the differential pressure is 2.95 lb. per sq. in. 
What is the flow rate? Ans. 3.2 lb. per sec. 
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53 . Oil having an A.P.I. gravity of 30°, and a viscosity of 600 Saybolt sec* 

onds, flows through 10,000 ft. of 4-inch pipe under a head of 220 ft. What is the 
flowrate? ' Ans,0AS cu. ft. per sec. 

54 . Water at 40° F. flows through a 0.5-inch pipe with a velocity of 0.75 ft. 

per sec. At what rate is head being lost? Ans. 7.2 ft. per 1000 ft. 

55. A long 10-inch pipe line, approximately level, is to carry oil to a refinery. 
The oil has a viscosity of 400 Saybolt seconds, and its A.P.I. gravity is 40 
degrees. The approximate distance between pumping stations on the line is 
required. The pumps will develop a head of 900 ft. and their inlet pressures, 
must not fall below 5 lb. per sq. in. The rate of pumping is 1500 gpm. 

Ans, 31,000 ft. 

56. If the velocity of flow in a 2-ft. cast-iron pipe {E = 12,000,000) he 
changed in 0.25 sec. from 2 ft. per sec. to 0 by closing a valve 1000 ft. from 
a reservoir, what probable increase in'pressure due to water hammer will be 
obtained close to the valve? The pipe wall is f in. thick. 

Ans, 94.2 lb. per sq. in. 

57. A 6-ft. pipe conducting water to a number of turbines is made from steel 

plate 0.25 in. thick. When the velocity of flow is 8 ft. per sec., a quick closing 
gate operates to stop the flow. What excess pressure is developed near the gate 
due to water hammer? What maximum time may be taken in closing the gate 
without diminishing this pressure if pipe be 15,200 ft. long. Estimate the prob¬ 
able time that should be taken if the rise in pressure is not to exceed 100 lb. per 
sq. in. Ans, (a) 258 lb. per sq. in, 

, {h) 12.8 sec. 

(c) 33 sec. 

58. An asbestos-cement pipe, 36 in. in diameter and 1 in. thick, carries water 

with a mean velocity of 5 ft. per sec. The value of E being 3,000,000 lb. fjer 
sq, in., what will be the pressure rise if a gate 5000 ft. from the supplying reser¬ 
voir be closed in 2 sec.? Ans. 149 lb. per sq. in, 

59 . Air is forced into a 2-inch iron pipe under a pressure of 40 lb. per sq. in. 
(relative), and a temperature of 70° F., at the rate of 0.11 lb. per sec. What will 
be the probable pressure at a point 500 ft. from the inlet? 

Ans. 54 lb. per sq. in. (abs,) 

60 . Air blows through a smooth steel pipe, 3 in. in diameter, at a tem|>erature 

of 60° F. Its viscosity is 0.377 X 10“®. At two points 1000 ft. apart on the pipe 
the absolute pressures are 100 and 80 lb. per sq. in. What is the weight flow per 
second? Ans. 1.82 lb. per sec., 
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Open Channels 


141. General 

The term open channel is here used to include not only all natural 
streams and artificial canals, but also all forms of closed conduits which 
flow only partly full. A distinct difference between open channels and 
closed conduits under pressure is that the latter depend upon an external 
head for the production of flow, while the former depend upon the slope 
given their free surface. 

The analytical treatment of open channel flow -is more difficult and 
unsatisfactory than the flow in pipes, because of the wide variation in the 
conditions which present themselves. Pipes are generally circular in form 
and their roughpess and diameter are the chief variables. With the open 
channel, not only is there a wide variation in the nature of the lining, but 
the cross-section may have an infinite variety of shapes and change from 
section to section. Under these circumstances, it is exceedingly difficult 
to derive a formula for flow that will be general in its application. 

Broadly viewed, all open channels may be classified as 

1. Artificial channels. 

(a) Uniform flow. 

{b) Non-uniform, or varied, flow. 

2. Natural channels. 

142. Artificial Ghannels, Uniform Flow 

Here, as in all previous subjects treated, the condition of steady flow 
will be assumed, so that the quantity of water passing any section of the 
stream is constant. To make the flow uniform, aU cross-sections must be 
identical in form and area, necessitating constant depth and constant mean 
velocity at each section. Under these conditions the surface of the water 
is parallel to the bed, both having an angle of inclination, a, with the 
horizontal. The inclination of the surface we shall speak of as the slope of 
the channel and express it as , 
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h being the vertical fall occurring in the length of channel, and S the 
sine of a (Fig. 140). In any cross-section ABCD, that part of the channel 
lining which comes in contact with the stream is known as the wetted 
perimeter. In two channels of equal area, having like slopes and walls of 
like materials, it is obvious that the channel having the smaller wetted 






perimeter will have the higher velocity of flow on account of lesser fric-i 
tion^ resistance. The ratio of the area to the wetted perimeter is there¬ 
fore an important factor in the rate of flow and to it is given the name of 
hydraidic radius or hydraulic mean depth. 

Hydraulic radius = R = ——■ ■ 

Perimeter 


The term has little significance in itself. It should be regarded as a name 
for an oft-recurring ratio. 

Referring to Fig. 140, we may regard the water between any two sec¬ 
tions, AB and EFj as a solid prism having a uniform motion down the 
inclined trough of the channel. The forces producing and hindering 
motion are its weight Awl, the end pressures Pi and P 2 , and the frictional 
resistance P/ offered by the sides of the channel (Fig. 141). The forces Pi 



and P 2 are equal since they represent the pressures on two equal areas 
under equal pressure-heads. Since they are opposite in direction, we need 
not consider them. The component of the prismas weight W, along the 
line of motion, being Awl sin a, and the motion being uniform, we have 


Awl sin a = P/. 
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If F represents the value of the frictional resistance per unit area of rub¬ 
bing surface, so that 

Pf = FI X wetted perimeter = FI X ^ y 
the above equation may be written 


Awl sin a 
Al 


X R, or F = wRS. 


(151) 


Our knowledge of fluid friction, as outlined in the previous chapter, shows 
F to vary approximately with v^, the approximation being expressed, in 
the exponent of d. If we assume 

F= cv^, 


c being a constant whose value depends on the channel lining, equation 
(151) may be written, ^ _ cV^ (152) 

W 

in which C has replaced sj-- This formula is known as Chezy’s formula, 

c 

and is identical with the one deduced in Art. 128 to express the law of 
flow in pipes. 

In the derivation just given, all fairly rational treatment of the prob¬ 
lem ceased with the assumption that F = cv^. This relation we have seen 
to be only an approximate one. If it were strictly true, C in Chezy’s form¬ 
ula would be constant for any particular channel, varying only with the 
roughness of its lining. Experiments show that this is not the case, and 
that C varies with R also. It is probable that C varies with the shape of 
the cross-section, but just how is not known. 


143. Determination of C by Ganguillet and Kutter 

In 1869 Ganguillet and Kutter, Swiss engineers, made a comprehen¬ 
sive study of all available open-channel experiments and from them de¬ 
duced a formula for C. The experiments from which they drew their con¬ 
clusions ranged from observations on small, artificial channels up to 
measurements made on the Misssisippi River. Their formula is 


C = 


0.00281 1.811 

41.65 +-— +- 

S n 


1 + 


(«. 


65 -I- 


0.0028l\ n 
S 


It will be noticed that they made C dependent upc«i the slope, S, a- 
well as upon roughness and the hydraulic radius. Roughness is repre¬ 
sented by the factor n, and recommended values for various linings were 
given by the authors. Subsequent studies by other engineers have furs 
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nished data for the more extensive list given in the accompanying table, 
which is based on values by^Horton* 

Values or n in the Kutter and Manning Formulas 


(Based on Values by Robert E. Horton*) 


Nature of surface 

Range in n 

Commonly 

used 

Uncoated cast-iron. 

0,012 -0,015 

0.014 

Coated cast-iron..... 

0,011 -0,013 

0.012 

Riveted steel... 

0,013 -0,017 

0.015 

Vitrified sewer pipe. 

0,010 -0,017 

0.013 

Brick in cement mortar. 

0.012 -0.017 

0.015 

Neat cement. 

0.010 -0.013 

0.011 

Cement mortar.. 

0.011 -0.015 

0.013 

Concrete pipe. ■ . 

0.012 -0.016 

0.013 

Concrete channels... 

0.012 -0.018 

0.014 

Wood-stave pipe.. .. . 

0.010 -0,013 

0.011 

Plank flumes 



Planed.. .. 

0.010 -0.014 

0.012 

Unplaned. 

Cement-rubble masonry.-- . 

Dry rubble masonry. ^ . 

Dressed ashlar masonry. 

0.011 -0,015 
0.017 -0.030 
0.025 -0.035 
0.013 -0.017 

0.013 

Semi-circular metal flumes ^ 



Smooth. 

0.011 -0.015 

0.013 

Corrugated.. ■ -... 

0.0225-0.030 

0.028 

Canals and ditches 



Earth, straight and uniform. 

0.017 -0.025 

0.0225 

Rock cuts, smooth and uniform. 

Rock cuts, jagged and irregular. 

0.025 -0.035 
0.035 -0.045 

0.033 

Dredged in earth. 

0.025 -0.033 

0.0275 

Earth bottom, rubble sides. 

0.028 -0.035 

0.032 

Natural streams 



(1) Clean, straight, uniform. 

(2) Same as (1) but some weeds and stones.. . . 

(3) Winding with pools and shoals. 

(4) Same as (3), some weeds and stones. 

(5) Sluggish river reaches, rather weedy. 

0.025 -0.033 
0.030 -0,040 
0.033 -0.045 
0.035 -0.050 
0,050 -0.08C 

i 

1 

1 

(6) Sluggish river reaches, very weedy. 

0.075 -0.150 



• Robert E. Horton, Engineering News^ Feb. 24 and May 4, 1916. 
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A study of Ganguillet and Kutter^s original report indicates that the 
inclusion of S in their formula was the result of their efforts to make it 
agree with the measurements on the Mississippi River. Subsequent in¬ 
vestigations have shown that the accuracy of these measurements is in 
doubt, and it is probable that without them the inclusion of S would 
not have been made. However, the effect of 5 on C as given by the for¬ 
mula is very small, except for small values of S. This may be seen from 
an inspection of the table on page 272 which shows the value of Kut- 
ter’s C under different combinations of R, S and n. Between slopes of 0.01 
and 0.001 the variation in C is quite small, and for slopes steeper than 
0,001 the value of C, computed for S = 0.001, may be used without in¬ 
curring errors larger than are inherent to the formula. For S = 0.001 the 
value of C becomes 


44.4 + 


1.811 


C = 


1 + 44.4 


VR 


Kutter^s formula has been, and is, widely used in this country and 
abroad. The Manning formula (Art. 145) has of late been preferred by 
many engineers because of its simplicity and because it gives results 
agreeing fairly well with those of the Kutter formula. The United States 
Bureau of Agricultural Engineering and Reclamation, at present writing, 
still prefers the Kutter formula, as do various agencies building and 
operating canals in India, Italy, South America, South Africa and Swit¬ 
zerland. * 


144. Determination of C by Bazin 


In 1897, H. Bazin (Annales des Fonts ei Chaussees^ 1897) made a most 
elaborate and careful discussion of his own, and all other reliable experi¬ 
ments, and proposed a formula for C which may, for English units of 
measure, be written as follows: 


C = 


157.6 


1 + 


m 

Vr 


(153) 


The quantity R is the hydraulic radius and w is a coefficient of roughness 
like the n in Kutter's formula. Values for m appear on page 273. 

* Fred C. Scobey, Flow of Water in Irrigation and Similar Canals, Tech. Bull. No. 652, 
U. S. Dept, of Agriculture, Feb., 1939. 
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Coefficient, C, by the Kutter Formula 


Hydraulic radius, R, in feet 


Slope 

n 

0.2 

0,3 

0.4 

0.6 

0.8 

1.0 

1.5 

2.0 

2.5 

3.0 

4.0 

6.0 

8.0 

10.0 

15.0 

0. WU05 

0.010 

87 

99 

109 

122 

133 

140 

154 

164 

172 

178 

187 

199 

207 

213 

220 


.011 

77 

88 

97 

109 

119 

126 

139 

148 

156 

161 

170 

182 

190 

195 

209 


.012 

68 

79 

88 

98 

107 

114 

126 

135 

142 

148 

156 

168 

176 

181 

189 


.013 

62 

71 

79 

90 

98 

104 

m 

124 

131 

136 

145 

156 

164 

169 

179 


.015 

51 

59 

66 

76 

83 

89 

99 

107 

113 

118 

126 

137 

145 

149 

159 


.017 

44 

50 

57 

65 

71 

77 

87 

94 

98 

104 

111 

122 

129 

134 

142 


.020 

35 

41 

46 

53 

59 

64 

72 

79 

84 

88 

95 

105 

in 

116 

125 


.0225 

30 

36 

40 

46 

52 

56 

64 

70 

75 

79 

85 

94 

100 

105 

114 


,025 

26 

31 

35 

41 

46 

49 

57 

62 

66 

71 

77 

85 

92 

96 

104 


.030 

21 

25 

28 

33 

37 

40 

47 

51 

55 

59 

64 

72 

78 

82 

90 


0,010 

98 

109 

119 

131 

140 

147 

159 

168 

173 

178 

186 

195 

202 

205 

212 


,011 

86 

97 

106 

118 

126 

132 

144 

151 

157 

162 

169 

178 

185 

186 

196 


.012 

76 

87 

95 

105 

114 

120 

IJO 

138 

144 

149 

155 

164 

170 

174 

180 


.013 

69 

78 

86 

96 

103 

109" 

120 

127 

133 

137 

143 

152 

158 

162 

169 


,015 

57 

65 

72 

81 

88 

93 

103 

109 

114 

119 

125 

134 

140 

143 

150 


.017 

48 

56 

62 

70 

76 

81 

89 

96 

99 

104 

111 

119 

125 

128 

135 


.020 

39 

45 

50 

57 

63 

67 

75 

81 

85 

89 

94 

102 

107 

111 

118 


.0223 

33 

39 

43 

50 

55 

59 

66 

71 

75 

79 

84 

92 

97 

100 

107 


.025 

29 

34 

38 

44 

48 

52 

59 

64 

67 

71 

76 

84 

89 

92 

98 


,030 

23 

27 

31 

35 

39 

42 

48 

53 

55 

59 

64 

71 

75 

78 

85 

O.UUDI 

0.010 

105 

117 

126 

138 

145 

152 

163 

170 

175 

179 

185 

193 

198 

202 

207 


.011 

92 

104 

112 

123 

131 

136 

147 

154 

159 

163 

169 

176 

181 

184 

190 


.012 

83 

93 

100 

111 

118 

124 

1.33 

140 

145 

149 

155 

162 

167 

170 

176 


.013 

75 

84 

91 

101 

108- 

113 

123 

129 

134 

137 

143 

151 

155 

159 

164 


.015 

61 

69 

76 

85 

91 

96 

105 

in 

114 

119 

125 

132 

137 

140 

145 


.017 

52 

59 

65 

73 

79 

83 

91 

97 

100 

105 

no 

117 

122 

125 

130 


.020 

42 

48 

53 , 

60 

65 

69 

77 

82 

85 

89 

94 

100 

105 

108 

113 


.0225 

36 

41 

46 

52 

57 

61 

67 

73 

76 

79 

84 

90 

94 

98 

103 


.025 

31 

36 

40 

46 

SO 

54 

60 

65 

68 

71 

76 

82 

86 

89 

94 


.030 

25 

29 

32 

37 

41 

44 

49 

53- 

57 

59 

63 

69 

73 

76 

81 

0.0004 

0.010 

no 

121 

129 

141 

149 

154 

164 

171 

175 

179 

185 

191 

196 

199 

204 


.011 

97 

108 

115 

126 

133 

139 

148 

155 

159 

163 

168 

175 

179 

182 

187 


.012 

87 

97 

104 

113 

121 

125 

135 

141 

145 

149 

154 

161 

165 

168 

172 


.013 

78 

87 

94 

104 

no 

115 

124 

130 

134 

138 

143 

149 

154 

157 

161 


.015 

65 

73 

79 

87 

93 

98 

106* 

112 

116 

119 

124 

130 

135 

138 

141 


.017 

54 

62 

68 

75 

81 

85 

93 

98 

101 

105 

no 

116 

120 

123 

128 


.020 

44 

50 

55 

62 

67 

70 

78 

83 

86 

89 

94 

99 

104 

106 

no 


.0225 

37 

43 

47 

54 

58 

62 

68 

73 

76 

79 

84 

89 

93 

96 

101 


.025 

32 

37 

42 

47 

51 

55 

61 

65 

68 

71 

75 

81 

85 

86 

92 


.030 

26 

30 

33 

38 

41 

44 

50 

54 

57 

59 

63 

68 

73 

75 

80 

0.001 

0.010 

113 

124 

132 

143 

ISO 

155 

165 

171 

175 

179 

184 

190 

195 

197 

201 


.011 

100 

110 

U8 

128 

135 

140 

149 

155 

160 

163 

168 

174 

'178 

181 

186 


.012 

89 

99 

105 

115 

122 

127 

M6 

142 

145 

149 

154 

160 

164 

167 

171 


.013 

80 

89 

96 

105 

111 

116 

125 

130 

135 

138 

143 

149 

153 

155 

160 


.015 

66 

76 

80 

88 

94 

99 

107 

112 

116 

119 

124 

130 

133 

135 

141 


.017 

56 

64 

69 

76 

82 

86 

93 

99 

102 

105 

no 

ns 

119 

122 

126 


.020 

45 

52 

56 

63 

68 

71 

78 

83 

86 

89 

93 

99 

103 

105 

no 


.0225 

39 

44 

48 

55 

59 

62 

69 

73 

77 

79 

83 

89 

92 

95 

99 


.025 

34 

39 

42 

48 

52 

55 

6! 

66 

69 

71 

75 

81 

84 

87 

91 


.030 

27 

30 

34 

38 

42 

45 

50 

54 

57 

59 

63 

68 

72 

74 

78 

0.01 

0.010 

114 

125 

133 

143 

151 

156 

165 

171 

175 

179 

184 

190 

194 

196 

200 


.011 

102 

112 

119 

130 

136 

141 

150 

156 

160 

164 

168 

174 

178 

iro. 

185 


.012 

89 

100 

107 

117 

122 

128 

136 

142 

145 

149 

154 

160 

163 

166 

170 


.013 

82 

91 

97 

106 

113 

117 

125 

131 

135 

138 

142 

148 

152 

154 

159 


.015 

67 

76 

82 

90 

95 

100 

107 

113 

116 

119 

124 

130 

133 

136 

140 


.017 

57 

64 

70 

77 

82 

87 

94 

99 

103 

105 

109 

115 

118 

121 

126 


.020 

46 

52 

57 

64 

68 

72 

79 

83 

87 

89 

93 

99 

102 

105 

109 


.0225 

39 

45 

49 

55 

60 

63 

69 

74 

77 

79 

83 

88 

92 

94 

98 


.025 

34 

39 

44 

49 

S3 

56 

62 

66 

68 

71 

75 

80 

S3 

86 

90 


.030 

27 

31 

35 

39 

43 

45 

51 

55 

58 

59 

63 

68 

71 

74 

77 
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Channel Lining 

m 

For very smooth cement surfaces or planed boards. 0.109 

For unplaned boards, well laid brick, or concrete. 0. 290 

For ashlar, good rubble masonry, or poor brickwork. 0. 833 

For earth beds in perfect condition. 1.54 

For earth beds in fair or ordinary condition. 2.35 

For earth beds in bad condition, being covered with sticks, stones, weeds, 
and other detritus. 3.17 


Values of C computed from (153) for various values of R and m are given 
in the following table: 


Coefficient, C, by the Bazin Formula 


Hydraulic 


Coefficient of roughness m 


radius R in 
feet 

m = ,109 

m = .29 

m = .833 

m = 1.54 

m = 2.35 

m =. 317 

0.2 

126 

96 

55 

36 

25 

19 

.3 

132 

103 

63 

41 

30 

23 

.4 

134 

108 

68 

46 

33 

26 

.5 

136 

112 

71 

50 

36 

29 

. 75 

140 

118 ’ 

80 

57 

42 

34 

1.0 

142 

122 

86 

62 

47 

38 

1.25 

143 

125 

90 

66 

51 

41 

1.50 

145 

127 

94 

70 

54 

44 

2.0 

146 

131 

99 

76 

59 

49 

2.5 

147 

133 

104 

80 

63 

53 

3.0 

148 

135 

106 

83 

67 

57 

5.0 

150 

140 

115 

93 

77 

65 

7.0 

152 

142 

120 

100 

83 

72 

10.0 

152 

144 

125 

106 

91 ' 

79 

12.0 

153 

145 

127 

109 

94 

82 

16.0 

153 

147 

130 

114 

99 

88 

20.0 

154 

148 

133 

117 

103 

92 


It will be noted that Bazin’s formula makes C independent of the slope, 
its author believing that the latter had little influence on the coefficient, 
The formula is much simpler than Kutter’s and has been extensively 
used in France. In general it will be found to give smaller results than 
Kutter’s formula, and its use should be restricted to small artificial chan- 
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nels since it was derived from experimental data largely obtained from 
such channels. 

145. Determination of C by Manning 
In 1890 Manning, an Irish engineer, suggested the following formula 


for open channels: 

1.486 a 1 

V =- R^S\ 

n 

(154) 

This may be written 

V = 

n 

(155) 


which is the Chezy formula with 

^ \aS6R^ 


n 

The quantity n is a coefficient of roughness and identical in value with 
the n of Kutter. It will be noted that this expression for C is even more 
simple than Bazin’s and, like the latter, makes C independent of S. 

The accompanying table shows values of C for various values of n 
and R, It should be studied with reference to the one prepared from Kut- 
ter’s formula and the degree of agreement noted. 


Coefficient, C, by the Manning Formula 


Hydraulic Radius in feet 


fl 

(1.1 

0.2 

0.4 

0,6 

OS 

l-O 

15 

2 

3 

4 

6 

8 

10 

12 

14 

16 

18 

20 

.010 

101 

114 

127 

137 

143 

149 

159 

167 

179 

187 

200 

210 

218 

225 

231 

236 

240 

244 

.011 

n 

103 

116 

124 

UO 

135 

145 

152 

162 

170 

182 

191 

198 

204 

210 

214 

215 

222 

.012 

84 

95 

106 

114 

119 

124 

133 

139 

149 

ISf) 

167 

175 

182 

188 

192 

197 

201 

204 

.013 

7g 

87 

98 

105 

no 

114 

122 

128; 

137 

144 

154 

162 

L68 

173 

177 

181 

155 

188 

.014 

72 

81 

91 

97 

102 

106 

1L4 

119 

127 

134 

143 

150 

156 

161 

165 

168 

J71 

173 

.015 

6H 

76 

85 

91 

95 

99 

106 

in 

119; 

125 

134 

140 

145 

ISO 

154 

157 

160 

163 

.016 

63 

71 

m 

85 

90 

93 

99 

104 

111 

117 

125 

U1 

136 

141 

144 

147 

150 

153 

.017 

60 

67 

75 

80 

84 

87 

94 

98 

105 

no 

118 

124 

128 

132 

136 

139 

142 

144 

.018 

56 

63 

71 

76 

80 

83 

88 

93 

99 

104 

111 

117 

121 

125 

128 

131 

J34 

136 

.020 

SI 

S7 

64 

68 

72 

74 

SO 

84 

89 

94 

100 

105 

109 

113 

115 

118 

120 

122 

.022 

46 

52 

58 

62 

65 

68 

72 

76 

81 

85 

91 

90 

99 

102 

105 

107 

109 

111 

.024 

42 

47 

53 

57 

60 

62 

66 

70 

74 

78 

84 

88; 

91 

94 

96 

98 

lOO 

102 

.026 

39! 

44 

49 

53 

5.5 

57 

61 

64 

69 

72 

77 

81 

84 

87 

89 

91 

92 

94 

.028 

36 

41 

46 

49 

51 

53 

57 

60 

64 

67 

72 

75 

7S 

SO 

82 

84 

86 

67 

.030 

34 

33 

42 

46 

4S 

SO 

53 

56 

60 

62 

67 

70 

73 

75 

77 

79 

HO 

83 

.035 

29 

32 

36 

39 

41 

421 

45 

48 

51 

53 

57 

60 

62 

64 

66 

67 

69 

70 

.040 

2S 

28 

32 

34 

36 

37 

40 

42 

45 

47 

50 

53 

55 

56 

58 

59 

60 

61 
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146. Comparison of the Kutter and Manning Fot-mulas 

The constants of both formulas were originally expressed in metric 
units. If the value of R in each formula be assumed at 3.28 feet (1 meter), 
it will be found that 

n ’ 

or the two formulas give identical results for this value of R, The above 
equation does not contain 5, hence we may reason that the Kutter for- 


High Level Canal on the Platte River, Colo. 

iiiula will give results unaffected by values of 5, so long as i? = 3.28 feet. 
I his is a weakness of the formula, as it would be absurd to argue 
that slope could affect the value of C in every channel save one having a 
hydraulic radius of 3.28 feet. The formula is entirely empirical, however, 
and such an absurdity is not surprising. Empirical formulas, lacking as 
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they do a rational basis, frequently are not susceptiblei to rational 
interpretation. This does not imply that they are necessarily untrust¬ 
worthy. 

As to agreement between the Manning and Kutter formulas for values 
of R other than 3.28 feet, it may be stated that 

For R < 3.28 feet, Kutter’s gives generally higher values of C than does 
Manning’s. 

For R > 3.28 feet, Kutter’s results are sometimes larger, sometimes 
smaller than Manning’s. 


In general, results by both formulas will be found to agree remarkably 
well except in cases of flat slopes having values less than 0.0004. 

An advantage found in the use of Manning’s formula is that a very 
simple relation exists between any given value of n and corresponding 
values of v or 5. An inspection of the formula shows that v varies in¬ 
versely as n, and S varies as for all values of i?. If we double n, other 
things remaining constant, the value of v will be halved; if we wish to 
maintain v constant with the new n, S must be made four times greater 
than its first value. The importance of these facts may be recognized by 
considering the problems which continually confront the designing engi¬ 
neer. His greatest difficulty lies in properly estimating the value of the 
roughness coefficient, n, and it becomes of prime importance that he know 
what error in computed values of or 5 results from an error in the 
selection of n. From the relations stated above, this question can be at 
once answered. If a certain error be made in selecting n, then a computed 
value of V (or Q) will contain the same percentage error but in the oppo¬ 
site direction. Likewise a value of S computed to give a certain velocity 
will contain double the same percentage error. 

Schoder has pointed out that the same relations hold approximately 
for the Kutter formula. ‘^Other things being equal, the slope S varies as 
(almost exactly for all values of R greater than 1 foot); the velocity v 
varies inversely as w, exactly for R = about 2 feet, and approximately for 
other values.” 

No such simple relation exists between n and its dependents, v and s, 
in Bazin’s formula, 

t 

147. The Kutter and Ba^in Formulas 


It is not generally understood that in some respects the Bazin for¬ 
mula closely resembles Kutter’s. If a moderate slope having a value of 


0.00281 be chosen, the fraction. 


0.00281 

S 


in Kutter’s formula may be re- 
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placed by unity. If a medium value of 0.0157 be used for w, the fraction 
1 811 

becomes 115. For these values Kutter’s formula reduces to 


n 


C = 


158 


1 + 


42.6W ’ 

VR 


which is identical with the Bazin formula if Bazin’s m be replaced by 
42.6w. The chief difference in the two formulas lies in the fact that m 
does not always equal 42.6w, but varies from 11 to 90n. Schoder first 
called attention to this fact in The Engineering News for August, 1912. 

Example.—Compute the rate of flow in a circular, brick-lined con¬ 
duit, 5 feet in diameter, having a slope of 1 in 1000. Conduit flows half 
full. 


By Kutter, 


D 

R ^ - = 1.25 ft. S = 0.001 
4 

n = 0.012 and C = 131 


V = 131 


Viooo 


65 ft. per sec. 


Q = 9.82 X 4.65 = 45.6 cu. ft. per sec. 
By Manning, n = 0.012 and C = 129 


V = 129 


x/^=4. 

>1000 


57 ft. per sec. 


By Bazin, 


Q = 9.82 X 4.57 = 44.9 cu. ft. per sec, 
m = 0,29 and C = 125, 


V = 125 


^/P = 4. 
>1000 


43 ft. per sec. 


Q = 9.82 X 4.43 = 43.5 cu. ft. per sec. 

148. Most Advantageous Cross-Section 

If an open channel has its slope, S, and cross-sectional area, fixed, 
it is evident that the maximum velocity (hence maximum discharge) will 
occur when the area is so shaped and proportioned that the wetted perim¬ 
eter will be as small as possible (frictional resistance being reduced to a 

minimum). Since R — — --, the same result is achieved by 

Wetted Perimeter' 

making R a maximum. If the Chezy formula be solved for 5, we have 

C^R’ 
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and it is apparent that a given velocity (hence discharge) may be main¬ 
tained at a minimum slope making R a maximum. Evidently the 
most advantageous channel results from making R a maximum, and were 
nothing else to be considered all channels might be designed on this basis. 
Practical considerations, however, often make it inadvisable to foUow 
this as a rule; but as a fact it should always be kept in mind and used as 
a guide. It becomes important, therefore, to determine what shapes and 
proportions result in maximum values of R. 

Since of all figures having equal areas the circle has the least perimeter, 
it follows that an open channel will have the smallest possible wetted 



u 


b 

Fig. 142 



perimeter (hence maximum IC) if the given area be inclosed by a semi' 
circle (Fig. 142a). Such sections are common in small sizes but necessi¬ 
tate the use of a lining. More often a channel is built with a rectangular 
or trapezoidal section. Since of aU rectangles having the same area the 
square has the least perimeter, it follows that a channel of rectangular 
section should have the shape and proportions of a half-square in order 
to have a maximum value for its hydraulic radius (Fig. 142^:). Similarly, 
if the channel section is to be trapezoidal (Fig. 142&), the minimum perim¬ 
eter'will be obtained if the section has the proportions of a half hexagon. 
Furthermore it should be noted that if the three channels illustrated all 
have the same area, the hydraulic radius decreases in value as we pass 
from the semi-circle to the trapezoid and from the trapezoid to the rec¬ 
tangle. The trapezoidal section shown has a larger R than that of the 
rectangle because its perimeter approaches more nearly the shape of a 

d 

semi-circle. For all three sections the value of R will be found to be - or 
half the depth. 

In unlined channels it is necessary to use the trapezoidal section if the 
earth banks are to maintain their form. Generally, the sides are sloped at 
equal angles, but it often happens that one side is made vertical, and 
lined, while the other is sloped. As a general case, therefore, it will be 
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assumed that both sides are sloped but at different angles, a and )3 (Fig. 
145). The latter may have any values. In this case we may proceed as 
follows to determine the proportions which, for a given area, A, make R 
a maximum. 



From the figure, 


- = cot a = a 
d 


~ = cot P = c 
d 


— = sm a = e 
m 


are all constants, so that 


= sin = / 


x = da, y = dc, m = - and n = -■ 

^ J 

For the area, we have 

-4 .M + ^ + ^-M+|(o + 4 


and 


h = 


A — — {a + c) 


Wetted Perimeter 


, d d + 

m~{-n + b = - + -~\ -— - - 

e f d 
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Hydraulic Radius, R, 


Ad 




, in which 


d is the only independent variable. If the first derivative of R with respect 
to d be obtained and placed equal to zero, the solution of the resulting 
equation will give that value of d which will make R a maximum. 


dd 

or 






= 0 , 


Substituting for A its value as given above, and solving for d, we obtain 
b b 


d = 


11 / 

- + f-(a + c) 


CSC a + CSC ^ — (cot a + cot /3) 


The corresponding value of R is 
If a = = 90°, 


R = l 
2 

2 


(156) 


(157) 


which proves the statement made earlier'regarding the proportions of the 
most advantageous rectangular section. 

Summarizing the foregoing proofs and statements, we may say that in 
semi-circular channels, and all trapezoidal channels having the best pro¬ 
portions, the hydraulic radius will equal the half-depth. 

Example 1.—Determine the best proportions for a trapezoidal chan¬ 
nel having an area of 100 square feet and sides sloping at 45 degrees. 

Solution. . , , , ,2 

A = bd -\- dr = 100 

100 - d^ 


b = 

R = 


d • 
100 


b + 2d\/l 
IQOd 


100 - d^{l - 2\/J) 
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Also R = - 
2 


and solving for d 


d = 7.4 ft. 
b = 6.1 ft. 


R = 3.7 ft. 


This solution depends only upon a knowledge that R must equal - and is 

A 


therefore recommended to the student. Equation (156) may be used in 
combination with an equation for the area as follows: 

From (156) 

d = ^ 

0.828 

A. = 100 = bd d^ 
or 

100 = 0 . 828^2 + 
d = 7.4 ft. 


Example 2.—A trapezoidal section has one side vertical and the other 
sloping at 30 degrees from‘the horizontal. Determine the best proportions 
for an area of 300 square feet. 

Solution, Using equation (156), 

d = ^. 

3 — \/3 

A = 300 = M -f 
or 

300 = 1.27(f2 -f 
d = 11.8 ft. 
b = 15.0 ft. 


R = 5.9 ft. 

Example 3.—A triangular channel with equally sloping sides is to 
have an area of A square feet. Detremine the vertex angle. 

Solution, Denoting the surafce width by w, the depth at the center by 
dy and the vertex angle by 2 q:, 
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and 


w = 2dx. 


from which 


^ j2 

A = — = drx 
2 




R = ~ 


A^x'^ 




2(1 + x^Y 


or 


dR AH\ - x^) 


= 0 


dx 4x“(l + x^)^ 

X = 1. 
a = 45°. 

The vertex angle is therefore 90° and the center depth is one-half the 
surface width. 

This result might have been arrived at by noting that an isoscelei^ 
triangle is one-half a rhombus, and that of all rhombuses having equal 
area, the one having angles of 90° will have the least perimeter. It follows* 
that a half square (divided on a diagonal) will produce a triangular chan¬ 
nel having the best proportions. 

* 

149. Irregular Sections 

Figure 144 represents a possible section which is quite irregular in that 
the depth suddenly changes by a considerable amount. Assuming S ^ 








- 50 ^ 




-60^-- 




Fig. 144 ^ 

0.0001 and that the lining indicates n — 0.02, let us compute the irate of 
discharge without reference to the irregularity. 

From the dimensions given, the total area is found to equal 700 squaroj 
feet and the perimeter 124 feet. 


R = 700 124 = 5.65 ft. 
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By Manning, 


<3 = 700 X 99 


4 


5.65 

10000 


= 1650 cfs. 


We shall now divide the area into two sections as shown by the dotted 
line and compute the approximate discharge through each section. For 
the left portion, 

A — 600 sq. ft. 

Perimeter = 74 ft. (including length of dotted line) 

= 600 74 = 8.11 ft. 


0 = 600 X 104 

For the right portion, 

A = 100 sq. ft. 
Perimeter = 54 ft. 

R % 1.85 ft. 


4 


8.11 

10000 


= 1780 cfs. 


100 X 83 


4 


18.5 

10000 


= 112 cfs. 


Adding the partial discharges, Q = 1892 cfs., which is far in excess of 
the amount as first computed. In fact it should be noted that the dis¬ 
charge through the left-hand portion alone figures more than as first 
computed for the whole section. The second computation, resulting in 
1892 cfs., is doubtless more nearly correct than the first, but it must be 
regarded as only approximately representing the discharge. 

Such sections are not common to artificial channels but natural streams 
may, in time of flood flow, offer similar conditions by reason of the banks 
being overflowed. While the author wishes to discourage the practice of 
ascertaining natural stream flow by the application of the Chezy or any 
other formxfla, it is here pointed out that when so doing, care must be 
taken to follow the above method if the section of the stream be very 
irregular with respect to depth. 

150. Solution of Problems in Uniform Flow 

In the numerical solution of problems in channel flow, there are gener¬ 
ally four factors involved—y, i?, 5, and n (or m). If three of these arc 
numerically known, the fourth may be directly obtained by the use of 
the Chezy formula, v = C\/RSf using the Manning value for C\ If the 
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value of 5 be the unknown, the use of the Kutter C requires a tentative 
assumption of its value, since Kutter made C depend upon S. This ten¬ 
tative Value may be estimatd& by noting the range in C, for the given 
value of R, as shown in the table in Art. 143. An approximate value for 
5” being obtained, a closer value of C is possible and a final solution for 
S may be made. 

When two of the four quantities, v, R, Sa,ndn, are unknown, it will be 
found that the most direct method of solution consists in tentatively as¬ 



suming the value of one, and proceeding by a method of trial. One of the 
unknowns will be R, and its value may be more easily estimated than 
that of the other unknown, since it increases approximately with the si^e 
of the channel. Values of R and the corresponding surface Width of the 
channel are given below for a semi-circular section, the best rectangular 
section, and a trapezoidal section having best proportions and side slopes 
of 30° with the horizontal. 



Semi-circular and rectangular 

iX 

Trapezoifial 
— 0 = 30 degrees 

R 

\ 

2 

3 

5 

6 

1 

2 

* 3 

S 

w 

4 

8 

12 

20 

24 

8 

\fy 

24 

M) 
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The table shows that in channels of moderate size, R will usually have 
values less than 5 or 6 feet. 

Example 1.—Determine the minimum hydraulic slope, 5, for a rec¬ 
tangular channel that is to carry 600 cfs. with a mean velocity of 3 feet 
per second. The lining is smooth concrete such that n in the Kutter and 
Manning categories of roughness may be assumed as 0.013. 

Solution. To make S a minimum requires i? to be a maximum, 
d 

hence b = 2d and R = - • 

^ J = 200 = 2d^ 

d = 10 and 7? = 5 ft. 

From the table of Manning coefficients, C = 150. 

3 = ISOV^ 

S = 0.00008 or 0.08 ft. per 1000. 

Example 2.—A rectangular channel, 18 feet wide, is to carry 216 cfs. 
on a slope of 1 per 10,000. If the lining be such that n = 0.015, determine 
the depth. 

Solution. Here R and v are unknown. Were the section to have best 
proportions, the depth would be 9 feet and R would be 4.5 feet. Since 
this is improbable, we may begin by assuming R = 3 feet. Using Man¬ 
ning’s coefficient, C will be 119 and 


V = 119 \ -= 2.1 ft. per sec. 

^10000 ^ 

For R = 3j 

3 = 18d ^ (18 + 2d) 
d = 4.5 ft. 

A = 81 sq. ft. 

<2 = 81 X 2.1 = 170 cfs. (too small). 
If R be assumed 3.5 ft,, 

C = 122 

V = 2.3 ft. per sec. 
d = 5.7 ft. 

A = 102.6 sq. ft. 

= 236 cfs, (loo large). 
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A depth of 5.4 ft. will now be assumed. 

A = 97.2 sq.<ft. 

R = 97.2 28.8 = 3.37 ft. 

C = 121 

Q = 97.2 X I 21 V 0 .OOO 337 = 215 cfs. 

The probable depth is therefore 5.4 ft. 

151. Other Formulas for Open-Channel Flow 

Inasmuch as C in Chezy’s formula is found to vary with R and S, it 
has been proposed that to R and S be given exponential values which^ 
for a given channel lining, will be' constant and at the same time make 
C a constant. If this be done, the equation for velocity may be written 

= KR'^S^, 


and it is necessary to know only the values, K, a and (3 that are proper 
for each channel lining. Experiment, however, indicates that only aver- 
age values for these quantities are possible, their values varying some¬ 
what even in channels having apparently the same roughness. The prob¬ 
able explanation for this lies in the fact that the geometrical shape of the 
cross-section may affect K, Two sections may have the same value of R 
and yet differ in shape. Channels constructed of the same material also 
differ in their degree of roughness. 

Scobey’s formula for wood-stave pipe, 

* 


may be cited as an example of this type of exponential formula. 

A modification of the above-described method consists of giving to R 
and S exponents that represent average values for all channel linings, and 
assigning to K values dependent upon the nature of the lining. In spite 
of the empiricism involved, remarkably good results have been obtained 
in some cases. The Manning formula in its original form, 


V 


1.486 

n 


^ 0.67 


^ 0.50 


is of this type. The Williams and Hazen formula for pipes, 

which is often used for open channels, is another example. Values of C 
for this formula were given in Art. 129. 
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152. Entrance Conditions 


At the entrance to a channel supplied with water from a pond or reser¬ 
voir, a drop in the surface is necessary (Fig. 148) in order to produce the 
velocity which is to be maintained in the channel. The amount of the 


drop equals — 


and marks a conversion of potential into kinetic energy. 


As in the case of a pipe, a certain amount of head will be lost at the en¬ 


trance, the amount varying with the type of construction followed. If a 
properly designed transition-section be used, the loss need not exceed 
five per cent of the velocity head in the channel. With poorly designed 
transitions, this may be increased to as much as twenty-five per cent. 

The distance from the surface of the pond to the bed of the channel 
may be determined by adding to the required water depth in the channel 
the surface drop and the head lost in the transition. 


153. Laminar Flow in Open Channels 

If the dimensions of the cross-section and the mean velocity of flow be 
sufficiently small, laminar flow may be produced in an open channel. In 
pipes the flow is laminar whenever the mean velocity is less than that 
corresponding to a Reynolds number of 2000 (Art. 110). For a 12-inch 
pipe carrying water at 50° F., the velocity would have to be less than 
0.03 feet per second, and would need to be decreased in value directly 
with an increase in diameter. For large pipes, laminar flow could be ob¬ 
tained only at very minute velocities. No criterion exists for determining 
the state of motion in an open channel, but we may conclude that the 
magnitude of the linear dimensions of its cross-section will preclude, ordi¬ 
narily, the existence of laminar flow. We need not be concerned, therefore, 
with a critical velocity at which a change in the type of motion occurs, 
except in the case of small models. 

154. Distribution in Velocity at a Cross-Section 

In a straight channel the velocity at any cross-section is generally a 
maximum in that portion most remote from the channel walls. For arti¬ 
ficial channels having symmetrical sections, this point will be about equi¬ 
distant from the sides, and generally somewhat below the surface. As the 
sides and bottom are approached, a gradual lessening of velocity occurs, 
the minimum being reached at the sides and bottom. 

In cross-sections that are irregular with respect to depth, the thread 
<rf maximum velocity is generally found in the vertical which marks the 
greatest depth. In any channel, the presence of obstructions or bends 
largely affects the distribution of velocity. 
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Figure 145 shows the general relation which exists between the velod* 
ties as measured past a vertical at any point in the cross-section of 
stream, and the curve ah is c^led a vertical velocity curve. Its form in 
figure indicates a smoothness and regularity that are not always foi 
when a curve is drawn to connect the points plotted from observed 
locities, but it is t 5 ^ical. From many observations it has been shown that] 
the curve is well represented by a parabola having its axis horizontal and] 
somewhat below the surface. 

The location of the thread of maximum velocity in any vertical hall 

been found to vary considerably, 
sometimes being close to or at the' 
surface, but more generally found 
below the surface at a distance equal 
to two- or three-tenths the depth, 
Assuming the vertical veioci ty 
curve to be a parabola with horf- 
zontal axis, the position of the mem 
velocity in the vertical will be fount! 
to vary from 0.58Z) when the maxL 
mum is at the surface, to 0.65Z) when 
the maximum is 0.3Z> below the sur* 
face. This may be shown true by an 
analysis based on the mathematical 
properties of the parabola and, inasmuch as the maximum is ordinarily 
found between the surface and the 0.3 depth point, it may be assumed 
that the velocity found at 0.6 depth in any vertical, fairly represents the 
mean velocity in that vertical. 

Again, assuming the velocity curve to be a parabola with axis horizon* 
tal; it may be demonstrated that, irrespective of the location of the axil 
(maximum velocity), the mean velocity in a vertical is closely represented 
by the arithmetical mean of the velocities found at 0.2 and 0.8 depth, 
^^hat IS 

. vel. at 0.2 depth + vel. at 0.8 depth 
Mean velocity = ----—--* 



These facts, or relations, are utilized in determining well-established 
methods for measuring the discharge of streams by current meters, im 
explained in a later article. 

155. Variation in Pressure with. Depth '' 

If a section normal to the flow be taken across an open channel, the 
pressure at any point in the section is assumed to vary directly with thii 
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depth above the point. That this is not strictly so may be seen from an 
analysis of the conditions shown in Fig. 146. The vertical depth being d, 
an elementary prism, of sectional area dA , will be assumed lying in the 
normal plane, mn. There being no acceleration of the prism in the direc¬ 
tion of its length, the bed pressure, p dA , may be equated to wy dA cos a. 




the component of the prismas weight that is parallel to mn. It follows that 

p — wy cos a, 

and expressing y as d cos a, ^ ^ 

It is seen that the bed pressure is neither proportional to y nor dy but 
to dcos^a. If the bed slope be 1 in 10, cos^a has the value 0.99. If the 
slope be 1 in 100, its value is 0.9999. Slopes as steep as 1 in 10 are seldom 
found, and most slopes are much less than 1 in 100. Therefore no appre¬ 
ciable error results from assuming the pressure to vary directly with the 
vertical depth, and in subsequent analyses this assumption will be made. 

156. Specific Energy 

The term specific energy is applied 
of water, present at any vertical 
iToss-section, the potential energy 
Ix'ing computed with reference to a 
(latum passing through the bottom 
of the section. Thus in Fig. 147, the 
speciiic energy at any point n is 

= - + ^ + z = ^ + d. (158) 

2g w 2g 

If to — be given a numercial value 
2 ^: 

lion, (158) represents the speciiic energy at the section. For uniform How 


to the amount of energy, per pound 



equal to its average value in the sec- 




































290 


FLOW IN OPEN CHANNELS 


it is constant from section to section. If the energy at two successive seC" 
tions be compared, using a common datum^ it differs by the amount of fall > 
in the channel bed, which represents the head, or energy per pound, losti 
between the two sections. The dotted line in the figure, drawn at a heightf 

. . . f 

— above the surface is the energy gradient. Its height above the bed 

2g 

measures Es and its drop between sections represents the energy lost. 

157. Non-Uniform or Varied Flow in Artificial Channels 


We have seen that in order to have uniform flow, a constant area and 
form of section must be maintained, and the mean velocity at all sec¬ 
tions must have the same value. The water depth must also be constant. 



Now it may happen that, owing to the presence of peculiar conditions, 
all these characteristics of uniform flow will be found absent. The flow 
will be steady, giving for all sections the relation, 

Q = aiVi = a 2 V 2 , etc., 

but the form and area of the sections will constantly change and the 
mean velocity will vary from section td section. 

To illustrate, let Fig. 148 represent a channel constructed to connect 
two large ponds whose surfaces stand at different levels. The bed of the 
channel is horizontal and we shall assume the pond levels to remain con¬ 
stant. Flow will take place in some such manner as indicated, the depth 
at AB being in excess of that at CD. The cross-section and the velocity 
of the stream are, therefore, constantly changing between these points. 
The flow is steady but non-uniform, and it cannot be made uniform until, 
by adjusting the slope to the flow, the bed of the stream and the water 
surface are parallel. In the figure given, the bed was shown horizontal, 
but it might have an upward slope from B to D, and the flow be main¬ 
tained by the hydraulic slope of the surface. Similarly the bed slope 
might have been at a less or greater inclination than th^ slope of the 
surface. Such conditions render it very difficult to formulate the relation 
existing among the various elements of flow, because the mean velocity, 
area of section and the hydraulic radius are constantly ('hanging. 
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One treatment of the problem is as follows. Figure 149 shows a portion 
of a channel in which the flow takes place with decreasing depth. Between 
the sections shown, the velocity is increasing and the rate of losing energy 
is therefore not constant. Under these conditions, the energy gradient 



cannot be straight, and it can be shown that the water surface is not a 
plane. From the geometry of the figure, 

-h(fi+*S'o/ = ^+(^2+ 

wherein So is the slope of the bed and Se represents the average rate at 
which energy is being lost between the sections. Solving for /, 


I = 


^ ^ _L 

2g 2g ^ 


di 



Se -S 


0 


(159) 


Up to this point the steps taken have been rational. It remains to deter¬ 
mine the value of Se and some assumption is required. We shall return 
momentarily to the case of uniform flow where the slope of the energy 
gradient, 5, has the value, 

C^R 


The assumption will be made that in varied flow (Fig. 149) the in¬ 
stantaneous rate at which energy is being lost at the first section is the 
same as if the given quantity, Q, were flowing at the depth, di, and the 
flow were uniform. The rate would then be expressed as 

* Ci^Ri 






cyR2 ’ 


Similarly at section 2, 
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and the final assumption is that the average rate of losing energy is the, 
mean of these values, or 

C2^rJ 


This value, substituted in (159), gives 


I = 


^1^ 2^2^ , , 

1 , J^\ _ 

2 \C,^Rr ^ C2"i?2/ ^ 


(160) 


The equation was derived for flow with decreasing depth, but is ap¬ 
plicable to flow with increasing depth if the sections 1 and 2 be numbered 
in the direction of flow. In its present form the equation is particularly 
useful in computing the distance, /, between two sections where the differ¬ 
ence in depth is di — d 2 . ’ 

Example 1.—In a rectangular channel 42 feet wide, having a bed slope 
of 0.007, water flows at a uniform depth of 3.5 feet. The value of n is 
0.02. Assuming that the partial.closure of a gate, near the exit end of the 
channel, raises the level at that point by 1.5 feet, how far upstream will 
it be to where the depth is 4.5 feet? 


With flow uniform, 


^ = 42 X 3.5 = 147 sq. ft., R = 

W = 3.0 ft., C = 

Q = U7 X 89 V 0 .OO 2 I = 600 cfs. 

With the flow non-uniform. 


di = 4,5 ft. 

<^2 = 5.0 ft. 

= 42 X 4.5 = 189 sq. ft. 

A 2 = 210 sq. ft. 

- W = 3.71 ft. 

R 2 = 4.04 ft. 

G - X (3.71)» = 92.4 

C 2 = 93.7 


These values substituted in (160) give 

I = 1110 ft. 


If the distance from this section, where the depth is 4.5 feet, to a sec¬ 
tion still farther upstream, where the depth is 4.0 feet, be required, a 
similar computation gives I as 1475 feet. This simple problem serves to 
show that the backwater^ caused by a damming up of a channel, changes 
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uniform flow to varied flow and that the extent of the backwater may 
be obtained by successively assuming a depth and computing the distance 
to that point. The curve of the water surface is referred to as the back¬ 
water curve. 

If the dimensions at two sections of a given channel are known, and it 
is required to determine the rate of flow, Vi and V 2 may be expressed as 

and ^ , and equation (160) solved for Q, A simpler equation, how- 
A\ A 2 

ever, may be obtained as follows. 

If, instead of assuming that 5^ is the mean of the instantaneous rates 
of losing energy at sections 1 and 2, we assume that 


it follows that 
and 


Sk — 


Vff 


^ 2 d ? 


G' ' ^ 

; Li i 

■■ ' ' 


,G 

J OcL- niO 

GHUGUAr 


<2 = Am Cjny^Rm Se ' 


(161) 


The subscript, w, indicates that the values are mean or average values, 
which may be computed from 


A 


Wi 


Aj + ^42 p Ai A 2 ^ pi p2 

~ 2 ”22 

Cm = ^ Rrn^ (Manning's value). 


Equation (161) is in the form of the Chezy formula, and Se is the slope 
of the energy gradient. 

Example 2.—A rectangular canal, 20 feet wide, having a bed slope of 
2.05 in 4000, has to n value of 0.010. The depths at two sections, 4000 



Fig. 1^0 


feet apart, are 8 and 10 feet, the depth increasing with the flow. The rate 
of flow is desired. 

Figure 150 shows the conditions. The slope of the energy gradient ia 
unknown and must be tentatively assumed. From the figure, the surface 
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slope is found to be 0.05 in 4000, or 0.0000125. Since the velocity de¬ 
creases between sections, the energy gradient approaches the surface and 
therefore has the greater slope. ^The value of Se will therefore be assumed 
as 0.000025. 

Ai = 160 sq. ft. A 2 = 200 sq. ft. A^ = 180 sq. ft 

Pi = 36 ft. P 2 = 40 ft. R„,= 3^0 = 4 75 ft 

^ 1.486 

Cm = --- X (4.75)“ = 192 
(2 = 180 X I 92 V 4.75 X 0.000025 = 377 cfs. 

For this flow, 

Vi = 377 ~ 160 = 2.36 ft. per sec, 

= 0.086 ft. , 

V 2 = 377 -i- 200 = 1.89 ft. per sec. 

V2^ 

= 0.054 ft. 

2 ^ 

These velocity heads applied to Fig. 150, show that for this rate of 
flow the energy gradient drops 0.082 foot. The assumed drop was 4000 X 
0.000025, or 0.10 foot, and as a second trial value it will be well to assume 
a drop somewhat less than 0.082 foot—say, 0.07 foot. The discharge then 
becomes, * 

(2 = 180 X 192 ^^4.75 X ~ ^ = 320 cfs. 

For this flow, 

2 

Vy = 2 ft. per sec. — = 0.062 ft. 

2 ^ 

2 

^>2 = 1.6 ft. per sec. -- = 0.04 ft. 

2 ^ 

'I'hese values, applied to the figure, show the gradient to drop 0.07 foot, 
which Wds the value assumed. The rate of flow may be stated to be ap¬ 
proximately 320 cfs. 

Had the flow taken place with decreasing depth, the first tentative 
value of Se would have been assumed less than the surface slope. With a 
little practice one can become quite skillful in making close approxima¬ 
tions to the value of 
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158. Variation in Specific Energy with Depth 

If a given rate of flow be maintained in a channel, it is possible by 
changing the channel slope to vary the depth at will. The specific energy 
will be different for each depth. 

For mathematical simplicity, a channel having a rectangular section 



will be considered. The value of the specific energy was shown in Art. 156 
to be 


E, = 





V being the mean velocity at the section, If Q represents the rate of flow 
per foot of channel width, 

Q 


V = 


d 


and 


E, 


IgdP 


+ d. 


(162) 


Assuming different numerical values of d for a constant value of Q, corre¬ 
sponding values of Es may be computed and plotted against d as shown 
in Fig. 151. 

The resulting curve is asymtotic to the line representing the energy 
due to depth, also to the horizontal line of no depth. Several important 
facts become evident, (a) Starting with a large depth and small velocity, 
the specific energy decreases rapidly with depth, reaching a minimum 
value at a depth, dc? known as the critical depth. Further decrease in 
depth results in an increase in specific energy. The term critical depth is 
significant only in that it marks the depth where this reversal in the 
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value of Es takes place, {b) For a given value of there are two depths 
at which the flow may take place. These are known as conjugate depths. 
Arbitrarily, the flow at depth^greater than the critical is said to be tran¬ 
quil^ and at depths less than the critical, rapid, (c) The slope producing 
the critical depth is called the critical slope. Tranquil flow requires a slope 
less than the critical, and rapid flow requires a slope greater than the 
critical. The velocity accompanying the critical depth is known as the 
critical velocity. 

That two depths are possible for a given value of £« may be shown 
also from equation (162). This may be written as 

+ ^ = 0 , 


which equation will have three roots, two of which will be positive, and 
one negative. The positive roots are the two conjugate depths. 

Certain facts connected with the critical depth should be noted. From 
equation (162), 

Q = ^2g{E,(P - d^). (163) 

dQ 

If — be computed and placed equal to zero, the value of d making Q a 
maximum will result. 


^ ^ (lEj - 3dy = 0 

2E,d - 3d^ = 0 

* 

d = %Es. 

Conversely, this value of d makes E^ a minimum for a given Q; hence 

dc = (164) 


The substitution of ^d^ for in equation (163) yields 

Qc = ^ gdc^. (165) 

If fEg be substituted for d in (163), 

Qc = 3.09E/. (166) 

Finally, since Qc = Vcdcj 

Vcdc = V gdc®, 

and 

Vc = ^gdo. (167) 
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This equation may be used to determine flow conditions in a given 
channel. 

{a) If the velocity equals Vgd, the_flow is at the critical depth. 

{b) If the velocity be less than V gd, the flow is tranquil and at the 

upper stage, _ 

(c) If the velocity be greater than V gd, the flow is rapid and at the 
lower Stage. 

Example.—<2 will be assumed as 50 cubic feet per second per foot of 

width, flowing at a depth of 9.58 feet: _ __ 

If the flow be at the critical depth, v must equal 32.2 X 9.58, or 17.6 

feet per second. Actually v is —— , or 5.2 feet per second. Hence the flow 

9.58 

is at the upper stage. The value of Eg is 

Es = 7 —-h 9.58 = 10 ft. lb. per lb. 

* (9.58)2 54 4 ^ 

For this value of E^ and 0 = 50 cfs., equation (162) gives d as either 9.58 
or 2.24 feet. The latter value is the lower conjugate stage at which v has 

the value — or 22.4 feet per second. If n be 0.010, the slope required at 
2.24 

the upper stage will be found to be 0.000077 if the channel be 100 feet 
wide. To maintain flow at the lower stage, the slope must be 0.00833. If 
the slope be made correct for maintaining 50 cubic feet per second at the 
critical depth, the value of £, becomes a minimum and may be found 
from equation (166). 

50 = 3.09 E‘ 


Es = 6.41 ft. lb. per lb. 


The critical depth is f(6.41), or 4.27 feet, and Vc equals V32.2 X 4.27, 
or 11.7 feet per second. The slope required will be found to be 0 . 001 . 

Tranquil flow is more common than rapid flow, the latter requiring 
steep slopes. Flow at the exact critical depth is rare, but flow at depths 
closely approximating the critical frequently occurs. 

The value of Es, as given ^>7 ^ specifically assumes the pressure 

distribution to be hydrostatic. If the flow lilies be curvilinear at a sec¬ 
tion, centrifugal action alters the pressure distribution and changes the 
value of Eg, This fact is often overlooked by investigators. A notable ex- 
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ample of this is shown in Fig. 152, where a sudden change in the bed 
slope of a channel causes a decrease in depth. The dotted lines, drawn at 
a distance de abov e th e bed, sh6w the depth if the flow were at the criti¬ 
cal stage (Q = -s/gdc^). The flow changes from the upper to the lower i 
conjugate stage (friction loss in the transition neglected) and appears to 
pass through the critical depth, where the bed changes slope. Because ; 



the flow is curvilinear at this point, the section cannot be said to be one 
of minimum specific energy. The depth is the same as do, but the flow 
rate is not equal to -s/gd^^. 

The reader might here review the discussion of the broad-crested weir 

(Art. 99) in which it was assumed that 
the flow over the crest took place at the 
critical depth. Unless the crest be quite 
wide, the Curvilinear flow at the edges 
will extend in both directions and no 
section will exist where the pressure dis- 
tributiqp is hydrostatic. If the crest be 
made wide, the depth will gradually 
decrease and the point of critical depth 
will be in doubt. 

If an open channel abruptly ends in a free overfall (Fig. 153), the sur¬ 
face level will fall to the critical depth at some point, a, where the level 
is unaffected by the surface drop beyond. This point will shift its location 
with varying rates of flow, but if it can be located, the discharge may be 
computed from ,_ 

Q = Vgdo\ 



Fic. 15.1 


The depth at a cannot fall below the critical, because this would necessi¬ 
tate an increase in specific energy (see Fig. 151) and no source of energy 
is available. 

Devices for metering the flow in a rectangular channel have been pro¬ 
posed, and used, in which the flow passes through a section where the ' 
depth is assumed to be the critical depth. In all these devices the as- 
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sumed critical depth occurs at a point where the flow is curvilinear, and 
the flow cannot be determined from Q = Such devices must be 

previously calibrated if they are to be reliable. 

159. Critical Velocity in Channels of Any Cross-Section 

It is often important to determine the stage at which the flow in a 
given channel is taking place. The criterion, as pointed out in Art. 158, 
is whether the mean velocity is greater or less than the critical velocity 
corresponding to the same rate of flow. An expression for Vc, regardless 
of the shape of the cross-section, will now be derived. 



In Fig. 154 let A represent the area of cross-section, B the surface 

width and y the maximum depth. If v be the mean velocity, ^ , the value 

JL 

of the specific energy is 

£.-^ + y, 

since at any point, n, thg energy per pound is 

£4 + (^ + 4 . 


Also,' 

For a given Q, 






dy 


2g 


dEs 


A being variable with y. This value of —, put equal to zero, will give 

dy 

the value of A that makes £« a minimum. The value of Q is then Avc^ 
dA . 
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1 + ^^{-2A-^)B = 0, 


2S 

f 

Vc = 


B ’ 


or 


Vc = \l 


\g 


Area 


Top Width 
2 A 


(168) 


From this relation it is seen that equals — , or the velocity head equals 

2g 2B 

one-half the mean depth for flow at the critical stage. 

. . 1 

If, in a given channel, < ~Z thje mean depth, the flow is at the upper 
zg Z 

1 

stage. If — > - the mean depth, flow is at the lower stage. 

Zg z 


160. The Hydraulic Jump 

It has been shown that the lower stage, with its high velocity, requires 
a steep slope for its maintenance. Should the slope become less than re¬ 
quired, the depth will increase and, if no energy loss accompanies the 
change in cross-section, it will attain that of the upper conjugate stage. 
Experiments prove, however, that energy, is lost in the transition, and 



the new depth is an upper stage which corresponds to a lessened specific 
energy. This transition is often seen taking place just below the spill¬ 
way of a dam (Fig. 155), from the toe of which the water flows in a shal¬ 
low stream of high velocity. The slope of the channel below the dam be¬ 
ing insufficient to maintain this stage, the water suddenly changes into 
a tumbling mass and rises to a higher level, forming a jump. The jump i| 
always accompanied by a loss in energy, caused by the reduction in ve¬ 
locity while passing through the jump. If the height of the jump be 
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small, the loss is not large and the jump takes place smoothly without 
excessive turbulence. The loss increases with the height of the jump. 

The relation between the depths before and after the jump may be de¬ 
rived, for a rectangular channel, with the aid of Fig. ISS. 

Between the sections where the depths are dx and the velocity de¬ 
creases from vx to ^^ 2 • The mass flowing per second is — , where Q is the 

flow per foot of width. By the momentum principle (Art. SO), the force 
required to cause this change is 



- 1 ^ 2 ), 


Fx representing that component of the resultant force which is parallel 
to the motion. The separate forces acting on the body of water lying be¬ 
tween the two sections are the static end-pressures, and P 2 , the pres¬ 
sure from the bed, B, and the pull of gravity. If the bed slopes, the gravity 
force wdl have a small component in the direction of motion. This com¬ 
ponent, as well as the X-component of the bed force, is very smaU com¬ 
pared with the end-pressures and will be neglected. In other words, we 
shall assume the bed as horizontal. F^, therefore, equals P^ — Pi- 
Per foot of channel width. 


Therefore 




/>. - and ft - 

“ {dr - di^) - — (ai - a,). 

^ g 


Since V j this may be written 

d2 


do^ - d 


^- = ^(v - (^2 - di) 

^ \ ^ (k/ g do ’ 


or 


2 ^ \ ^ d^/ g a2 

^2 + di Qvi 


Substituting ^ for vij 

di 


gd2 


.. dx + d2 ,3 

did2 - = — = ac 

2 g 


( 169 ) 



= dc^ since Q = 



'I'his equation relates di and d 2 for any rate of flow, Q, 
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If di be replaced by dc and the equation solved for the value of d 2 , it 
will be found to equal dc also.^This shows that no Jump can take plamj 
if the depth, di, is the critical depth for the given Q. If di be less than^ 
dcj the equation will give a value of <i 2 greater than dc, showing that the [ 
jump always attains the level of an upper stage. A Jump can only bef 
formed in a stream flowing at the lower, rapid stage. 

If Fig. 156 represents the specific energy diagram for the given Q, and l 
the point a be the value of Eg at section 1, the point at depth d 2 y rep-J 
resents the Eg value after passing the Jump, The stream failed to reach 1 



Fig. 156 


the level of the upper conjugate stage denoted by the point b'. The loss 
in energy is the difference between the Eg values at the points a and b. 

Example.—^A stream carrying 30 cubic feet per second, per foot of 
width, with a velocity of 19.9 feet per Second, is discharged from the toe 
of a dam into a channel whose bed has a negligible slope. What will be 
the height of the accompanying Jump, and what amount of energy wiU 
be absorbed in the Jump? 

di = 30 ^ 19.9 = 1.51 ft. 


By (169), 


1 . 51^2 


^2 


1.51 2 

2 

= 5.38 ft. 


9^ 
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V 2 = 30 ^ 5.38 = 5,57 ft. per sec. 

The height of the Jump is 5.38 — 1.51, or 3.87 feet. Before the jump, 


19.9^ 

« = — + 1.51 = 7.75 ft. lb. per lb. 
64.4 
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Beyond the Jump, 

5 572 

Eg = - -h 5.38 = 5.86 ft. lb. per lb. 

Energy lost = 1.89 ft. lb. per lb. 

Energy lost per second = 30 X 62.4 X 1.89 = 3550 ft. lb. per sec. 

If the stream be 100 ft. wide, the energy lost is 355,000 ft. lb. per sec., 
or 645 hp. 

If the depth of the upper stage, conjugate to di, be computed by equation 
(162), it will be 7.5 feet. The jump failed to reach this depth by 2.12 feet. 





^0 io 20 ao 40 so 60 TO so 

Frouda IhimJber v^gd^ 

Fig. 157. Height of Jump (Data by Bakhmeteff) 


The derivation of (169) included the assumption that the bed was 
horizontal. Experiments have shown that a moderate slope in the bed 
does not materially affect rthe computed height of the jump. 

The length of the jump has been experimentally investigated by Bakh¬ 
meteff,* and the results of his measurements are shown in Fig. 157. 


Ratios of length, L, to ^2 are plotted against ^ • Approximately, L was 


found to vary between 4.3^2 and 5.2^2- 

The plotting of — against ^ has the following explanation. The phe- 
d2 gdi 

nomenon of the Jump was considered to depend entirely upon the action 
of gravity as expressed in the hydrostatic pressures which caused the 
change in momentum. The viscous forces were neglected. Where gravity 
and inertia are the only forces to consider, the principles of hydraulic 
similarity (Art. 53) state that flows which are geometrically similar will 
be identical in their characteristics if the Froude number be the same for 


* B. A. Bakhmeteff and A. E. Matzke, “The Hydraulic Jump in Terms of Dynamic Simi¬ 
larity,” Trans, A,S,C.E.^ Vol. 101, 1936. 
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each. Comparisons of linear ratios (such as ^ in the case of the jump) 
existing in the flows can be made only for the same Froode number. By 
Art. 53, this number, F, is expressed by — , / and v being any velocity 
and length characteristic of the flow. Bakhmeteff used the Froude num¬ 


ber as a coordinate, employing vx and di as the characteristic velocity 
and length. 

The jump is often employed to absorb a part of the energy in water at*: 
the foot of a high spillway. If the high velocity of the stream were allowed 
to continue over the channel bed below the dam, serious erosion might 
take place over a period of time. If the erosion extended back to the toe 
of the dam, the structural stability of the latter would be impaired. By 
constructing the channel so that a proper depth be maintained at all 
flows, a jump may be made to occur in which much of the energy can 
be absorbed and the high kinetic energy be converted over into harmless 
depth energy. The bed beneath the jump may be protected by a concrete 
apron if necessary. 

161. Transitions 

Frequently in the construction of long channels, it becomes necessary 
or desirable to change the shape of the cross-section. This may be due 
to a change in slope brought about by topographical conditions. Usually 
such a change requires a relatively short length of channel in which the 
change of shape is accomplished. This is termed a transition. It should 
be designed to produce the required changes in section and velocity with¬ 
out unnecessary turbulence, wave action or loss of energy. Transitions in 
which the flow is accelerated are more easily designed well than where 
the flow must be decelerated. The study of diffusers has shown that de¬ 
celeration is accompanied by turbulence. 

A complete discussion of the problem is not warranted here, but the 
principles and methods underlying a good design will be shown by assum¬ 
ing one case. Figure 158 shows a trapezoidal channel merging into a rec¬ 
tangular one, requiring an accelerated flow in the transition. The known 
hydraulic elements are the depths, areas and velocities in the two chan* 
nels. The positions of the two energy gradients relative to the water sur* 
faces are also known. The first step is to fix the length of the transition, 
For accelerated flow this may be quite short; but, in any case, if arbi-= 
trarily chosen so that the line ab makes an angle with the longitudinal 
axis of 10 to 15 degrees, a structure that will be efficient and pleasing in 
appearance will result. Next comes an assumption as to the amount of' 
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head that will be lost in the transition. In the absence of any definite rule 
regarding this, it may be assumed equal to O.lOAAu for accelerated flow, 
and 0,20Ahv for decelerated flow, Akv representing the change in velocity 
head to be accomplished. 





The total drop, e, in the bed of the transition may be computed from 
the geometry of the figure. 

2 2 

~ 'h di d2 O.lOA/f^, 

2g 2g 

or 

e = I.IOAAi; -|- (^2 — di). (170) 

The elevation of the second channeFs bed and that of its water surface 
are now known. Because the flow in the transition is varied, the energy 
gradient and water profile are not straight lines. If the flow is to be smooth 
and free from wave formations, the water profile must be tangent to the 
surface lines in the two channels. Its shape may be arbitrarily assumed 
and the form of the transition required to produce it then determined. 

The surface drop between sections 1 and 2, as given by the figure, is 
(e + di — d 2 )', and if for e we substitute its value from (170), 

Surface Drop = LlOA^^,. 

Having assumed a water profile, the transition is divided into a num¬ 
ber of sections of equal length and the surface drop in each section noted. 
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If the total loss in the transition be assumed as distributed among these. * 
sections in proportion to the change in velocity head taking place in each I 
section, the surface drop in &,ch section may be equated to I.IOM^,. 1 
where represents the change in velocity head in that particular sec¬ 
tion. The value of then is 1 

, Surface Drop j 

AA,, =- - ' J 

IJO 

Commencing with the first short section, at whose upper end the ve- j 
locity is known, the velocity head at its lower end may be computed and 1 
also the velocity itself. The required area at this point follows from 
Q = av. Similarly the areas at the end of each succeeding section may be 
determined. It then becomes a matter of incorporating these areas into ' 
a design which will produce a structure having smooth contours for the j 
bed and walls. In the present problem, the cross-section of the transition , 
would be kept trapezoidal, the base width being gradually decreased to j 
that of the rectangular channel, and the side slopes gradually increased ^ 
to provide the required sectional area. The bottom profile of the transi- J 
tion may be kept straight or curved to bring about the desired results. 

The method outlined is based on the recommendations of Julian j 
Hinds* resulting from extensive investigations made by the United 
States Bureau of Reclamation. Other methods, equally good, may be em¬ 
ployed; but space prevents their presentation. 

162. Non-Uniform Flow in Natural Channels 

In the foregoing discussion it was assumed that we were dealing with 
artificial channels possessing regularity in shape of cross-section, and 
having a constant bed slope within the length 1. Also the roughness of 
the lining was supposed to remain constant. It will be seen that non- 
uniform flow in natural streams offers none of these characteristics. The 
sections are very irregular, the bed is most uneven in its slope, and the 
roughness of bed and banks may be continually changing. The applica-* ] 
tion of the principles of the previous article to such streams must be ^ 
attended by much uncertainty as to the results obtained, and determina- ^ 
tions of Q should be made preferably by direct measurements as described j 
in a later article. A certain problem, however, often arises in natural 
streams which cannot be solved by direct measurement, and because of 
its interest and importance will be treated in the following article. 

* Julian Hinds, “Hydraulic Design of Flume and Siphon Transitions,” Trans. A.S.C.E., 
Vol. 92, 1928, p. 1423. 
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163. Backwater 

If a channel be obstructed by a dam, weir or other construction, the 
raising of the latter will cause the water to set back up the stream, in¬ 
creasing the depth, and the flow in the portion of the stream so affected 
will become non-uniform. Figure 159 shows the conditions, ab being the 
original surface of the stream and ef the new surface or curve of backwater. 
Two important questions arise by reason of possibility of damage being 
done to property in time of flood, or even by the normal level of the 
backwater. 

1 . How much will the water be raised at a given distance upstream 
from the point of obstruction? 

2 . How far upstream will the influence of the backwater be felt? 



Formulas purporting to answer these questions have been formulated 
and given in many text and reference books on hydraulics, but they have 
been based largely on the assumption of a regular channel having a uni¬ 
form slope to its bed. Obviously a natural stream does not have these char¬ 
acteristics and the formulas apply with less certainty in result, the far¬ 
ther the departure from such conditions. The method given, therefore, 
will be one which, although necessarily approximate, will contain all the 
accuracy that will usually be found in the given data. 

Of the several difficulties encountered, two are the irregularity of the 
cross-sections and the variation in the roughness of the channel from 
section to section. These make it impossible to estimate values for C and 
R that will hold good throughout the length of stream affected by the 
backwater. We shall, therefore, imagine the stream to be divided into 
sections of lengths h, h, h, etc., so chosen that the values of A, R and n 
vary as little as possible throughout a single section. 

Commencing with that section which lies nearest the dam, where the 
elevation of the surface and energy gradient and the actual cro8B-net> 
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tional area are known for the condition of maximum flow, we shall ascer¬ 
tain by the method of trial the probable level of the surface at the up¬ 
stream end of the section. This having been obtained, the following sec¬ 
tions may be similarly treated, and we may arrive at the point where the 
curve of backwater practically coincides with the original surface of the 
stream. 

To obtain the necessary data for the computations, a survey of the 
stream should be made and the shape of each cross-section, up to the 
probable level of maximum flow, determined. Preferably these should be 
plotted so that areas at each section may be planimetered and the perime¬ 
ter measured for any water level. The survey should also include the col¬ 
lection of such data regarding the bed and banks as will make possible 
the selection of a proper value of n for each section. 

The computations for each chosen reach being similar, only those for 
the first one will be outlined. The method employed in the first numerical 
example of Art. 156 cannot be used. In that case the channel was regular 
in cross-section, varied only in depth of flow, and its bed had a constant 
slope. It was possible, therefore, to assume an upstream depth and from 
equation (160) compute the distance to the section having that depth. 
In the present case the lengths of the separate reaches have been fixed^ 
and we must determine the elevation at the upper end of each reach that 
will produce the given flow. For this purpose, equation (161), 

<2 = 

will be used. The surface elevation at section x is at first tentatively as¬ 
sumed. From the plot of the cross-section at x^ the corresponding area 
and wetted perimeter may be determined. Values of and Cm may 

then be computed, as shown in Art. 156. For the surface elevation as- 
Humed, the knowledge of the area at x, and of the flow rate, allows the 
velocity head and the elevation of the energy gradient at x to be com¬ 
puted. The slope of the energy gradient between x and / gives the value 
of Sm. If the values of Amy Rm, Cm and Se be substituted in the above 
equation, they will yield a value of Q which, if the surface elevation at 
X has been correctly chosen, will equal the given flow rate. If it does not, 
then a higher or lower elevation must be assumed until by trial the cor¬ 
rect (^) is obtained. 

164. Measurement of Flow in Open Channels 

If the rate of flow in an existing channel be sought, it may be com- 
])uted provided the necessary dimensions and data are available. The 
work involved in securing these data, and the uncertainty in the selected 
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value of n, makes a direct measurement more desirable and accurate. 
This is notably so in natural streams where the non-uniformity of the 
flow makes a computation by formula only approximate. 

For small streams it is possible, and often practicable, to construct a 
weir and obtain very good results. In larger streams it is too expensive a 
method and generally impracticable. Here the most common practice is 
to employ a current meter which enables the observer to determine with 
remarkable accuracy the velocity at any point in the stream at which 



Fig. 160. Price Current Meter as Manufactured by W. & L. E. Gurley, Troy, New York 

the meter may be placed. Figure 160 illustrates the Price current meter 
as developed and used in this country by the engineers of the Geological 
Survey. It consists of a wheel fitted with cupped vanes and mounted on 
a vertical axis about which it is free to turn under the action of the mov¬ 
ing water. The whole is supported on the upstream end of a horizontal 
shaft which at its other end is fitted with directional vanes which steady 
the meter and keep it headed into the current. As illustrated, the meter 
is intended for use in shallow water where wading is possible, and it is 
supported by a vertical rod held in the hands of the observer. In deeper 
water, the rod is removed and the horizontal shaft is pivoted at its center 
to a short vertical stempiece. The latter, at its upper end, has a small 
hole for connecting a cord by which the meter is suspended from a boat 
or bridge. The lower end of the stempiece fastens to a lead weight which 
steadies the meter and holds it in position. The wheel revolves at a rate 
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.<1(1 

IM'oi'orlional to the velocity of the current in which it is placed,, .. bV j 

ml mg the meter it is possible to determine the relation betWWiMi lli, 
r(-v..hi(ions per semnd and the^velocity of the water in feet per Nnni,r 
Kating IS accomplished by moving the meter through still water «I *111 J 
ferent velocities and noting the corresponding rates of revolution, ] 

mg curve is then constructed and, if desired, a rating table mad#,' Uli|* I 
the type of meter shown, it is found that the rating curve is practli Jly 
a straight line save at very low or high velocities. It has been shown lh« 
slightly different results are obtained if the rating is done by holdliiB 

^ stream of water moving at a known veloclly big 
the difference is not great and the usual practice is to move the met*, 
t rough still water. With the meter immersed, the revolutions @f Ho* 
wheel are counted by means of an ekctric circuit which is broken at r... t. 
revolution by means of a commutator attached to the wheel shaft, 'I lie 
wires of the circuit pass from the meter to the surface where a smilli Itit. 
/er, ear-phone or counter records the make and break of the 
( urrent is furnished by a small dry cell battery. Usually the wires o/klb- 
circuit are utilized as a supporting cord for the meter. Suspension n.id 
ear-phone and battery are shown in Fig. 160. 

I he discharge of a stream being the product of its cross-sectionn] 
and the mean velocity of the water past the section, a meter meii.m. 
ment consists of determining with all possible accuracy the value of 
two factors. The area for any stage of flow niay be easily determln«4 
soundmgs made across the selected section, the distance of each |)()ln|‘nf 
sounding being measured from a permanent point on the bank anti In tl.. 
line of the cross-section. If desired, the* profile of the section nmy k. 
plotted on paper and the area measured for any flow-level or stage, Tt Imo. 
leen found that best results are obtained from gaugings if the aril Ut ' 
subdivided into a series of vertical strips, preferably of equal width, and ! 
(lie discharge past the entire section be computed on the basis lliMt i 

I olal () = ojzjj -f a 2 V 2 + agVg -|- a 4 V 4 -f etc., j 

<! being the area of a strip, and v the mean velocity for the strip. 

lo obtain the value of v, it is commonly assumed that the inenn Ve 
loeity as measured in a vertical at the middle of a strip may bo livklll 
t e mean velocity for the entire strip. Various methods for oblalnllii lln* 
mean velocity in a vertical are as follows: 

Multiple Point Method.—The velocity is observed at a number of miltO-* 
spaced about equally between the surface and the bottom, polntu . Ihhv 
to the surface and bottom being u.sually included. If a sullicienl liu.iidm 
ol points be chosen, the arithmetical mean of the observe.l ... 
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^ liiki'ii as the true mean, or a curve of vertical velocities may be plotted 
Ihd I He mean computed as equal to the area within the curve divided by 
Iho <le[)th. 

TvHf (Did Eight-Tenths Method ,—This consists of determining the ve- 
llirllirs at 0.2 and 0.8 the depth and assuming the mean velocity in the 
VPrlii ai equal to their arithmetical mean as explained in Art. 154. 



Gaging-Station Utilizing a Footbridge over a Small Stream 


Si \ I'rnlhs Melhod.^A saving of time is effected if but one observation 
III inadr in ('ach vertical at 0.6 the depth, and the velocity there found 
luqiniH’il to be the true mean. The basis of this assumption is explained 
III All 151. 

t iihrrn/idfi Method.^li the meter be moved slowly from the surface to 
llii bni loni Mild the total number of revolutions noted, together with the 
liMM I tqising ill making the descent, the a\erage revolutions per second 
Miii\ Im MH)i|)uted and a corresponding velocity obtained which will b(; 
iiM-,iimrd to Ih‘ the true mean. The reasoning behind the method is iip- 
jiiiM Ml H llie iM-te of descent lie uniform, the meter will be exposi'd lo 
III! Miiinus velocities for equal It'iigllis of time and tlu' avi'rage rule of 
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revolving should closely correspond to the average velocity. It is not 
essential that the movement o^ the meter be made from the surface down- 
ward. It may be reversed or even moved continuously from top to bottom 
and back to the top. 

Comparison of Methods .—The first three methods named are given in 
the order of their generally accepted accuracy. The integration method is 



Automatic Water Level Recorder Manufactured by W. & L. E. Gurley, Troy, N. Y. 

probably equal in accuracy to either of the first two, but it requires a 
skillful operator. The multiple point method is based on no assumption 
save that a sufl&cient number of observations are made to warrant thii. 
arithmetical mean being taken as the true mean. The two and eight- 
tenths method assumes the vertical velocity curYe to be a parabola, while 
the six-tenths method assumes that the parabola has its vertex some¬ 
where between the surface and 0.3 the depth. 

The two and eight-tenths method is much used by the engineers of 
the Geological Survey as it is rapid and, in a majority of cases, gives ex¬ 
cellent results. It has been shown suitable for use in ice-covered channels. 
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Selection of Section .—In selecting a site for gauging the flow of a stream, 
it is desirable to choose a fairly symmetrical section at the end of a long 
straight reach where disturbances and eddyings will be at a minimum. The 
section should be free from gross irregularities and, if measurements are 
to be made over an extended period of time, the bed and banks should 
not be subject to scouring. Where it is desired to keep a daily or weekly 
record of the stream flow it is customary to make record of the elevation 
of the surface at the time of making the soundings, and determine the 
depths at any later time by adding or subtracting the change in level 
that may have occurred in the meantime. This necessitates the construct¬ 
ing of a gauge which will show at any time the level at the section. The 
gauge may consist of a painted board marked to hundredths of a foot 
and placed where it will not be dislodged, or it may be an automatic 
recording device consisting of a float which moves a recording pencil over 
paper actuated by clockwork. Other gauges have been devised and will 
be found described in River Discharge by Hoyt and Grover,* as well as 
a complete description of the theory and practice of stream measure¬ 
ments. Where the rise and fall of the surface level are assumed as indica¬ 
tive of the amount flowing in the stream, it is absolutely necessary that 
this level be unaffected by backwater from below. This may be accom¬ 
plished by selecting a site above a fall or rapids. 

Once the cross-section has been divided into strips and the mean ve¬ 
locity at each strip determined by one of the methods above outlined, 
the computation of discharge at once is possible by a summation of the 
partial discharge through each strip. 

165. Other Methods of Gauging 

The Salt Velocity Method which has been explained in Art. 138 may 
be used in small channels provided suitable electrodes can be devised 
and installed. At the present writing its use has been confined principally 
to closed conduits, but it may be adapted with good results to open 
channels. 

A method somewhat similar but differing in principle, known as the 
Salt Dilution Method, has been in use for some time and has been proven 
very satisfactory from the standpoint of accuracy. It consists of adding a 
concentrated solution of salt to the flowing stream and by analysis de¬ 
termining its dilution after traversing a length of stream sufficient to 
cause a uniform mixture with the water of the stream. The solution is 
added at a constant rate and no measurements of area or distance are 
necessary. 

* John Wili'y & Sons, N. Y. 
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Let W = pounds of water discharged per second by stream. 

W' = pounds of salt solution added per second to the stream. | 

R = percentage of natural salt (by weight) flowing in the stream I 
to be gauged. 

R' = percentage of salt in the concentrated solution. 

= percentage of salt in samples taken from stream after thor¬ 
ough mixing has taken place. 

The pounds of salt, passing per second the lower point on the stream. 
where samples are taken, must equal the sum of the pounds of the natural 
salt carried by the stream and the pounds of salt added in the concen¬ 
trated solution or, 

WR + WiR' = (W + TFO 

The values of the three R's being known by analysis, the equation may 
be solved for TF. 

The inclusion of R in the equation is necessary inasmuch as many 
streams have a natural salt content which might be sufficiently high in 
percentage to introduce a considerable error if it were neglected. 

Experimental work done at the Massachusetts Institute of Technology 
and elsewhere has shown that the method may be expected to give a 
high degree of accuracy when carefully applied. On large streams it has 
been found that excessive quantities of salt are required and the appara¬ 
tus for dosing and taking samples becomes expensive to install. The 
method has been successfully used in the testing of hydraulic turbines 
after installation, the turbine providing excellent means for thoroughly 
mixing the solution with the stream. 

PROBLEMS 

1 . A canal has a bottom width of 20 ft. and side slopes of 2 horizontal to 1 
vertical. If the water depth be 4 ft. and the slope 1 in 1500, compute the prob¬ 
able velocity and discharge. Use Kutter’s C and n = 0.02. 

Ans, 3.9 ft. per sec. 

437 cu. ft. per sec. 

2 . A trapezoidal canal is to have a base width of 20 ft. and side slopes of 1 
to 1. The velocity of flow is to be 2 ft. per sec. What slope must be given the 
bed in order to deliver 182 cu. ft. per sec.? Use KutteFs C, w = 0.025. 

Ans. s = 0.00027. 

3 . How deep will water flow in a 14-foot rectangular channel that is carrying 
615 cu. ft. per sec., if s = 0.00075 and the channel be lined with smooth cement? 
Use Manning’s C and n = 0 . 012 . 

4. A circular brick conduit 3 ft. in diameter flows half full with a sloi)e of 1 in 
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2000. Compute its probable discharge using (a) Bazin’s coefficient {m = 0.29); 
{h) Kutter’s coefficient; (c) Manning’s coefficient {n = 0.015). 

5. What slope would it be necessary to give a rectangular channel 50 ft. wide 
and 10 ft. deep in order to discharge 1500 cu. ft. per sec.? Assume ordinary 
timber lining {n — 0 . 012 ). 

6 . A trapezoidal channel has a base width of 10 ft., and sides sloping at 2 
horizontal to 1 vertical. What will be the water depth when the flow rate is 
209 cu. ft. per sec. if 5 = 0.0001 and n ~ 0 . 022 ? Use Manning’s C. 

7. A trapezoidal canal is to carry 1600 cu, ft. per sec. with a mean velocity 
of 2 ft. per sec. One side is vertical, the other has a slope of 2 horizontal to 1 
vertical, and the lining is rubble masonry. Compute the minimum hydraulic 
slope. Use Manning’s coefficient {n = 0.017). 

8 . A trapezoidal canal of symmetrical form with side slopes of 1| horizontal 
to 1 vertical is to carry 500 cu. ft. per sec. with a velocity of 2.5 ft. per sec. 
What is the minimum amount of lining (in sq. ft.) required per foot length of 
canal? 

9 . An open channel of symmetrical form is to contain 150 sq. ft. of wetted 
cross-section and have sides sloping 2 horizontal to 1 vertical. If given most 
favorable proportions, what will the channel discharge if the hydraulic slope be 
1 in 2500? Assume m = 1.54 and use Bazin’s coefficient. 

10 . A rectangular channel is to carry 75 cu. ft. per sec. on a slope of 1 in 
10 , 000 . If lined with smooth stone {n = 0.013), what dimensions ought it to 
have if the wetted perimeter is to be a minimum? Use Manning’s coefficient. 

11 . A rectangular channel, 18 ft. wide and 4 ft. deep, has a slope of 1 in 1000 , 
and is lined with good rubble masonry (n = 0.017). It is desired to increase as 
much as possible the amount discharged without changing the channel slope or 
form of section. The dimensions of the section may be changed but the channel 
must contain the same amount of lining as the old. Compute the new dimen¬ 
sions and probable increase in discharge. Use Kutter’s coefficient. 

Ans. 13 ft. by 6.5 ft.; 118 cu, ft. per. sec. 

12 . A canal is to have a trapezoidal section with one side vertical and the 

other sloping at 45 degrees. It is to carry 900 cu. ft. per sec. with a mean velocity 
of 3 ft. per sec. Compute the dimensions of the section which would require a 
minimum hydraulic slope. Ans. Base width 17.7 ft.; depth 12.5 ft. 

13. A triangular-shaped channel is to be designed to carry 25 cu. ft. per sec. 
on a slope of 0.0001. Determine what vertex angle and depth of water over the 
vertex will be necessary to give a section with minimum perimeter, assuming 
the channel to be built from timber planking. Use Manning’s coefficient 
(n = 0 . 012 ). 

14. A rectangular timber flume, 10 ft. wide by 5 ft. deep, discharges 200 cu. ft. 
per sec. If the same material had been used for a trapezoidal section having the 
same perimeter and side slopes of 1 to 1 , what would have been the greatest dis¬ 
charge possible with the same hydraulic slope? 

Ans, 235 cu. ft. per sec. {n " 0,015), 
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15. A rectangular channel, 18 ft. wide by 4 ft. deep, is lined with smootlu 

stone, well laid, and has a hydraulic slope of 0 . 001 . What saving in eartlu 
excavation and lining, per foot ^f length, could have been effected by using] 
more favorable proportions, but adhering to the same discharge and slopei 
in = 0.013)? 1 

16. In designing a canal for supplying a power plant the problem arises as to 

whether a trapezoidal or rectangular section should be built. If the former be 
used, it is found that, with a clean earth lining, a section having a top width of 
40 ft., bottom width 10 ft., and water depth 5 ft., will deliver the required.^ 
quantity of water if laid on a slope of 0.75 per 1000 . Could a less slope be used 
by employing a rectangular section, lined with rubble masonry, if the area and 
velocity of flow be maintained at the same figures as in the trapezoidal section? 
What would its value be? Use Kutter’s coefficient and assume n = 0.02 for 
both channels. ' Ans. s = 0.00037. 

17. Two circular conduits {n = 0.025), each 5 ft. in diameter, serve to carry 

the waters of a creek through a railroad embankment. When carrying flood 
discharges both ends of the conduits are submerged. Assuming the same slope 
of the pressure gradient, what width would be necessary in two equal rectangu¬ 
lar sections {n = 0.015), each 4 ft. deep, if they are to replace the circular con¬ 
duits and perform the same service? Ans, 2.9 ft, 

18. A rectangular canal 6000 ft. long, 10 ft. wide, is carrying 80 cu. ft. per 
sec. The canal floor is level and at its lower end is fitted with a suppressed weir 
3.5 ft. high. Assuming n = 0.017, compute the depth of water necessary in the 
canal at its upper end in order to maintain the given discharge. Ans. 5.8 ft. 

19. In a length of 3000 ft. the surface of a trapezoidal canal has a fall of 1 ft., 
the water being 5 ft. deep at the upper section and 4 ft. deep at the lower. The 
base' width is 10 ft. and the side slopes are 2 horizontal to 1 vertical. If the 
nature of the soil indicates a value for n of 0.025, compute the probable rate of 
discharge. 

20 . A rectangular canal, 50 ft. wide, carries 2000 cu. ft. per sec. The depth at 
a certain section is 10 ft. arid the bed of the canal has a slope of 1 in 10 , 000 , 
What is the distance from this section to one having a depth of 10.5 ft.? Assume 
n = 0 . 022 . 

21 . A rectangular channel has a flow of 16 cu. ft. per sec. per ft. of width. On a 
suitable scale make a plot of the specific energy curve. What is the computed 
value of the minimum specific energy and of the critical depth? What are the 
conjugate depths for Es = 6 . 0 ? 

22. A channel whose section is approximately rectangular discharges 30 cu. ft, 
per sec. per foot of width. The depth being 7.5 ft., compute the possible alternate 
stage and the corresponding velocity. 

23. A canal is to discharge 20 cu. ft. per sec. per ft. of width, with a minimum 
energy content. Compute the value of the latter and the corresponding depth* 
If the channel be 40 ft. wide (rectangular) and n ~ 0.017, what slope would be 
necessary to maintain this depth and rate of discharge? 
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24. A trapezoidal channel has a base width of 8 ft. and side slopes of 3 to 1 . 
When carrying 204 cu. ft. per sec. the depth is 3 ft. Is the flow rapid or tranquil? 

25. A channel carrying water with a velocity of 15 ft. per sec, has a uni¬ 
form depth of 3.7 ft. {a) Show by computations at what stage the flow is taking 
place, {h) Is a jump possible, and if so, what would be its approximate height? 

26. A log sluice at a dam has a surface width of 3 ft. and a cross-sectional 
area of 4 sq. ft. What velocity of flow would correspond to a critical depth? 

27. Water leaves the toe of a high spillway with a horizontal velocity of 60 
ft. per sec., and a depth of 0.80 ft., flowing directly onto a Ifeyel concrete apron. 
What depth must be maintained on the apron if a jump is to occur there? What 
horsepower is absorbed in the jump if the stream be 200 ft. wide? From Fig. 157 
what should be the approximate length of the jump? 

28. Show that for a channel of circular section the maximum velocity for a 
given slope occurs when the water depth (measured on the vertical diameter) 
is 0.81D. Show that maximum discharge occurs when depth is 0.95D. 
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CHAPTER X 


Dynamics of Fluids in M^otion 


166, General 

Whenever a moving fluid has its velocity changed in magnitude or 
direction, a force is required to accomplish the change. The magnitude 
of the force was shown in Art. 50 to depend upon the change in the mo¬ 
mentum of the fluid, and the student should review that article as prepa¬ 
ration for the discussions in this chapter. Many problems, otherwise 
baffling, may be solved readily by the aid of the momentum principle. 
Bordaks mouthpiece, sudden enlargements in pipes, water hammer and 
the hydraulic Jump are illustrations, already discussed, of this fact. 
Others of common occurrence are discussed in the following articles. 

In applying the principle, it always should be kept in mind that F, in 
the fundamental relationship, 

F = JlfAz), 

is the resultant force acting upon the fluid; and M is the mass of fluid 
flowing each second past a normal seAion in the fluid stream. 

167. Force Exerted by a Jet upon a Deflecting Surface 

If a jet of water be turned from its path by meeting tangentially a 
deflecting surface (Fig. 161), it exerts upon the surface a dynamic pres¬ 
sure. We may consider the equal and opposite force, F, to have been the 
cause of the change in velocity, and compute its value as follows. 

Assuming the surface smooth, and the flow to be in a horizontal plane, 
the water passes over the surface with undiminished speed. The X-com- 
ponent of F may be found by equating it to the change in momentum, 
in the X-direction, taking place while on the deflecting surface. The cor¬ 
responding components of velocity, before entering upon and after leav¬ 
ing the surface, being v and v cos a, 

Fx = M {v — V cos a) 
or 

Fx = Mv (1 — cos a). 
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Similarly, 

For the value of F 


Fy = Mv sin a. 


F = + Fy^ = MvVl (1 - cos a). 



Tig, 161 


This value might have been obtained directly from a consideration of the 
vector change in velocity, or momentum, occurring between the two 


sections. The diagram (Fig. 162) of velocities shows vi and V 2 ' (alike in 
magnitude) as the initial and final velocities at the two sections, and the 
value of Av must be the closing side of the triangle. By 
the law of cosines, 

Av = + V 2 ^ — 2viV2 cos a, 

Av = '^2v^ — 2v^ cos a. 

F = Mv'^2{l — cos a). pia. 



168. Flat Plate Normal to Jet 

If the deflecting surface be a flat plate held normal to the Jet (Fig. 163), 
the latter will be turned through an angle of 90 degrees, spreading radially 



Fig. 163 

outward over the plate. The force, F, will therefore have no component 
in the plane of the plate, and its value may be computed by noting that 
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the jeCs momentum in its initial direction is wholly destroyed, anti 
AzJ equals v. Accordingly, ^ 

F = Mv. 

169. Jet Deflected through 180 Degrees 

If the deflecting surface be so formed as to cause the jet to be It 
completely back upon itself (Fig. 164), the change in momentum ' 
on the surface is from to minus Mv, or IMv. The value of F is 


F = 2Mv, 



Fig. 164 


or the force is twice that exerted by a jet upon a flat plate held nuriiial 
the jet. 

170. Effect of Friction 

In the three preceding articles, the effect of friction upon the nmgiilh 
of the dynamic thrust was neglected. Friction between the rielltHlIlj 
surface and the moving stream results in a diminution of velocity iH I 
second section, so that V 2 is less than Vi. Reference to Fig. 165, wheio 



Fig. 165 



is drawn equal to Vi, shows that a decrease in V 2 will, for a leSB tlinn 
degrees, result in a decrease in Azj up to a point where Au in the 
becomes-perpendicular to Further decrease in V 2 will increauM 
The dynamic force of the jet will change correspondingly. For aiigtiw 
90 degrees or more, changes in V 2 by friction produce (^orrenpondl 
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ihHliges in AVj hence in the dynamic force. As for the effect of friction 
the component, Fx (Fig. 161), it will be noted that the change in 
luoinentum in the X-direction is indicated by AVx (Fig. 165) which, for 
vuhirs of a less than 90 degrees', increases as friction decreases V 2 ^ The 
vrtlue of Fx therefore is increased by the effect of friction. For a equal to 
Nil degrees, friction will have no effect upon the value of For angles 
Krcnilrr than 90 degrees (Fig. 165&), Avx decreases with friction as does 
aim). 

171, Dynamic and Total Force Exerted on Pipe Bends 

If a pipe in which a fluid flows with a velocity, be curved through 
*01 angle a, the curved portion of the pipe will be subjected to forces 
iHUltig from the change in momentum and from the static pressure of the 

r 



fliilil within the bend. It will be assumed that the pipe is horiiionUil 
U’llinitialing the action of gravity) and that the loss in jiressure while 
liHunhig the bend is negligible. The component of the resultant force in 
ilie iHrt^ction of X (Fig. 166) is 

Fx = M (v — V cos a), 

km I in the F-direction, 

Fy = Mv sin a. 

Tlu‘ separate forces comprising the resultant, F, are the static pres- 
lllPeH, P\ and P 2 j and the force, B, exerted upon the fluid by the bend. 
The .V- and Y- components of these forces are indicated in the figure. 
Uliue />' is the resultant force, 


mill 


Fx = Fi <^os a -\- Bx — Pi 


Pu = Py - Pi 

































Kuuvf* rorces equal andoppo-' 

ilte to these are the components of the pressure by the fluid upon the 
bend. 

Example.— A 36-inch pipe, curving through an angle of 60 degrees, 
contains water flowing with a velocity of 7.1 feet per second and under 
a pressure of SO pounds per square inch. The total force exerted by the 
water against the bend is desired (Fig. 166). 


,, wav 62.4 

^ ~ X 7.07 X 7.1 = 97.5 slugs per sec. 

= 97.5 (7.1 - 7.1 X 0.5) = 346 1b. 

Fy = 97.5 (7.1 X 0.866) = 615 lb. 

Fi = Pi = 7.07 X 144 X 50 = 50900 lb. 

Fj: = 346 = 50900 X 0.50 + - 50900 


= 25796 lb. 


Fy = 615 = By - 50900 X 0.866 
By = 44694 lb. 

P = -b By^ = 51600 lb. 

Equal to Bx and By, but opposite in direction, are the corresponding 
components of the force which.the water exerts upon the bend. 

In making computations of this sort, the student will avoid errors if 
he indicates by arrows the directions of Fx and Fy when first found. It is 
to be noted, also, that the computed values of B, Bx and By are due to 
the static and dynamic forces exerted by the water. 


172. Force on a Pipe Produced by a Change in Section 

If a pipe be changed in section, as slpwn in Fig. 167, the fluid stream 
within exerts on the pipe a longitudinal thrust whose magnitude may be 


B 



Fig. 167 


computed as follows. Due to the change in section (it might have been 
gradual without changing the problem), the velocity is increased from 


to ta. and the resultant force which caused the Increase Is equal to 

M{v2 - j)i). Three forces make up this resultant—the axial thrust of the 
pipe, Pg, upon the fluid, and the forces a-^Pi and a^p^, which act upon 
the ends of the fluid slug filling the pipe between the sections shown. 
Accordingly, 

o-iPi — a2p2 — Px = M {vi ~ z'l), 


and finally, 




I'l), 




Example.—A pipe carrying 4 cubic feet of water per second suffers a 
reduction in section from 2 square feet to 1 square foot. If the pressure- 
head in the full section be 30 feet, find the axial force exerted upon the 
pipe. 

From the data, 

7^1 = 2 ft. per sec. 

7^2 = 4 ft. per sec. 

Pi = 62.5 X 30 = 1875 lb. per sq. ft. 


Between points located axially in the two pipes we may write 

V ^ ^ V ^ 

2g w 2g w ^ 


neglecting any loss in head. From this equation, p^ is found to be 1865 
pounds per square foot. Therefore 



62.4 X 2 \ 
32.2 / 


1872 lb. 


173. Reaction of a Jet from an Orifice 

A liquid jet, escaping with a velocity, v, from an orifice in the vertical 
side of a reservoir, is composed of particles whose velocity in a horizontal 
direction has been changed from zero to ii. A horizontal force equal to Mv, 
and acting in the. direction of the jet’s motion, is necessary to produce 
this change. Reference to Fig. 168 will show that this force must be the 
resultant of all horizontal forces acting upon the liquid between cd and 
mn. The pressure from the walls cf and dg are the only such forces, and 
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their algebraic sum, F, must equal Mv, Since v « Cv\/2ghy and Q m 
ca\/2ghj 

F = (^a\/2gh X {c^^2gh) = 2awh X ccv 

The equal and opposite force, P, is the horizontal thrust against the 
reservoir. If the flow were frictionless and the orifice so formed as to 
eliminate jet contraction, the thrust would be twice the static pressure 



on a plug just filling the orifice. Assuming c = 0.60 and Cv = 0.98, F has 
the value, \.\%awh. The above discussion also shows that the pressure 
against the orifice wall in the’vicinity of the orifice is decreased by the 
motion of the liquid, 

174. Immersed Bodies and Drag 

If an immersed body be held stationary in a moving fluid, or be moved 
steadily through a fluid which is at rest, a force known as the fluid drag 
will require that an equal and opposite force be applied to the body to 
hold it in the moving fluid or to maintain its motion through the sta¬ 
tionary fluid. The magnitude of the drag depends upon the shape and 
size of the body, the roughness of its surface, its relative velocity, and 
upon the density and viscosity of the fluid. Because the body is wholly 
immersed and therefore not subjected to the action of surface waves, the 
force of gravity does not enter into the problem. We may reason, there¬ 
fore, that the drag is a function of the Reynolds number and of the form, 
size and surface roughness of the body. 

For a body of given form, its size and surface roughness are proportional 
to any characteristic dimension, D, allowing the drag, P, to be expressed 
as a fimction of v, p, p and D. 

Expressed equationally, 


F = Cv^ uF 
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Substituting the dimensional values of each term, 

= C{LT-^Y {ML-^ T-^Y L\ 

Equating the exponents of like dimensional quantities, 

\ = X + y, 

1 = w — 3x — y + s, 

“2 = — w — y. 


There being four unknowns, three of them must be found in terms of the 
fourth. If y be selected for this purpose, 


X = \ — y 
g = 2 -y 
n = 2 — y. 


and 


F = Cv^-^ 


This may be written as 


F = c( 


\vDp/ 


pDh^, 


the parenthesis term being the reciprocal of the Reynolds number. Since 
D is any characteristic dimension of the body, D'^ may be replaced by a, 
the projected area of the body upon a plane normal to the direction of 

w 

motion. Introducing the factor, 2, and replacing p by ~ , the equation may 

% 

be written in the more convenient form, 

F = Ci) — , (171) 


Cd being the drag coefficient. The value oi Cd depends upon the form of 
the body, surface roughness and the Reynolds number. For geometrically 
similar bodies, differing only in size, it should vary only with R. Strictly 
speaking, these statements are true only if the fluid be incompressible. 
If compressibility be considered, Cd will be found to be also a function of 


v^p 


--- , K being the volume modulus of elasticity of the fluid. The quantity 
K 


Yp 


K 


is known as the Cauchy number, 


and with the Froude and Reynolds 


numbers is useful in characterizing the flow conditions of compressible 
fluids. Its effect upon Cd is generally negligible at ordinary velocities. If 















the velocity approaches or exceeds that of sound through the fluid, the 
drag on the body is largely due to the compression of the fluid. 'I'he 
flight of projectiles through air is an example of such conditions. Fop all 
ordinary velocities Co will vary with body form, surface roughness and 
the Reynolds number only, regardless of compressibility. 

Numerical values of Cd for a^body of given form can be obtained only 
by experiment. Either the body may be suspended in a fluid moving with 
a known velocity, and the drag measured, or it may be moved at a known 
velocity through a stationary fluid. The first method is followed in wind 



Fig. 169. Reynolds Number 
(Diameter of sphere'is the characteristic dimension) 


tunnels of aeronautical laboratories, and the second is used in naval 
towmg tanks. The great diversity in the shape of bodies makes a tabula- 
tion of values here impracticable, but the case of the sphere, flat disk 
and rectangular plate will be considered. 

Spherical Bodies. The case of the sphere moving through a fluid waB 
studied analytically by Stokes, who projtosed a relationship that may be i 

reduced to the form of equation (171), Cn having the value For smaE ^ 

R 

valued of R the results of other investigators confirm this value of 
but indicate a less rapid decrease in Cn at higher values of the Reynolds ; 
number* Figure 169 is a logarithmic plot showing the general trend of 
Cn over a wide range of values for R. The data for the plot are the re- 
suits of careful experiments in which both compressible and incompres- ^ 
sible fluids were used. The straight line represents Stokeses law. The de- ' 
parture of the curve from this line, and its sudden drop in the vicinity ' 
of R = 2.5 X 10 ^ may be explained by a study of the change in flow ^ 
conditions as the relative velocity of the fluid increases. 


/ 


In studying the distribution of velocity across a section of a pipe (Art. 
133), it was pointed out that whenever a fluid flows over a smooth sur¬ 
face at low velocities, a boundary layer of the fluid, in which the flow is 
laminar, exists next to the surface. With increase in velocity, this layer 
decreases in thickness and finally is replaced by a layer in which the flow 
is turbulent. At very low velocities, laminar flow extends throughout the 
fluid. 

In the case of the immersed sphere, a very low velocity results in 
laminar flow of the fluid around it. The drag on the sphere is due to the 
viscous shear in the fluid close to the surface of the body. At slightly 
higher velocities, the flow may become turbulent, but a boundary layer 



a b € 

Fig. 170 


will exist in which the flow is laminar. The drag on the sphere is then the 
result of viscous shear in the boundary layer plus the inertial effects of 
particles whose velocities are changed in direction by the form of the 
surface. The total drag may then be considered as composed of friction 
drag and form drag. At still higher velocities the flow in the boundary 
layer will gradually change from laminar to turbulent. The effect of these 
changes upon the drag may be shown with the aid of Fig. 170. 

At extremely low velocities, the flow throughout the fluid is laminar. 
Mathematical analysis by the methods of classical hydrodynamics shows 
that the velocity of a particle reaching 5 , the stagnation pointy is reduced 
momentarily to zero and that its pressure reaches a maximum value. 
From s to m the velocity increases and the pressure falls. Between- m 
and n the velocity decreases and the pressure rises. Due to the viscous 
friction in the boundary layer between s and m, the energy of particles 
reaching m is less than at but the particles still have enough kinetic 
energy to allow them to follow around the sphere against the increasing 
pressure. The drag on the sphere is due to viscous shear, inertial effects 
being negligible (velocity very low). 

If the velocity of flow be increased, the loss in energy by particles in 
the boimdary layer is increased; and at some point, x (Fig. 1706), the 
kinetic energy of these particles will not be sufficient for them to move 
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ahead against the existing pressure. They will be torn away from the 
surface by adjacent particles moving over them, and the region behind 
the sphere will be filled with vortices which form a trailing wake. The 
resulting turbulence^ lowers the pressure against the rear face of the 
sphere and the total drag is increased. Further increase in the velocity of 
the fluid causes the point of separation, x, to move nearer the front of 
the sphere (Fig. 170c), increasing the width of the wake and the amount 
of the drag. Further increases in the velocity will not cause the point % 
to approach .y continually. The increased velocity in the boundary layer 
causes the flow therein to become turbulent, increasing slightly the total 
kinetic energy of the layer. This enables the particles to continue further 
their progress around the sphere against the rising pressure, and the 
point of separation will move back "to some point such as x in Fig. 170J. 
The width of the wake then decreases and the drag decreases. The ir¬ 
regular, imaginary boundary between the wake and the surrounding 
fluid is known as a surface of discontinuity. On either side of it, the pres¬ 
sure may be the same at^ a given point, but the velocities and the flow 
patterns may differ widely. The abrupt decrease in the size of the wake, 
just described, is the cause for the sudden dip in the curve of Fig. 169 
near the point where R has the value 2.5 X 10 ^. Beyond this point the 
curve is practically horizontal, indicating that Cb is no longer dependent 
upon the Reynolds number. 

Flat, Circular Disks ,—For a flat, circular disk immersed with its face 
normal to the direction of motion, experiments indicate that the value of 
the drag coefficient is fairly constant over a wide range'in the Reynolds 
number. As an average value, it may bS assumed that 

Cd = 1 . 12 . 


Rectangular Plates .—Rectangular plates immersed with their faces nor¬ 
mal to the direction of motion have been found to have drag coefficients 
that vary but little at ordinary values of the Reynolds number, but vary 
with the ratio of their length, L, to their width, D. The following values 


are approximately correct for the given — rajios. 


L 

D 

EO 

2.0 

2.5 

5.0 

10.0 

20.0 

Cd 

1.16 

1.16 

1 . 18 

1.20 

1.30 

1.50 
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Beyond an — ratio of 20, the coefficient increases fairly uniformly to a 

value of approximately 2.0 for a plate of great length. 

The drag upon a rectangular prism placed with one surface normal to 
the direction of motion cannot be computed as equivalent to the drag 
upon a rectangular plate having the dimensions of the upstream face. 
Frictional drag upon the faces parallel to the direction of motion, and the 
difference in wakes produced, will modify the coefficient so computed. 
Streamlining .—If an immersed body be so shaped as to preclude the 



Fig, 171 

possibility of separation taking place, the resulting drag may be made 
small. The body in Fig. 171, having a rounded nose, offers far less resist¬ 
ance to motion in the direction indicated than it would if the motion were 
reversed. Its gradually tapered profile permits the fluid to follow along 
its sides without separation occurring, and the wake at the stern is small. 
If moved in the opposite direction, a wake of considerable proportions 
will be formed at the stern and the drag greatly increased. 

The forms given to airplane fuselages, and to the underwater portion 
of the bows of fast ships, are examples of such streamlining. The wing 
struts of airplanes and the bodies of racing automobiles are other illus¬ 
trations. Elimination of points of separation and the consequent forma¬ 
tion of a wake are conducive to small drag coefficients. 

PROBLEMS 

!• A jet of water, 2 in. in diameter, is directed against a flat plate held normal 
to the stream’s axis. Compute the pressure exerted on the plate by the jet when 
the velocity of the latter is 90 ft. per sec. Ans. 342 lb. 

2 . A jet of water 1 in. in diameter exerts a pressure of 150 lb. against a flat 
l>!ate held normal to the stream’s axis. Compute the rate of discharge. 

Ans, 0.65 cu. ft. per sec. 
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3. A jet from a 2 -inch orifice is directed normally against a flat plate. What 
pressure will it exert on the plate when C = 1 cu. ft. per sec.? Assume Cc = 0.62. 

f Ans, 143 lb. 

4. A jet 2 in. in diameter, having a velocity of 140 ft. per sec., is deflected by 
a curved surface through an angle of 45 degrees. Compute the value of the 
components of the pressure developed which are perpendicular and parallel 
respectively to the initial direction of the jet. Also compute the parallel com¬ 
ponent for a deflection of 90 degrees and 180 degrees. 

Ans. (a) 5861b.; 243 lb. 

(b) 829 1b. 

(c) 1658 1b. 

5. For the data given in Problem 4, compute the value of the required com¬ 
ponents, assuming that frictional resistance causes the velocity of the water to 
be reduced, in passing over the surface, from 140 to 120 ft. per sec. Compare 
results with those previously obtained. 

6. In approaching a bridge, a water main, 2 ft. in diameter, curves, from a 
horizontal position, upward through 45 degrees. What vertical component of 
dynamic pressure is developed in the bend under a velocity of 6 ft, per sec.? 

Ans. 155 lb. 

7. A horizontal pipe curvps through a deflection angle of 60 degrees, and in 
the bend changes from 36 in. in diameter to 24 in. The velocity in the larger 
pipe is 8 ft. per sec. and the mean pressure 20 lb. per sq. in. Compute the com¬ 
ponents of the total force, exerted on the bend, that are parallel and normal to 
the axis of the 36-inch pipe. Neglect friction loss in bend. 

Ans. 16,1501b.; 8850 lb. 

8 . A 9 -foot wood-stave pipe, carrying water with a mean velocity of 5 ft. per 

sec., curves through a horizontal angle of 30 degrees. The curved portion ia 
made of plate steel, and to prevent rupture of the pipe, the bend is to be buried 
in a concrete block weighing 160 lb. per cu. ft. The water pressure in the bend 
is 20 lb. per sq. in. and the combined weight of the pipe bend and its contained 
water is 60,000 lb. How many cubic feet of concrete will be required to with¬ 
stand the thrust of the water on the bend, if the coefficient of friction between 
the concrete and its foundation be 0.30? Ans. 1630 cu. ft* 

9 . A 36-inch pipe is changed by gradual reduction to a 24-inch diameter* 

Before entering the reducer the water has a velocity of 7 ft. per sec. and a mean 
pressure of 60 lb. per sq. in. A loss of 0.20 ft. head is experienced in going 
through the reducer. What axial thrust on the pipe line does the water develop 
as it passes the reducer? Ans. 33,700 lb, 

10 . Compute the force exerted (in an axial direction) on a pipe by water 

which is flowing through it with a velocity of 8 ft. per sec. The diameter is 1 ftij 
length 1000 ft., and / may be assumed as 0 . 02 . Ans. 970 lb, 

11 . A 2 -inch nozzle is attached to a 12 -inch pipe by flange bolts. What will be 

the total stress in the bolts when the pressure at the base of the nozzle is 75 lb, 
per sq. in.? Assume Cd = Cv — 0.96. Ans. 8050 lb* 
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12 . A 2 -inch jet from a nozzle is directed tangentially against a vane which is 

curved through an angle of 175 degrees and moves in the same direction as the 
jet with a velocity of 100 ft. per sec. What component of pressure parallel to 
the jet will be on the vane when the nozzle is discharging 6 cu. ft. per sec.? 
What if the vane be stationary? Ans. (a) 2580 lb.; (b) 6400 lb. 

13. Assume the data of the previous problem except that the velocity of the 
jet relative to the vane’s surface is gradually reduced by frictional resistance 
until at the point of leaving the vane it is 

(a) 150 ft. per sec. with the vane moving. 

(b) 200 ft. per sec. with the vane stationary. Compute the pressure asked for. 

14. A centrifugal pump receives water from a 12 -inch pipe under a pressure 
of 4 lb. per sq. in. below atmosphere. It discharges into a 6 -inch pipe at a pres¬ 
sure of 40 lb. per sq. in. Both pipes are horizontal and parallel and the flow rate 
is 1.96 cu. ft. per sec. What horizontal thrust is exerted upon the pump casing 
by the water? Does it act toward, or away from, the suction side? 

Ans. 16101b. 

15. A ship moves forward under the driving force obtained by steadily 

pumping a stream of water, 1 ft. in diameter, having a velocity relative to the 
ship of 100 ft. per sec., directly astern. Compute the driving force. Velocity of 
ship is 10 mi. per hr. Ans. 13,000 lb. 

16. A fire boat is equipped with a 4-inch nozzle {cv ^ ca ^ 0.98) supplied by 
a vertical pipe from the pumps below. The nozzle is jointed to the pipe and free 
to move in a vertical or horizontal plane. What force would the boat experience 
if the nozzle was directed horizontally while discharging 4000 gals, per min.? 

Ans. 1765 lb. 

17. A flat plate 20 ft. square is immersed in a stream of water running witli 

a velocity of 10 mi. per hr. Compute the approximate pressure developed 
against it when held normal to the current. Ans. 97,250 lb. 

18. What would be the approximate wind pressure caused by a gale of 70 mi. 

per hr. against a vertical billboard 10 ft. high and 40 ft. long? Assume w - 0.08 
11). per cu. ft. Ans. 6320 II). 

19. If a sign board was circular and 20 ft. in diameter, what wind pressure 
would be caused by a gale of 40 mi. per hr.? Assume w = 0.08 lb. per cu. ft. 

Ans. 1515 lb. 

20 . A spherical gasoline tank is 50 ft. in diameter. What force would be 

exerted upon it by a wind of 60 mi. per hr.? Assume normal barometric pressure 
and an air temperature of 32 °F. Ans. 3830 lb. 

21 . A conical diverging tube, 17 ft. long and axis vertical, has top and bottom 
<liameters of 6 and 9 ft. respectively. Its upper end is attached to, and receiven 
I he discharge from, a water turbine. The velocity at this point is 25 ft. per mcc, 
and the pressure is 10 lb. per sq. in. below the atmosphere. The outlet end U 
submerged 2 ft. beneath the water surface of a receiving basin. What vertiraj 
tlirust does the water exert on the tube? What is its direction? 


Ans. 48,600 lb. 
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22. What final velocity would a spherical depth-bomb, 2 ft. in dianietef, 
weighing 300 lb., attain if dropped into the sea? Assume kinematic viscosity o£ 
water as 1.8 X 10 * Ans. 8 ft. per sec, 
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CHAPTER XI: 


Hydraulic Turlines Description of Power 
Plants and Turhines 


175. General 

It is not the object of the following chapters to present the theory of 
modern turbine design, which is a highly specialized subject, but rather 
an exposition of the simple, fundamental principles upon which the de¬ 
sign is based and the turbines operate. Since the theory is better under¬ 
stood if the student has a fairly clear conception of what the modern 
turbine is and of the conditions under which it operates, a brief descrip¬ 
tion of a power plant and of the various types of turbines will be given. 

176, The Power Plant 

The production of waterpower depends upon the controlled descent of 
water from a higher to a lower elevation, and generally necessitates the 
construction of a dam for impounding the water and creating a head or 
fall. The power-house, containing the turbines and electrical generators, 
may be located at the dam or at a considerable distance below it on the 
stream, depending upon the desirability of using the head furnished at 
the dam or of gaining a greater head by conducting the water through 
pipes, tunnels or open channels to a point farther downstream where the 
natural drop of the stream’s bed makes a greater head possible. The level 
of the water behind the dam, called the headwater, is dependent at all 
times upon the rate of flow in the stream and the rate at which water is 
being used through the turbines. When the stream-flow is in excess of 
the turbine demand, the headwater rises until water is wasted over the 
dam’s spillway. The depth of water over the crest of the spillway during 
flood flows determines the maximum elevation of the headwater. Simi¬ 
larly, the level of the water in the stream at the turbine outlets varies 
with the flow of the stream and the configuration of its channel. This 
level is called the tail-water, and its vertical distance below the headwater 
is the head, //, at the plant. As a general rule the head decreases with nn 
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increase in the stream^s flow. It is found that the tail-water rises mo™ 
rapidly than the headwater, bringing about the condition that when the | 
stream-flow is a maximum, the available head is a minimum. If Q repre¬ 
sents the rate of flow through a turbine under the head, H, the availablei| 
energy in the water is QwH foot-pounds per second. With a decrease uij 



Fig. 172. Section through Low-Head Plant. Turbine Set in Open Flume. 
(Courtesy of S. Morgan Smith Co.) 


H there follows a decrease in since the turbine is but a special form of 
orifice whose discharge-rate varies as ^/H, and the power output of the 
turbine decreases because of the decrease in Q and in the head itself. 
This fact is to be remembered for later reference. 

Figures 172 and 173 show vertical sections through plants of two dis¬ 
tinct types. Figure 172 shows the turbine set in an open pit or flume and 
discharging into the tail-race through a short, closed conduit called the 
draft tube. The turbine is said to have an open setting. If the flume be 
well designed the setting is favorable because the water flows to all parts 
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of the turbine’s periphery with a minimum amount of eddying and with 
a low velocity which is uniform in direction and magnitude. Figure 173 
shows the turbine enclosed in a casing to which the water is brought 
through a pipe or penstock. If the casing be of the spiral or scroll type 
shown in the figure, the setting is a good one. Small turbines are often 



1^>G. 173. Section through Medium-Head Plant Using Penstock and Scroll-Cased Turbine. 

(Courtesy of S. Morgan Smith Co.) 

(inclosed in cylindrically shaped casings made of plate steel, which are 
c onnected on the side or end to the penstock. This arrangement is gener¬ 
ally less favorable as the water approaches the turbine entrances with 
velocities which differ in magnitude and direction at the various points 
of entrance. The cased turbine is a necessary construction unless the 
head be quite low. 

The primary function of the draft tube is twofold. It permits the set¬ 
ting of the turbine above the tail-water, without sacrificing head, so 
that it may be readily inspected, cleaned or repaired. It also allows the 
])artial recovery of the kinetic energy which would otherwise be lost in 
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the water discharged from the turbine. How it accomplishes these things 
will be shown later. 

In both pictures it will be noticed that head gates are provided in 
order that the turbine may be unwatered, and racks or screens are placed 
in front of the gates to keep trash and ice from entering the turbine. 
Both turbines are showm with their shafts vertical, but horizontal set- 


Fig. 175, General View of 40,000 hp. Turbines in the I^alcli Plant of San Joaciuin Light 
and Power Co. (See Ing, 174,) (Courtesy of Allis-Ch;ilmers Mfg. Co.) 

tings might have been used in each case. The practice today is toward 
vertical settings, especially for large turbines. This remark does not ap¬ 
ply, however, to tangential or impulse turbines (Fig. 174) which in this 
country are usually, but not always, set with the shaft horizontal. No 
hard and fast rules can be given for the arrangement of the details of 
any plant, and a study of the illustrations in these chapters, and of the 
many existing plants, will show that there is a great diversification in 
practice. 

177. Types of Turbines 

The development of the modern turbine from the old-fashioned wlu^els 
has brought about the design and use of several different types. Some of 
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these are no longer manufactured but occasionally are found in use. All 

modern hydraulic turbines may be broadly classified in two groups: 

* 

1 . Tangential or Impulse Turbines 

2 . Reaction Turbines 

(a) Francis Type (Mixed Flow) 

(&) Propeller Type (Axial Flow) 

The names given are not strictly descriptive of the turbines, but they 
have been long in use and generally accepted. Each type has its distinc¬ 
tive features. 

The tangential turbine (Fig. 174) receives the energy of a jet of water 
delivered from a nozzle on the end of a pipe line or penstock. The jet is 
formed free in the air and moves over the surfaces of the runner buckets 
under atmospheric pressure. The energy of the jet is whoUy kinetic, there 
being no pressure or potential energy utilized. The turbine might well be 
called a kinetic energy turbine. The name tangential came from the fact 
that the center line of the jet is tangent to the path of the center line of 
the buckets. The term impulse. a.rose as a result of considering the runner 
to be driven by the impulse of the jet. Often it is called a Pelton Wheel 
in honor of the man who first introduced the idea of the present-day split 
bucket (Fig. 177). No draft tube is used in connection with this type of 
turbine. 

The Girard turbine is a type of impulse wheel xmtil recently quite com¬ 
mon in Europe, and differs from the Pelton in the manner of constructing 
the buckets and applying the jet to them. It is more complicated than 
the Pelton and has been gradually supplanted by the latter. 

The impulse turbine is generally used under very high heads where the 
amount of energy available depends more upon the high velocity of flow 
than upon the rate of flow. 

The reaction turbine differs radically from the impulse type. It consists 
of a circular runner embodying a series of passageways, buckets or blades, 
attached to a central shaft and receiving water from stationary guide 
passages placed concentrically about the runner’s periphery (Fig. 189). 
All the guide and runner spaces are simultaneously filled with water under 
pressure. As the water flows through the runner, its velocity is changed in 
magnitude and direction, requiring the application of force by the run¬ 
ner to accomplish the change (Arts. 166 et seq.). It is the reactive force on 
the runner that causes the latter to rotate, hence the name reaction tur¬ 
bine. Forces of the same nature, however, cause the rotation of the im¬ 
pulse runner and the term is distinctive rather than descriptive. While 
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passing through the runner the water has its velocity and pressure much 
reduced, and in the case of a vertical wheel generally gives up some poten- 


Fig. 176. One-Piece Cast Runner. (Courtesy of S. Morgan Smith Co.) 

tial head. Therefore all three forms of energy may be utilized in this 
turbine. 

Modern reaction turbines may be broadly classified as having mixed- 
flow or axial-flow runners. The former are generally known as Francis tur¬ 
bines, and the latter as proitcllcr turbines. ’I'hc Francis is I he older of 
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the twOj being named in honor of James B. Francis, who in 1849 de- 
vked the first efficient inwar<^-flow turbine (Fig. 188). By inward fiow 
is meant that the water enters the outer periphery of the runner and 
moves toward the shaft in a plane at right angles to it. The original Fran¬ 
cis runner has been much changed in the development of the modern 
turbine whose runner passages have shapes dependent upon its power 
and upon the speed at which it is to run. In general the flow is inward at 
the point of entry but changes while in the runner to a direction inclined 
or parallel to the shaft. For this reason it is said to be mixed in direction 
(Fig. 201a, c). The propeller type, as the name implies, has a runner 

shaped somewhat like a ship’s propeller and, while passing through it, a 
particle of water follows a path which is at all points approximately equi¬ 
distant from the shaft or axis. For" this reason it is classified as an axial- 
flow turbine (Fig. 201d). 

It will be shown later that each type of turbine is suited to certain con¬ 
ditions or combinations of head^ rate of discharge and rotative speed. In 
general the propeller turbine is used under low heads with large rates of 
discharge, the impulse turbine under extremely high heads with relatively 
small rates of discharge, and* the Francis turbine under conditions of 
head and discharge that lie between the other two. 


CHAPTER XII 


Tk e Tangential TurLine 


178. General Description 

As already noted, this turbine consists of a circular disk or frame 
around whose periphery is arranged a series of buckets which receive 
water from a jet having its center line tangent to the path of the buckets. 
The jet issues from a nozzle attached to a pipe line or penstock (Figs. 
174 and 176). 

Each bucket is divided into two symmetrical parts, or lobes, by a ridge 
or splitter upon which the jet impinges. Each half of the jet passes over 
a lobe of the bucket which is so shaped that, under normal conditions of 
wheel speed, the water leaves the edge of the bucket with an absolute 
velocity small in value and in a direction approximately at right angles 
to the original jet. This reduction in velocity represents an amount of 
kinetic energy which has been expended in work upon the runner. 

The buckets are cast from iron, steel or bronze and have their faces 
polished and the splitter ground to an edge in order to minimize fric¬ 
tional resistance. They are generally fastened by two or more bolts to 
the runner disk or cast integral with it. Figure 177 shows a common form 
of bucket. 

The back of the bucket is carefully shaped so that as it swings down¬ 
ward into the jet no water will be wasted by spattering. As it enters and 
cuts through the jet, the bucket isolates a slug of water which is free to 
overtake the preceding bucket to which it imparts its kinetic energy. 
The face of the bucket is often set at an angle with the radius and its 
lower lip is notched or indented. This is done for the purpose of causing 
the first contact between the jet and bucket to take place with the bucket 
as nearly normal to the jet as practicable. If these two things were not 
done, the jet would strike the lip at the bottom and be deflected upward 
into the wheel, causing a loss in efficiency. 

It has been found that certain general proportions must be observed 
for efficient operation. The face area of the bucket, for example, should 
not be too small when compared with the area of the jet, ns otherwise 

341 


















342 THE TANGENTIAL TURBINE 

the bucket will be crowded with water and energy lost by eddying and 
by failure of the bucket to deflect equally all portions of the jet. Neither 
should the bucket be too largef as this results in unnecessary surface fric¬ 
tion. Past practice has been to make the face area of the bucket at least 
10 times the area of the jetj and the radial length of the bucket from 2 
to 3 times the diameter of the jet. 


Fig. 177. Cast-Steel Bucket of the Caribou Turbines. (Courtesy of Allis-Chalmers Mfg. Co.) 

The diameter, of the turbine, measured on the bucket's pitch circle 
to which the jet is tangent, has a fairly definite minimum value. For 
buckets separately cast, this has been found to be about 9 times the jet 
diameter, d. Recently the S. Morgan Smith Company has developed a 
wheel having buckets cast integral with the disk, allowing closer spacing 

of the buckets aroimd the periphery and making a ~ ratio of about 6 pos- 

d 

sible (Fig. 176). It will be shown later that this permits a higher rotative 
speed. 

There is no limit to the maximum value of ^, as the wheel may be 
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made large if a slow rotative speed be desired. Large wheels entail in¬ 
creased cost and increase the power lost in windage. 

The power of a runner may be increased by using two nozzles and, 
at the lower heads when the necessary water is available, this is becom¬ 
ing good practice at the present time. Deflectors on either side of the 
runner prevent water, discharged from the buckets, from again coming 


]’iG. 178. Shop Assembly of Nozzle^ Pressure J^egulator and Governor for the Caribou 
Turbines. (Courtesy of Allis-Chalmers Mfg. Co.) 

in contact with the runner. For turbines of large capacity under high 
heads, past practice has been to use two runners on a single shaft, each 
driven by a single jet. In this case the electric generator is placed between 
them, and the supporting bearings are between the generator and each 
wheel. This is known as a double overhung unit (Figs. 174 and 175). If 
one runner with two jets be substituted, the power lost by one runner in 
windage is saved. It is probable that future designs will tend toward this 
type of construction. 

The nozzle is of special construction, being fitted with a movable 
needle valve which controls the amount of water delivered in the jel 
(Figs. 178 and 181). 4'he n(!od for such control arises from the fact that 
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the power demanded from the turbine usually varies in amount and, in ' 
order to maintain a constant speed under changes in load, it becomes ' 
necessary to change the power in the jet. Since the value of the latter is 

, O is the only factor that can be varied if the velocity of the jet is 

to be kept constant. Theory will later show that high operating efficiency 

requires a fairly constant jet veloc¬ 
ity. This is attainable, however, 
only for small variations in water 
discharge. Large changes alter the 
velocity in the penstock with result¬ 
ing changes in the amount of head 
lost there. The head at the nozzle 
therefore changes, altering the jet 
velocity and reducing efficiency. 

The needle acts as a regulating 
gate, and when it is partly closed the 
turbine is said to be operating at 
part gate. Its movement is accom¬ 
plished by means of a governing 
device actuated by the turbine. A 
slight departure by the turbine from 
normal speed sets in motion the 
mechanism for adjusting the needle 
to meet the new load conditions. 
With short penstocks in which the 
Fig. 179. Details of Pressure Regulator Used velocity is not high, the needle noz- 
with the Caribou Turbines. , . n- • . • ^ 

(Courtesy of Allis-Chalmers xMfg. Co.) IS very efficient in regulating the 

speed. With long penstocks, especi¬ 
ally those carrying water with high velocity, a quick, partial closure of 
the nozzle may give rise to water hammer and troublesome rises in pres¬ 
sure. To prevent this, several devices are employed, one of which is the 
pressure regulator. Figure 178 shows the needle nozzle built for the Caribou 
Plant, together with its governor and pressure regulator. The construction 
of the latter is shown in Fig. 179. It operates as a pressure relief valve, 
opening quickly with any rise of pressure in the penstock and closing very 
slowly so as to prevent water hammer by its own closing action. It opens 
at any quick forward movement of the needle and closes slowly after the 
needle is adjusted to its new position. Figure 179 also shows an ingenious 
design for absorbing the energy of the discharge from the i)rcssure 
regulator. 


Flooifing fever-.^ 
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Another method for regulating the speed is by the use of a deflecting 
nozzle. This is mounted on horizontal trunnions and is free to move in 
a vertical direction under power supplied by water from the penstock. 
If the load on the turbine suddenly decreases, the governor immediately 
causes the nozzle to be lowered so that only enough of the jet strikes the 
buckets to supply the power demanded. Meanwhile the needle is moved 


forward by a secondary mechanism to reduce the discharge of the jet. 
4Le governor then automatically restores the jet to the center of the 
buckets. The last two motions are practically simultaneous. 

Instead of deflecting the jet by lowering the nozzle, a deflector is some¬ 
times attached to the tip of the nozzle. It consists of a movable steel 
plate or casting placed immediately over or around the jet, having its 
motion controlled by the governor. There are several common designs, 
one of which is shown in Fig. 180. 

The combination of a deflecting nozzle (or deflector) and needle valve 
usually results in close regulation and little waste of water. 

A third type of nozzle is ecjuipped with an auxiliary relief nozzle* 
Jiiounted below, or to one side of, the main nozzle (Fig. 181 ). Should the 


]oG. 180, Shop Assembly of \eedle Nozzle with Dellector. Tiger Creek Plant of the Pacific 
Gas and Electric Co. Effective head 1190 feet. (Courtesy of PelUm Water Wheel Co.) 














































Fig. J81. Shop Assembly of Power and Relief Nozzles. Big Creek No. I Plant of Southern 
California Edison Co. Effective head 1900 feet. (Courtesy of Pelton Water Wheel Co.) 

velocity, V, or as a function of the head, h, found in the water at the 
base of the nozzle. Denoting the linear speed of the buckets (computed 
for a point on the pitch circle) by u, we may write 

u = <p\/ 2gh, 

and will be found to have a definite value for each individual turbine 
when run at its best speed. The value ranges from 0.43 to 0.47, with a 
common average value of 0.45 (see Art. 183), and to </> is given the name 
coefficient of relative speed or simply relative speed. It relates the velocity 
of the buckets to the ideal velocity corresponding to the head //, and il 
one of the important indices or constants of the turbine. It will later be 
used to similarly relate the peripheral speed of the reaction turbine to 
the head under which it operates. Its value for tangential turbines is less 
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governor move the main needle forward, the auxiliary needle is retired 
an amount sufficient to discharge the surplus water beneath the wheel* 
This prevents sudden pressure-rises in the penstock. The relief valve is 
then slowly closed. Like the deflecting nozzle, it permits close speed 
regulation. 

If the best speed of a turbine be defined as that speed for which the 
efficiency is a maximum, its value may be expressed in terms of the jet s 
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than for any type of reaction turbine, and therefore the peripheral speed 
under a given head will be less for a tangential turbine than for reaction 
types, as previously stated. Later it will be found that the reaction tur¬ 
bine uses a very much larger quantity of water than a tangential wheel 
of the same diameter, so that for equal powers under a given head, the 
tangential wheel will have the larger diameter. Because of this and its 
lower peripheral speed, its rpm. will be much less than that of a reaction 
wheel developing the same power under a given head. This states a car¬ 
dinal difference between the operating characteristics of the two types. 
The tangential turbine is essentially a low speed, low capacity turbine 
when compared with modern wheels of any other type. It is preferably 
used under very high heads where the quantity of available water is 
relatively small and the velocity of the water as it enters the runner is 
high. Its low value of 4> and large diameter make a normal rpm. possible. 

Present practice is to use it exclusively for heads above 1000 feet, and 
frequently for much lesser heads when the available flow-rate is relatively 
small. 

179. Notable Installations 

In recent years there has been much progress in the construction of 
large-size, high-powered tangential turbines as the development of trans¬ 
mission lines has made the high heads of the mountainous country avail¬ 
able for power. 

Among notables intallations were the turbines of the Caribou Plant 
of the Great Western Power Company on the North Fork of the Feather 
River in California. Three double overhung units were built in 1921- 
1924, each double unit developing 30,000 h.p. at 171 rpm. under a head 
of 1008 feet (Figs. 178 and 182). The wheel and jet diameters are 155 

inches and 11 inches, respectively, giving to — a value of 14.1 The value 

d 

<j) is 0.455. The governing is by means of a needle nozzle combined with 
a pressure regulator. 

In 1925 the Southern California Edison Company, in its Big Creek 
Plant No. 1, installed a double unit to develop 35,000 hp. at 300 rpm. 
under a head of 1900 feet. The wheel diameter is 127 inches, the jet 

diameter 7.3 inches, giving to ^ a value of 17.4, and to 0 a value of 0.475. 

d 

This unit used the auxiliary relief nozzle in regulating the speed. 

The Balch Plant of the San Joaquin Light and Power Company on 
King’s River, California (Fig. 174), has a still larger double unit of 
40,000 hp. capacity, operating at 360 rpm. under a head of 2243 feel. 





















348 


THE TANGENTIAL TURBINE 




The diameter is 115 inches with a 7^-inch jet, giving to — a value of 16.2. 

t 

The value of is about 0.47. 



Fto. 182. Runner of the 30,000 hp. Double Overhung Turbines at the Caribou Plant of 
Great Western Power Co., California. (Courtesy of Allis-Chalmers Mfg. Co.) 

In 1928 the Southern California Edison Company installed in their 
Big Creek No. 2A Plant two double units of 56,000 hp. capacity, with a 
speed of 250 rpm. under a 2200-foot head. One unit has a diameter of 164 
inches, the other 162 inches. The jets are inches in diameter so that 


THE HEAD 


349 


the ratios of — are 19.3 and 19.1, respectively. The value of <(> is about 

0.465. This to date is the largest tangential turbine as far as capacity is 
concerned. 

The largest turbines, in point of size, are probably those at the San 
Francisquito Plant No. 1 of the City of Los Angeles, California. Here a 
double unit having a diameter of 176 inches develoi)s 32,000 hp. at 143 

rpm. under a head of 870 feet. It is driven by a 14-inch jet so that is 

d 

12,6. The value of is 0.464. 

The highest head so far developed is one of 5800 feet in Valais, Switzer¬ 
land. There a single unit driven by one jet develops 30,000 hp. The high¬ 
est head at present developed in this country is at the Buck's Creek 
Plant of the Feather River Power Company in California. The gross 
head is 2562 feet and the head at the nozzle is 2350 feet. Double over¬ 
hung units develop 35,000 hp. at 450 rpm. 

A unit having two jets has been recently built for the Caramanta 
Mining Company in Colombia, South America, by the Smith Company, 
It develops 2500 hp. at 327 rpm. under a head of 280 feet. 

As an example of the use of multiple nozzles may be cited also the 
Salt River development in Arizona, where six nozzles are used on a single 
runner to develop 1000 hp. at 94 rpm. under a head of 111 feet. The shaft 
is vertical. 

180. The Head 

For the tangential turbine, the available head at the plant is not the 
head under which the turbine is said to operate. In Fig. 183 the plant 



Fig. 183 


liead, H, is the difference in elevation between the surfaces of headwater 
:ind tail-water. A considerable part of this is lost by friction in the pipt' 
line, and a small part, s, is lost by the necessity of setting the wheel above 
I he level of the tail-water during flood flows. 'Phat which is l<‘fl exists us 
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velocity head and pressure head in the pipe at entrance to the nozzle, 
and is considered to be the elective head, A, under which the turbine 
operates. A part of it, (1 — Cv^)hy is lost in passing through the nozzle, 
but inasmuch as the nozzle is considered a part of the turbine, it is proper 
that the head charged against the turbine should be computed in this 
manner. Accordingly, 

p 

Effective Head '= h = ~ —1— , 

2g w 

V and p being average values for velocity and pressure at the nozzle 
entrance. Obviously it would be unfair, in computing the efficiency of 
the turbine, to charge against it the head, z since no feasible method 
exists for utilizing any part of tlcit latter. 

181. The Jet 

By Art. 79 the jet velocity is 

Cv having a value dependent upon the nozzle construction. For the needle 
nozzle it varies with the position of the needle, having a maximum value 
of approximately 0.98 when the needle is. fully withdrawn and decreasing 
somewhat as the needle advances toward the closed position. Were the 
head, h, constant, this variation in would cause a like percentage 
change in the jet velocity. As a matter of fact the head changes with the 
needle-setting due to the changes produced in velocity and friction head 
in the penstock by the needle movement. For a forward movement, re¬ 
ducing the discharge, the head tends to build up and decreases. The 
effect of each on the jet velocity being opposite in nature, the latter tends 
to have a certain amount of stability, although it becomes impossible to 
maintain a constant jet velocity under all conditions of operation. 

182. Action of the Jet on the Buckets 

Figure 184 shows a horizontal section through one of the buckets taken 
on a plane passing through the axis of the jet. The bucket moves in a 
circular path, but for the present purpose we will assume its path to ^be 
a straight line, coincident with the jet’s axis, and that its velocity, w, is 
constant. Two successive positions of the bucket are shown, together 
with the path of the water as it flows over the bucket’s surface. The path 
of the water, relative to the bucket, is shown in dotted lines. The water 
leaves the bucket with a relative velocity, z/ 2 , whose direction is tangent 
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to the bucket surface at the point of exit. The angle between V 2 and the 
jet’s axis, commonly called the bucket angle, is designated by j3. Due to 
the combined motion of the water over the bucket and of the bucket 
through space, the actual path of the water is that shown by the full lines, 
the water leaving the bucket with an absolute velocity, F 2 . at an angle, 
a, with the jet’s axis. It is to be noted that F 2 is the vector sum of V 2 and 
u] that the absolute path of the water has an easier curvature than the 



surface of the bucket, and that the angle, a, through which the water is 
deflected, is much less than the bucket angle, jS. 

The velocity of the water in the original direction of the jet is reduced 
from Fi to F 2 cos a and the component, in this direction, of the pressure 
exerted by the jet on the bucket is 

Px = M\Vi — F2C0SQ:). 

This component is the force which causes the bucket to move with uni¬ 
form speed against the resistance supplied by the load on the turbine. 
The value of is that mass of water which each second of time passes 
over the bucket. The total of the separate forces simultaneously acting 
on each live bucket can be obtained from the above equation if we change 
to ikf, since the combined masses flowing per second over the active 
buckets equals the mass, ilf, discharged per second by the nozzle. We 
have, therefore, ^ 

Px = ~ (Fi - F 2 cos a) (172) 

s 

as the value of the turning force applied to the wheel and, since it moves 
u feet per second, PxU becomes the work done in one second or the power 
input to the shaft. It is greater than the power output from the shaft by 
the amount lost in bearing friction and by windage. 
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In Fig. 185 are shown three typical parallelograms of velocity which i 
might be obtained for a given bucket angle and jet velocity by varying 
the speed, u. For an increase in u, there will be a decrease in V 2 since the ; 
latter depends upon u. The diagrams show in each case that 


V2 cos a = M + »2 cos / 3 , 

_ JU _ V 

~vi E 2 *'2 

Fig. 185 




cosine /3 being negative since /3 is larger than 90 degrees. Substituting thiS' 
value in equation (172) and multiplying Px by u, we obtain 

Power Input to Shaft = — [(Ei — u) — V 2 cos j3]u. 

g 

(El — u) is the relative velocity at entrance and, were the flow friction-, 
less, it would equal V 2 . Under such conditions the above equation wouldi 
become 


Power Input to Shaft 


Qw 


(El — m) (1 — cos |8 )m, 


! 


an expression common in many textbooks. Experiment shows that V 2 is 
less than (Fi — u). For well-designed buckets having a thin-edged split¬ 
ter and surfaces well polished, V 2 may be as large as 0.95 (Fi — u), but 
it rapidly decreases in value with inferior design and rough surfaces, be¬ 
coming as small as 0.75 (Fi — w), or»even smaller. 

If we let ^ (Fi — w), the power equation becomes 


Power Input to Shaft = — (Fi 

g 


ti. 


— k cos 0)u. (173) 


For buckets well designed and finished, k may be taken as about 0.90. 
It doubtless varies with itself, and consequently with the wheel speedy 
but unless wide changes in u are considered, it may be treated as a con¬ 
stant. 

The equation was derived for certain assumed conditions which are not 
actually existent, and the value it gives probably differs somewhat from, 
the true value. It was assumed that the buckets move with a speed, 
in a straight line coincident with the jet’s axis. The fact that they follow: 
a curved path, and each bucket is constantly changing its inclination to 
the jet, introduces complicated relations which are mathematically diffi¬ 
cult, if not impossible, to express. For example, the relative velocity at 
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entrance to the bucket has been assumed as Fi — w and constant for all 
positions of the bucket. A little thought will show that this value can be 
true only when the bucket reaches a point so that its velocity is really 
parallel to the jet. At all other times the velocity, w, makes some angle, 
ai, with Fi and the relative velocity is the third side of the vector triangle. 
Obviously ai varies as the bucket moves. Again, the value of u at the 
point of entrance is not constant, due to the fact that the curving path 
of the bucket causes this point to shift along the edge of the splitter. 
Similarly the bucket velocity at the point of exit is continually varying 
for the same reason. In spite of these and other departures from assumed 
conditions, equation (173) fairly well represents the power input to the 
shaft, and shows clearly the influence of all the various factors upon this 
power. 

183. Speed for Maximum Efficiency 

For a given jet velocity and bucket angle, equation (173) shows that 
the input to the shaft varies with the wheel speed. If u be zero, or equal 
to Fi, the power is zero, while at intermediate speeds the power depends 
upon the ratio oi u to Fi. The speed which makes the power input a 
maximum may be found by noting that {Vi ~ u) u must attain its maxi¬ 
mum value simultaneously, since the other factors in equation (173) are 
constants or, as in the case of may be assumed so. Placing the first de¬ 
rivative of (Fi ~~ u) u equal to zero, we obtain 

Vi - 2u = Q 
or 



The power output from the shaft depends upon the loss by bearing fric¬ 
tion and windage. Experiments indicate that the first varies approxi¬ 
mately with the speed, the latter about as the cube of the speed. Figure 
186 shows the variation in the several losses as the wheel speed, w, changes. 
The hydraulic losses, bucket friction and residual kinetic energy at exit, 


decrease to a minimum as the speed increases from zero to 


2 


increaang 


with the speed from there on. This is proved by equation (174). The 
mechanical losses increase with the speed, and it is evident that the power 
output will be a maximum when the speed is such that the sum of the 
hydraulic and mechanical losses is a minimum. This occurs at a speed 


somewhat less than 


Fi 

2 


since a slight reduction from this value causes 
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little change in the hydraulic losses and does decrease the mechanii 
losses (see Fig. 186). The best speed varies with details in the design of 
each wheelj but in general it is such that u varies from 0.44 to 0.48Fi. 
An average value is therefore 0.46Fi. 

As stated in Art. 178, it is convenient to express this speed in terms of 





Fig. 186. Variations in Power and Losses with Speed 


the operating head, h, using the relation, u = <j)y/2gh. Assuming an av¬ 
erage value for Vi of O.QSV 2gh, we have 

u = 0.45V^. (175) 

In practice the value of </> ranges from 0.43 to 0.47. Once the value of 0 
is determined for a wheel, equation (175) fixes the linear speed at which 
it should be run. 

184. Efficiency 

The efliciency, e, of all turbines is the ratio of the power derived from 
the shaft to that supplied by the water at entry to the turbine. These 
two powers differ by the sum of all hydraulic and mechanical losses. 
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The hydraulic efficiency, e*, is the ratio of the power utilized by the 
rimner to that supplied by the water at entry to the turbine. These two 
powers differ by the amount of the hydraulic losses. 

The mechanical efficiency, is the ratio of the power obtained from 
the shaft to that put into it, the latter being the power utilized by the 
runner. In the case of a tangential turbine, the two powers differ by the 
amount lost in bearing friction and windage. 

Evidently the efficiency of the unit is the product of the hydraulic and 
mechanical efficiencies. The better the mechanical efficiency, the nearer 
does the overall efficiency approach the hydraulic efficiency. 

The power utilized by the tangential turbine being given by equation 
(173), and the power input to the nozzle being Qwh, the hydraulic effi¬ 
ciency is 

^ {y I — u) — k cos ^)u H- Qwh. 
g 

Since _ ^^.y/2^andM = </)'s/ 2gh, / 

Ch = 2(<t)Cv - <t>^) (1 - ^cos/3). (176) 

The equation emphasizes the four conditions conducive to high effi¬ 
ciency, viz., smooth, well-designed buckets, a large bucket angle, a good 
nozzle, and correct wheel speed. It also shows that the hydraulic efficiency 
is independent of the head, h. Tests and theoretical considerations have 
shown that the mechanical efficiency varies slightly with the wheel speed 
and therefore with the head. In general it improves with the head but, 
except in the case of a large increase in head, the improvement is so slight 
that we are warranted in assuming the overall efficiency to be constant 
so long as 0 remains constant. 

Assuming <j> = 0.45, Cv — 0.98, k = 0.95 and /3 = 170°, the hydraulic 
efficiency is 92 per cent, agreeing closely with best modern practice. If 
the mechanical efficiency be 0.97, the net efficiency is 88 per cent. 

Equation (176) is general in its application and not restricted to best 
speed conditions or any special needle position. If the coefficient, re¬ 
mains fairly constant over a wide range of needle movement, the hydrau¬ 
lic efficiency should likewise be fairly constant and the overall efficiency 
also. Actually the nozzle coefficient does decrease as the needle closes, 
the change being more rapid as final closure is approached. At small noz¬ 
zle openings, the mechanical losses are so large in relation to the total 
[lower input as to result in a rapid decrease in overall efficiency as the 
needle closes. A typical curve showing the relation between efficiency and 
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power output appears in Fig. 187, and its flatness over a wide load range 
is noticeable. This characteristic is one of the valuable features of a tan¬ 
gential turbine. The maximum efficiency is usually found at a needle 
setting somewhat less than for nozzle wide open. This is intentionally 
made so in order that the efficiency will be high at normal load and the 
turbine still have an overload capacity. In this turbine, as in the reaction 
type, the load corresponding to the point of maximum efficiency is desig¬ 



nated as the normal load, and the maximum load is referred to as full 
load. 


185. Turbine Laws and Constants 

If two or more tangential turbines ot like design are constructed, differ¬ 
ing only in size so that all homologous linear dimensions have a common 

ratio, they will be found to have the same values for -- , k and 4>, and 

d 


hence the same hydraulic efficiency (equation 176). Tests indicate that 
their overall efficiencies will differ but little and, for present purposes, 
may be assumed alike. 

Unit Speed. —For each wheel the speed, n, in revolutions per minute^ 
will be 


n — 


120u 

ttD 


= \S4G<t> 


Vh 

D ’ 


if D be the diameter in inches. Evidently 18400 is a constant for all wheels 
of like design, if 0 relates to best speed. For a runner having a diameter of 
one inch, operating under a head of one foot, the equation shows that ita 
speed would be 18400. Such a runner is highly imaginative, but it fur¬ 


'y? - M. V 0 
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nishes the name of Unit Speed to the quantity, 18400, which will here¬ 
after be designated by Therefore, 




(177) 


Since 0 has values from 0.43 to 0.47, 

= 790 to 870. 

Equation (177) shows that the best speed for wheels of like design varies 
directly as '\/h and inversely as 

Unit Discharge. —For each turbine the rate of discharge will be 

d being measured in inches. For similar needle settings with similar noz¬ 
zles, Cv has one value, and d may be expressed as —The value of Q may 


m 


then be written, 


Q = 




m 


Again, for a runner one inch in diameter, under a head of one foot, the 
rate of discharge will be cfs. To this quantity is given the name 


m 


Unit Discharge, and it is designated by Therefore, 


E 


Q = QuDWh. 


(178) 


Assuming c^ = 0.98 and m = 9, 

Qu = 0.00053. 


If m be 6, 


= 0 . 0012 . 


The latter value represents approximately the maximum value which 
Qu may have. There is no fixed lower limit since m may be made as large 
as desired. 

From equation (178) we see that the discharge from homologous tur¬ 
bines is proportional to D^ and \/ h, which is the ordinary orifice law. 

Unit Power. —For each turbine the horsepower output will be Qwhe 
550. With e practically constant for all homologous turbines operating 
at the same 0, the output is proportional to Q and h. Since Q = QuD'^y/h, 


!t we e 

Output hp. = 55Q = 
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Again, if D be one inch and h one foot, the horsepower is , to be knou 

' * 8.0 


as the Unit Power and designated by Therefore, 


E 


hp. = PM\ 



(179) 


For Qu = 0.0012 and e = 0.88, 

Pu 


0.00012. 


The value, 0.00012, may be regarded as the upper limit. There is no fixedj 
lower limit, since m (hence Qy) may be as large as desired. 

Specific Speed .—The quantities, Qu and are known as the tur-! 

bine constants. In addition to these is a fourth one derived as follows: 

■2- 

If in the equation, hp. = PuD^h^'j we substitute for D its value froml 
equation (177), we obtain 


hp. — Pu^u 2 > 




or 


n, 


a/p” = 

I ^ ^ u — 


n 


A/lvp. 




The equation states that for all turbines of homologous design, the valu®^. 
of ny/^. is a constant. To nyy/^u is given the name Specific Spe ^ : 
and the symbol Ws- If we imagine a turbine to have such a dimaeter that 
under a one-foot head it delivers one horsepower, then its speed, w, will 
equal Wg. Therefore, _ 


A/hr 


n. = n- 




(180) 


Assuming = 865 and Py = 0.00012, both of which are approximate 
limiting values, 

Wg = 9.5. 

This may be regarded as the approximate maximum value which w* may 
have, using a single nozzle. The Caramanta unit (Art. 179) built by the 
Smith.Company had an value of 14.3 for two nozzles, which is equiva¬ 
lent to about 10 for one nozzle. Runners which use bolted buckets that 
require wider spacing on the wheel have a maximum n^ value of approxl- , 
mately 6.0. A common value for such construction ranges from 3.5 tii 
4.5. 
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The dependence of n^ upon the value of ^ may also be shown as follows: 

d 


n, 


= nuVPu = 1840<^>'YQ^* 


e 


Substituting for Qu its value, 


0.0438c„ 


m 


2 » 


If for m be substituted — , 
d 


Wg = 1840 
D 


-V 

w, ^ 


OMSBCye 


m ^ 8.8 


= (129.SipVcve) 


D 


( 181 ) 


This shows n^ to be largely dependent upon ~ , since 0, Cy and e can vary 

d 

within only comparatively narrow limits. If </> = 0.46, Cy — 0.98 and 
e = 0.88, 


ns = 


If — be 9, Wg is approximately 6.0. If -- be 6, ns is a little more than 9.0. 

d d 

The only way by which this value may be exceeded is by the use of 
multiple nozzles. Since the power obtainable from a single turbine is pro¬ 
portional to the munber of nozzles used, Wg increases as the square root of 
the number. In giving the value of for a turbine having more than one 
nozzle, it should be stated whether the value is for one or all nozzles. 
The Salt River turbines (Art. 179) have an ng value of 3.3 per nozzle, or 
8.1 for the six nozzles. 


186. Recapitulation 

The foregoing article may be summarized as follows: 

For all turbines of homologous design^ operating at the same relative speed 
and gate (needle) setting — 


n varies as 


a/A and 


1^ 

D 


Vh 

or n = nu -p- 


where = 18400. 


Q varies as a/^ and or Q = QyD'^V^, where Qu = 0.0438ct, 
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Hp. varies as If and or hp. = FuD^h^, where Pu — Qu 


/— n\^ hp, 

fls = Pu = - 1 -* 


Hydraulic efficiency, eu, independent of h and D, • 

Overall efficiency, e, practically constant for moderate range in headi'j 
improving slightly for large increases in head. 

Numerical values of Qu, Pu and may be computed for any givetti 
value of 0 and for any gate opening, and are common to all turbines of 
that design so long as they operate at the given and gate. They are ob¬ 
tained from tests during which the discharge, power and efficiency arej 
measured at the desired 0 and gate. Usually the stated values corresponc 
to the speed of maximum efficiency and the gate of maximum power. 

The above laws and constants are valuable in computing the perform-j 
ance of a given wheel at any head, and in determining the size and speed] 
of any given design to meet specified conditions of power and head. 

It will appear later that the same laws hold for all reaction turbines and! 
that each such turbine has definite values for Uu, Qu, Pu and ns. 

187. Illustrative Examples 

(l) The Caribou turbines develop (per runner) 15,000 hp. at 171 rpniii 
under a head of 1008 feet. Their diameter is 155 inches, and each uses 
165 cfs. Compute the constants: 


Dn 

Vh 


flu = —y= = 


155 X 171 
31.8 


= 835 


^ = 0.455 

^ 1840 


165 


dWIi 155^ X 31.8 
hp. 15,000 


= 0.000216 


Pu = 


D^hVh 155^ X 1008 X 31.8 
wVhp. 171 X 122.5 


= 0.0000195 


n. = 


y/li 5.64 


= 3.7 


or 


L = nuVF,, = 835 a/().0000195 = 3.7. 
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(2) If these wheels were to be used imder a head of 1200 feet, what 
would be their speed, power and rate of discharge? 


n = 171 X 


lim 

*^1008 


= 186 rpm. 


hp. = 15,000 X 


1200 jl200 


1008 ^1008 


19,500 hp. 


<2 = 165 X 


/ l200 
^1008 


= 180 cfs. 


(3) What size of wheel, having the same design as the Caribou, would 
be used to develop 8250 hp. under a 900-foot head? What would be its 
proper speed and what its rate of discharge? 

8250 = PuD^hVh = 0.0000195Z72 X 27,000 

D = 125 inches 


n = 


nu\/h 

D 


835 X 30 
125 


200 rpm. 


Q = 0.000216 X 125^ X V900 = 101 cfs. 


(4) If the Caribou wheels were used under a 2500-foot head, what 
power would they develop, what would be their proper speed, and how 
much water would they require? 

For these wheels, = 835, Qu = 0.000216 and Pu = 0.0000195. 
Therefore— 


hp. = 0.0000195 X 155^ X (2500)^ = 58,500, 


or, more simply, 


or 


or 


, /2500\t 

hp, - 15,000 X - 


58,500 


Vh 835'\/2500 


n = nu 


D 


155 


= 269 rpm. 


/2500\J 

"■"‘^(loTs) - “"I’”'- 


Q = 0.000216 X 155^ X V2500 = 260 cfs. 


Q = 165 X 


/2500y_ 

Vuiosj 


260 cfs. 
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(5) Can tangential turbines be used to develop 20,000 hp. at: 200 
under a 700-foot head? 


n. = 


200V20,000 
looV Vt^ 


= 7.86. 


This value of fts is possible using either one or two nozzles. If the pif 
be divided between two turbines of a double overhung unit, the vulutt i 
fis per turbine will be 5.6. 

PROBLEMS 

1. A turbine is to develop 2400 hp. under a head of 900 ft. Assuming ip 
0.98 and an efficiency of 88 per cent, what would be the diameter of tho Jet i 

D 

what the rpm. of the wheel if a value of 14 were employed for — ? 

(L 


2. The following data are for a 96-inch turbine: 


Ans, 4.56 in., m\ i 




^ = 160° 
e = 0.835 
(b) The rpm. (c) Horsepower oiiljii 
(e) The mechanical efficiency 


h = 1210 ft. = 0.98 

J = 7 in. 0 = 0.47 

Compute: {a) Power input to .shaft. 

{d) The head utilized by the buckets, 
runner. 

Ans. (a) 8800 hp. {h) 312 rpm. (c) MtKI ' 
{d) 1060 ft. ■ (e) 0.96. 

3. A tangential turbine is supplied with water from a 6-inch jet undef | 

effective head, h, of 900 ft. li <t> = 0.46, Cv = 0.97, k = 0.90 and ^ — M 
compute the horsepower input to the sliaft. /I #5. 4MHH| 

4. A Felton wheel develops 15,000 hp. under an effective head h of lOtHll 

Compute the approximate value of D, d and rpm. Assume e = 0.85, nod /i 
d = 12. Ans. D = 10.7 ft; J = 10.7 in.; rpnii M 

5. A 12-inch nozzle, attached to a 30-inch pipe, furnishes water lo ti [| 
gential turbine. The pressure at the nozzle being 400 lb. per sq. in., Cf - 
and Ce = 0,70, compute 

(a) the energy in the jet 

(b) the approximate diameter of the runner and its rpm. 

Ans, (a) 

6. An impulse turbine ig to operate at 300 rpm. under a head of 625 ft. Wli 
is the smallest diameter it can have, consistent with present praclice? Wl( 
maximum diameter of jet can be used? If 90 per cent of the jet energy mo ! 
delivered by the shaft, what possible power can it develop? 

7. A turbine has a diameter of 78 in., a speed of 300 rpm. and a buck rI <iit| 

(|8) of 165°. The diameter of the nozzle is 8 in., and Cv and Cc are 0.97 lUid 0,| 
respectively. Compute the power input to the shaft, assuming k ■ O.MS m 
<t> = 0.46. Ans, 44Ml I 
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I. A certain turbine has the following data: 

D = 65 in. rpm. = 300 h = 600 ft. Cv = 0.98 

d = 5.8 in. i3 = 165° k = 0.80 Cc = 0.80 

Compute 0, ehf Q and the power input to the shaft. 

Ans. <t> = 0.43, Ck = 0.835, 

Q = 35.4 and hp. = 2020. 

9. A certain power plant is equipped with tangential turbines each of which 
hiiH the following data: 

h\). = 100 rpm. = 350 (/> = 0.45 

e - 0.82 h = 225 ft. Cv = 0.98 

Penstock diam. at nozzle = 8 in. 

P 

Compute Q, D, d and - 6,t base of nozzle. 
w 

What is the value of ns? 

P 

Ans. Q = 4.78; D = 35.5 in.; d = 2.72 in.; - = 223 ft.; ns = 4.0. 

w 

10. An impulse turbine develops 7400 hp. at 200 rpm. under a head of 814 
li ., giving an efficiency of 80 per cent. For the nozzle Cv = 0.97, and </> is 0.45. 

(a) Compute the rate of discharge. 

D 

(h) What is the wheel diameter, and the value of — ? 

Qf 

(r) Compute Qu, Pu and Wa. Ans. {a) 100 cfs. {b) 118 in.; 13.1. 

(c) 0.000248, 0.0000225 and 3.94. 

II. A single overhung tangential turbine in India is rated at 15,000 hp. under 
II 167 5-ft. head at 300 rpm. 

(d) (N)mpute the specific speed. 

(ft) UPu be 0.000020, what is its diameter and what is the value of w„? 

(r) If the mechanical losses (windage and bearing friction) be 300 hp., what 
bin e in being exerted by the jet against the buckets? 

Ans. (a) ns = 3.44. 

(b) D = 104.5 in. = 765. 

(c) P = 61,400 lb. 

I). It is desired to develop 5000 hp. on a single turbine at 200 rpm. under a 
OHi f| . head. The available flow is 71.5 cfs. A turbine which meets these speci¬ 
al III lulls lias a value of 0 equal to 0.455. 

(d) ('ompute e, D and ^ , assuming Cy for nozzle is 0.98. 

d 

ih) {'umpute Wu, and P„. 

Ans. e = 0.88; ns — 3.9; A) = 111 in.; 

= 14; Uu --= 837 rpm.; 
d 

(>„ = 0.00022 cfs. ; P„ - 0.000022 hi). 
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13. It is proposed to develop 84,000 hp. at 164 rpm. under a head of 1220 ft. 
If wheels of the same design as those used in the Balch plant of the San Joaquin 
Light and Power Company (Aft. 179) are to be used, how many double over¬ 
hung units will be required and what will be their diameter? 


CHAPTER XIII 


Reaction Turl i 


tries 


188. General Description 

As pointed out in Art. 177, the modern reaction turbine may be classi¬ 
fied either as a mixed-flow or axial-flow turbine, according to the direc¬ 
tion taken by the water while passing through the runner. 


Fig. 188. Original Francis Turbine 

The mixed-flow, or Francis, turbine is much the older of the two types, 
being a modification of the first efficient inward-flow turbine designed by 
I^Vancis in 1849, and distinctly an American product. The design of its 
runner varies with the imposed conditions of heady power and speedy as 
may be seen in Fig. 201. 
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The axial-flow, or propeller, turbine is of comparatively recent origin, 
the first having been manufactured in this country in 1916 from designs 
proposed by Nagler in 1913. in Europe a similar design had been pro¬ 



posed by Kaplan of Czechoslovakia, but it was not manufactured until a 
later date. A runner of the Nagler type is shown in Fig. 205. A somewhat 
different design by Moody appears in Fig. 213. 

To Kaplan belongs the credit for conceiving a propeller turbine with 
movable blades (Fig. 207) whose position may be varied with the load on 
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the turbine and hence with the rate of discharge. As will be seen later, 
this permits a high efficiency to be maintained over a wide range of 
operating gate or load. It also permits a runner, designed for a given 
head and rate of discharge, to work efficiently under much lower heads 
with lowered rates of discharge. 

The mixed-flow and axial-flow turbines differ mainly in the design of 
the runner and its position relatively to the guides. They both have cer¬ 
tain common features which may be mentioned and described with the 
aid of Fig, 189. The drawing is a half-sectional elevation of an 18,000 hp. 
mixed-flow turbine designed and built by Allis-Chalmers Mfg, Co. to 
operate under a head of 430 feet at 375 rpm. Because of the high head, 
the water is brought to the turbine through a steel penstock and deliv¬ 
ered to a spirally shaped steel casing, C, which surrounds the turbine 
proper. Such casings are commonly made of cast steel, plate steel, con¬ 
crete, or steel and concrete, depending upon the pressure to which they 
are subjected. From the casing the water flows between widely spaced 
stay-vanes^ 5, which primarily serve as supporting columns to carry the 
weight of the non-rotating parts of the turbine to the power-house foun¬ 
dations. They also direct the water from the casing to the turbine guides^ 
G, With plate steel or concrete casings the stay-vanes are cast integral 
with top and bottom rings, and the whole is called the speed ring, (Fig. 
190). The name is somewhat a misnomer and results from the fact that 
the water begins to increase its speed at this point. In low-head plants 
the casing and speed ring are generally omitted and the water then flows 
directly to the guides from the open flume in which the turbine is set 
(Fig. 172). From the speed ring the water enters the guide case, which is 
fitted with a series of guides^ G, whose function is to give to the water a 
whirling motion as it passes to the runner, R. They also act as gates by 
which the rate of flow through the runner may be regulated to meet 
changing demands for power. For this latter purpose they may be ro¬ 
tated on the trunnions or spindles^ D, by means of levers, E, which are 
connected to the shift-ring^ E, by proper linkage. The shift-ring is con¬ 
centric with the shaft and is rotated by oil-pressure pistons actuated in 
turn by the speed governor. The runner is keyed to the main shaft and, 
while passing through it, the water is guided by the runner blades and 
by the surfaces P and B which are the crown plate and runner hand^ re¬ 
spectively. From the runner the flow is directly into the top of the draft 
tube, r. 

Since there must exist a clearance space between the runner and the 
guide case, it is possible for water to occupy the spaces, above the 
crown plate and below the band. Through the lower clearance space water 
















































































368 


REACTION TURBINES 


may actually flow to the draft tube without entering the runner. To 
minimize this leakage loss, the clearances are made small and specially 
designed to hinder flow. 

Above the runner is a bearing for steadying the shaft. It is usually of 
babbitt metal lubricated by oil, but in small turbines is often made of 
lignum-vitae (hard wood) and lubricated by water. For all vertically set 
turbines the weight of the rotating parts, including the armature of the 



Fig. 190. Speed Ring of Safe Harbor Turbines. (Courtesy of S. Morgan Smith Co.) 


generator, is generally carried by a specially designed suspension bearing 
placed at the top of the shaft and supported on the generator frame. The 
various mechanical parts mentioned are to be seen in many of the accom¬ 
panying illustrations and should be identified by the reader. 

The draft tube is used with all efficient reaction turbines, as it permits 
the placing of the turbine above the tail-water level without sacrifice of 
head, and adds to its efficiency. Preferably it should be straight with flar¬ 
ing sides (Fig. 191(a)), since such a form is conducive to high efficiency. 
The water pressure at the top of the tube depends upon the height above 
tail-water and upon the amount by which the velocity is reduced in 
passing through the tube. A large reduction requires a long tube as it is 
impossible to make the tube flow full throughout its length if the angle 
of flare be too abrupt. A long, straight tube requires cosily |)ower-li()Use 
foundations or tail-race excavations, and for it is often snl)slituled one 
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of the elbow type having a quarter turn as shown in Fig. 191(6). Its axial 
length may be as great as desired but the vertical height is kept low. 
Under conditions of normal discharge, the water from the turbine enters 
the tube in a direction parallel to its axis and the quarter-bend does not 
seriously interfere with smooth flow through the tube. At part load, how¬ 
ever, when the discharge is decreased, water from the turbine enters the 





tube with a spiral motion which, in combination with the bend, produces 
a most unsatisfactory condition of flow. Beyond the bend the water tends 
to follow along one side of the horizontal tube to the tail-race, allowing 
water from the tail-race to flow back along the other side as indicated in 
Fig. 191(6). Under such conditions efficient operation is impossible. 

Figure 191(c) shows another type of tube designed to turn the water 
from a vertical to a horizontal direction without causing the conditions 
just described. It consists of a short vertical tube and a longer horizon¬ 
tal one, both divergent, connected by a collecting chamber containing a 
flat, circular plale or table. From the short tube the water impinges on 
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the flat plate, flows over it in a radial direction, and passes through an 
annular opening around its ed^e to the collecting chamber. From the last 
it passes through the horizontal tube to the tail-race. Under reduced dis¬ 
charge conditions, the spiral motion of the water continues to exist as the 
flow passes over the flat plate, but the velocity of the spiralling diminishes 
rapidly as the edge of the plate is approached, and the flow through the 
anmflar space into the collecting chamber is comparatively free from 
vortices. This tube was the invention of W. M. White of the Allis-Chal- 
mers Mfg. Co., who gave the name of hydraucone to that portion of the 
flow above the flat plate. 

A similar device (Fig. 191(d)), designed by L. F. Moody, substitutes 
a conical core for the flat circular plate and provides a spiral collecting 
chamber so designed as to continuously decelerate the flow as it passes 
on to the horizontal portion of the tube. Both of the above designs have 
been widely used and have given excellent results. 

189. Fundamental Conceptions 

As the water flows to the guide case of a reaction turbine, it contains 
energy in all of its three forms. The potential energy is computed with 
reference to the tail-water level, the point of final delivery. For high 
operating efficiency the turbine should utilize as much of the total energy 
content as is possible, but it is evident that the water leaving the bottom 
of the draft tube must contain kinetic energy which cannot be recovered. 
It has pressure-energy also, due to the depth, n, to which the end of the 
tube is immersed in the tail-water, but its potential energy is negative 
(datum at tail-water) and numerically equals the pressure-energy. The 
total energy is therefore equal to the kinetic energy. By flaring the draft 
tube this may be made small in value. The energy which the water has 
at the top of the tube, and therefore at exit from the runner, is equal to 
that which it has at the bottom of the tube if we neglect the slight loss in 
the tube and remember that the datum of reference is the tail-water 
level. This shows that the energy has been extracted from the water by 
the time that it leaves the runner. The difference between the energy 
content at entrance to the guides and that at exit from the runner is 
equal to the energy utilized by the latter plus that lost between the two 
points. The losses should be kept at a minimum. 

As it passes the guides, the water acquires a whirling motion about the 
shaft as a center, and therefore a moment of whirl or an angular momen¬ 
tum. In passing the runner this moment of whirl is gradually diminished 
and a reactionary torque is produced in the shaft. The amount of torque 
depends upon the change in the moment of whirl. When operating at its 
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highest efficiency the runner delivers the water to the draft tube with no 
moment of whirl, and the flow is axially into the tube. 

190. Torque and Power 

As far as fundamental relations are concerned, the expressions for 
torque and power delivered to the shaft by the passing water are the 
same for all types of reaction turbines. In deriving them, however, it is 
convenient to use a diagram drawn to illustrate the guide case and run¬ 
ner of a purely radial, inward-flow turbine similar to the original design 
of Francis (Fig. 192). 

The water is shown leaving the guide case with a velocity Fi and enter¬ 
ing the runner at an angle ai with the tangent to the runner. The angle 



is determined by the position of the guides and is assumed to be the angle 
which the tangent to the guide tip makes with the tangent to the runner. 
Since the water in passing through the runner loses much, if not all, of 
its whirl, its velocity V 2 at exit will be nearly radial in direction, making 
an angle 0:2 with the runner-tangent. The subscript 1 will be used through¬ 
out this discussion to represent the point where the water leaves the guides 
and enters the runner, and the subscript 2 will designate the point of 
exit from the runner. Both V\ and V 2 are absolute velocities. Due to the 
motion of the runner, the water at entrance has a velocity Vi relative to 
the rimner, its direction and magnitude being such that Fi is the vector 
sum of Vi and the velocity of the runner. To avoid a sudden change in 
velocity as the water enters the runner, the blades of the latter are so 
shaped at entrance that a tangent to their surface at this point coincides 
with the direction of ^^l. Evidently but one position of the guides will 
satisfy this condition. The angle between ui and is designated by ^ 1 . 

Due to the gradual loss of whirling motion in passing through the run¬ 
ner, the water follows some siich path as is indicated by the dotted line 
and arrives at point 2 with an absolute velocity F 2 which makes an 
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angle a 2 with the runner-tangent. The shape of the blade at this point is 
such that F 2 is the vector sum of U 2 and the relative velocity The 
direction of the latter is assumed to be tangent to the tip of the blade*, 
The angle between U 2 and V 2 is designated by ^ 2 * 

If M be the mass of water leaving the guides each second with a ve- 
locity V\, the stream is capable of producing a dynamic force MV\, ac* 
cording to principles discussed in Art. 166 et seq., and the component 
of this in the direction of the runner-tangent is MV\ cos ai. The moment 
of this component about the shaft is MVi cos aiTi and is therefore the 
turning moment which the water is capable of exerting upon the shaft 
as it passes point 1. Similarly, at exit, the stream is capable of producing 
a force in the direction of the runner-tangent equal to MV 2 cos 0 : 2 , and 
a turning moment about the shaft of MV 2 cos a 2 ^ 2 - The radial compo* 
nents of MFi and MF 2 have no moments about the shaft and need not 
be considered. It is evident that the turning moment which the stream is 
capable of producing has changed from MVi cos aiti to MV 2 cos ^ 2^2 in 
passing through the runner, and that the torque applied to the shaft by 
the water is the difference of these two moments. Accordingly we may 
write: 

Torque = M(Fi cos — F 2 cosa 2 ^ 2 )- 

If we substitute s for F cos a, we obtain 

Torque = M{riSi — r 2 S^. (182) 

This is a simple equation, easily remembered. The torque is dependent 
upon the mass of water flowing per second through the turbine and upon 
the reduction in the tangential component of the velocity of whirl. 

A fundamental proposition in mechanics is that the power to be ob¬ 
tained from an applied torque is the product of the torque and the angu¬ 
lar velocity, co, of the body to which it is applied. The power obtainable 
from the above torque is therefore 

Power = Mco(ri.yi — ^ 2 ^ 2 ) 

W 2 

CO = — = — , 

ri r2 

Power = M(tiiSi — 112 ^)^ (183) 

Equations (182) and (183) are correct for all types of reaction turbiiiei 
since they were derived solely from a consideration of the change in the 
moment of whirl, upon which each type depends for its torque and power. 


and, since 


we may write 
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It is to be particularly noted that the power obtained by use of equa¬ 
tion (183) is the power input to the shafts and is larger than the power out¬ 
put by the amount lost in shaft friction and in overcoming the drag which 
water in the spaces, A (Fig. 189),^and in the clearance around the band, 
exerts on the runner, ' 


191. Head and Efficiency 


The head, h, under which the turbine is considered to operate, is that . 
which the water has as it enters the turbine casing. Not only has it ve¬ 
locity head and pressure head, but it has potential head above the tail- 
water level. Where no casing is used, as in Fig. 172, the head is the verti¬ 
cal distance from headwater to tail-water. In both cases the potential 
head is included in the total head because the draft tube, which is de¬ 
signed to utilize this head, is a part of the turbine. 


If the flow-rate through the turbine be Q, the power input is Qwh, and 

the power output is Qwhe^ e being the overall efficiency. The power input 

to the shaft has been determined as Miuis^ — U 2 S^ and its ratio to 

Qwh is said to be the hydraulic efficiency of the turbine, Evidently the 

value of the latter is ^ 

' Qw . 

eh = — (wi^i — ^2^2) "j- Q'wh 

j s 

or ^ 

^ ^ ^# 2 ^ 2 )^ (184) 


From this it is seen that the head utilized by the runner is 

h = ~ (wi^i ” ^ 2 ^ 2 )^ (185) 

The mechanical efficiency of the turbine is the ratio of the power ob¬ 
tained from the shaft to the power input to the same. As pointed out in 
the last paragraph of the previous article, the two powers differ by the 
amount lost in shaft friction and in overcoming the drag of dead water 
on the outside surfaces of the runner. These losses are considered as 
mechanical losses. Evidently the efficiency e of the turbine is 


e X 


192. Velocity and Pressure Relations 

The equations in the preceding article are applicable to all reaction tur¬ 
bines. They involve and ^ 2 , whose respective values are Fi cos ai and 
F 2 cos a 2 . Reference to Fig. 192 shows that for both points the value of 
s may be obtained from 

5 = 7 ^ — cos (180° — /3), 
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which, since cos (180° — /3) equals — cos j3, may be written 

,v = ly + t) cos/3. (INA) 

This expression does not directly involve either V or a, hence is iiMrfMl 
when either of these quantities is not known. The value of v ihaydit* 
tained from the equation of continuity, 

Q = Axlq = T 2 T 2 ~ ~ 



t'lG. 193, Shop Assembly of 35,000 hp High-Head Turbine. Oak Grove J’lunt of 1***0 IhIh) 
Electric Power Co., Oregon. Speed 514 rpm. Head 850 feet. Specific Sjwcd 210 
(Courtesy of Pelton Water Wheel Co.) 


The several areas are computed on planes normal to the direction t»f I hi* 
accompanying velocity. Thus is the total area of the guide 
taken normal to Fi, and A 2 , ai and are each the total area of thf nm 
ner passages taken normal to F 2 , Vi and 2 ^ 2 ? respectively. For a tiirhhiiJ pil 
given design these areas may be measured and the velocities ralcillidnit 
for the given discharge. 

From the time the water enters the guide ring until it leave* I he I tin 
ner, its pressure is continually decreasing. At entrance to the riJiriM*i tl 
has fallen by reason of the friction loss in the guides and the ucctT-iiUtnH 
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which has taken place. In passing through the runner it falls because of 
blade friction and the conversion of energy into useful work. To relate 
the velocities and pressures at points 1 and 2, Bernoulli’s theorem may 
be applied, noting that head (or energy per pound) has been transferred 
to the runner. 

Vl^ ^ Pi ^ V2^ ^P2 ^ 1 , , , , 



Km Medium-Speed Runner of Oak Grove Plant. Portland Electric Power Co., Oregon. 

(Courtesy of Pelton Water Wheel Co.) 


Ilir Inst two terms representing head utilized and head lost in the runner 
iHihsngcs. The equation may be put in a more usable form by the substi- 
Intioii of values obtained from a consideration of the trigonometrical 
iMitprrlies of the velocity triangles at the two points. 

AI cnl ranee--- 

Fi^ = + Vi^ + luiVi cosjSi 


Al (‘xit 


Aq — ti\ T ^1 coSj^j. 

V./ = U2^ + V'A + 2U2V2 cos 1^2 

.S’2 = tin T COS I'in, 
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The substitution of these values gives 

2g w 2g 


2g 


+ — + 22 + /f/. 

w 


(187) 


This is sometimes referred to as Bernoulli’s theorem for a rotating casing, 
and it should be particularly noted that the velocities used are relative to 
the moving runner. By simple transposition we obtain 




+ hf. 


The second parenthesis term is called the centrifugal head and will be 
plus or minus in value according to whether the flow is toward or away 
from the center of rotation. This particular form of the equation has no 
advantages over (187), which is more easily remembered. The theorem is 
perfectly general in its application. If, for example, a pipe through which 
water is flowing be rotated about a fixed center, it is possible to relate 
the velocities and pressures at successive points in the pipe if the speed 
of rotation be known. 

In the case of the turbine, p 2 is not only the pressure at runner-exit but 
also that at the top of the draft tube. A later article gives the theory of 
the tube and means for expressing P 2 in terms of the height Z 2 above tail- 
water level. 

The head lost in runner-friction, /?/, is a function, k, of the relative ve¬ 
locity through the runner and, since this changes from point to point, 
either the velocity at entrance or at exit may be used. Common practice 
is to employ the latter and write • 

The value of k must be determined from experiment. It differs consider¬ 
ably with the shape and extent of the blade surfaces. 

Illustrative Example.—A turbine operating at 566 rpm., under a 
head of 131 feet, discharges 35 cfs. It has dimensional and other data as 
follows: 


^2 = 123 ° 

^ = 65.5 ft. 


W 


ri = 1.0 ft. ^2 = 0.6 ft. ai = 16° 

Ai = 0.538 sq. ft. ag = 0.80 sq. ft. k = 0.20 

— S 2 . 

Compute the torque, power, head utilized, hydraulic efficiency and the 
pressure at exit. 
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Solutions i 


Vi = 


Q 35 
^1 0.538 


= 65 ft. per sec. 


Torque = 


0 35 

^^2 = ~ = * 43.8 ft. per sec. 

02 0.80 ^ 

^1 = Vi cosai = 65 X 0.961 = 62.4 ft. per sec. 

566 

ui = — X 2t = 59.2 ft. per sec. 

U 2 = 59.2 X 0.60 = 35.6 ft. per sec. 

•^■2 = ^2 + ^^2 cos jS 2 = 35.6 + 43.8(— 0.545) = 11.7 ft. per sec. 
35 X 62.4 


32.2 


(1.0 X 62.4 - 0.6 X 11.7) = 3760 ft. lb. 


^ 35 X 62.4 , 

Power = — 7 ^^— (59.2 X 62.4 - 35.6 X 11.7) 


32.2 


223,000 ft. lb. per sec. = 406 hp. 


// = — (59.2 X 62.4 - 35.6 X 11.7) = 102 ft. 
102 

.. - , 3 , - 


To find p 2 : 




= — 2uxVi cos a\ 

= 4210 + 3490 - 2(65 X 59.2)(0.961) 
= 328. 


By equation (187), 




= 5.1 ft. 


c 1 59.2^ , ^ 43.8^ 35.6^ . P . ^ r. 

5.1 - —— + 65.5 = -—-h - + 0.2 

64.4 64.4 64.4 w 


/ 43.8 ^\ 
\64.4 / 


= 0.1 ft. 


w 


p = 0.04 lb. per sq. in. 


193. Theory of the Draft Tube 

The draft tube is only an application of the diverging tube discussed 
in Art. 82. Were its axis horizontal, the pressure at its small end would 
be less than at exit and, with it set vertically, the pressure is still less by 
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reason of the distance which the small end is above the tail-water. Equat¬ 
ing the heads at points 2 and 3 (Fig. 191(a)), we obtain 


2g w 


4 

+ ^2 = 


. p2 , Va 


2g 


+ n 


hr 


or 


P2 


■—g-tf)-.- 


p2 

From this, the height Z 2 necessary to obtain a given value of — is 

w 

^2 =-- + —- + hf, 

w 2g 2g 


(188) 


(189) 


Were the tube made cylindrical without hare (i.c., V 2 = F 3 ) and the 
friction loss ncgiccled, the pressure head at the top would be less than 
atmospheric by the distance S 2 above tail-water. With such a tube a tur¬ 
bine would not lose the head Z 2 because of the equal reduction in pressure 

head at the runner-exit. By flaring the tube, the value of ~ is still further 

w 


reduced by the amount, 


(equation 188), and the rate of dis- 


2^ 2^^ 

charge increased. This adds to the power supplied to the turbine. The 
flaring also reduces the exit velocity, as was pointed out in Art. 189, and 
so improves the efficiency of the turbine. 

Theoretically, Z 2 may be made sufficient to produce a pressure head of 
— 34 feet, but in practice it is not feasible to exceed a value of —25 feet. 
Lower pressures give opportunity for water-vapor to form, and trouble 
may arise by the liberation of air contained in the water. 

For many years it was noticed that runners set at high elevations 
above the tail-water often showed signs of “pitting’' after a period of 
operation. Portions of the runner showed holes or cavities in the metal, 
and in some instances blades were almost entirely eaten away. It was 
first thought to be an oxidation of the metal by free oxygen, liberated 
from the water at points of low pressure, but investigation has shown it 
to be a mechanical action. 

Whenever the pressure at a point falls to or below the vapor-pressure, 
masses of the vapor are formed and move along with the stream. If a 
section be reached where the pressure increases, these masses collapse 
and by so doing give rise to pressures of great intensity. If the action takes 
place in close proximity to the blades or sides of the draft tube, particles 
of the metal arc gradu;dly torn away l)y it. l^xnerinicnts at tlu' Massac hu- 



. 1^5. 70,000 hp Turbine of the Niagara Falls Power Company. Speed 107 rpm. Head 

214 feet. Specific speed 34.6. Equipped with White hydraucone draft tube, 
(Courtesy of AlHs-Chahners Mfg. Co.) 
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setts Institute of Technology indicate metal can long withstand 

this action and, after a period as s hort as 100 hours, st eel plate that was 
previously smooth was foun(f to be visibly roughe^^ Tne action Tk 
spoken of as cavitation. To prevent its occurrence the pressure must be 
kept at all times above the vapor-pressure. If the pressure at the top of 
the tube be considerably less than atmospheric, it follows that the region 
of low pressure must extend up into the runner passages. Should the pres- 
sure fall below the vapor-pressure, conditions are favorable for cavita¬ 
tion and pitting may take place. 

For a draft tube with straight axis, the angle of flare can be made 
safely as large as 8 or 10 degrees. In some instances flares as large as 12 
degrees have worked well, and tubes with a central cone (Fig, 191(rf)) 
may have much larger angles. ToO much flare causes the stream-lines to 
leave the sides of the tube before reaching its end, and the full reduction 
in velocity cannot be obtained. 

For a turbine of given design, the height to which it may be set abov0 
the tail-water decreases as the total head under which it operates is made 
to increase. Since the velocity at any point in the turbine varies as the 
square root of the operating-head, it follows that V 2 exit increases 

. p2 , 

with the head. Equation (188) shows that S 2 must then decrease if — IS 

not to fall below a given value. Extremely high heads would therefore 
cause Z 2 to be so small as to preclude the possibility of a substantial re¬ 
duction in velocity within the tube. To meet this difficulty, a special de¬ 
sign of runner is used with high heads, from which the exit velocity V% 
is relatively low. Values of the draft head, S 2 ? large as 25 or even 27 
feet have been used, but generally were accompanied by excessive pitting. 
In general, little or no pitting has taken place when Z 2 did not exceed 
18 feet. 

194. Conditions for Best Efficiency 

Evidently maximum efficiency will be obtained when conditions of de* 
sign and operation are such that the head (or energy) lost is a minimunii 
Taken in the order of their occurrence, the various losses are due to * ■ 
(a) Casing friction. 

{b) Friction and turbulence in the guide case. 
ic) Turbulence as the water enters the runner. 

(d) Friction in runner passages. 

{e) Turbulence at entrance to draft tube. 

(/) Friction and turbulence in the draft tube. 

(?) Kinetic energy in the water as it leaves the draft lube. 
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The casing, runner passages and draft tube are made smooth and without 
abrupt changes in sectional area. Changes in direction while in these 
parts are accomplished gradually, and the surfaces of the guide vanes are 
carefully contoured so as to produce little disturbance. The loss men¬ 
tioned under {e) will not occur if the velocity F 2 at exit from the runner 
be made equal to that at the top of the tube. This condition is very nearly 
realized in good design. 


Fig, 196. Cast-Steel Runner for the 70,(K)0 hp 'Turinnes of the Kails Power Com¬ 

pany. Nominal diameter 176 inches. Over-all diameter 183J^ inches. Weight 1(K),000 lbs. 

(Courtesy of Allis-Chalmers Mfg. Co.) 

To avoid loss by turbulence upon entering the moving runner, it is 
necessary that the angle (3i as determined by the velocity vectors be 
lire same as that which the tangent to the blade at this point makes with 
Hi (already mentioned in Art. 190). For given values of 0:1 and Fi, only 
one value of ui will bring about this condition. The values of ai and Fi 
are not fixed, however, since the guides function also as gates to control 
the flow under varying conditions of load, and therefore change their 
position. Evidently there can be but one position which will produce 
tangential entry for a runner of given design and speed. Generally this 
c't)rresponds to the normal rate of discharge or to the normal load on the 
runner. Other positions correspond to overload or part-load conditions, 
and it is customary to havi' the highest efficiency accompany normal 
loading. 
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Turning for the moment to conditions at the runner-exit, it can be 
seen that favorable conditions of flow will exist in the tube, and loss (f) 
minimized, if the water leaved the runner with no whirl. This will be 
brought about if the absolute velocity V 2 be normal to U 2 so that a 2 
equals 90 degrees. If V 2 be made small, the velocity F 3 at the tube's exit 
can be kept at a low value with a tube of moderate length and flare, and 


l-i£a HJ7, 54iO{.liO hp rqrbiiie of Conowiii'i^o TJevelopment c>n the Susquehiinna River, 
Equipped with Moody spreading draft tube and 27-foot butterfly valve. Speed 81.8 
rpm. Normal head 89 feet. Specific speed 69.6. (Courtesy of I. P. Morris Corp.) 

loss (g) will be minimized. By making (32 as large as possible for given con¬ 
ditions of discharge, V 2 will be kept small. Excessive values of (32 restrict 
the discharge area, a 2 , but values up to 160 degrees are employed. 

The above discussion jnay be briefly summarized by stating that the 
speed, productive of best efficiency, should be that speed which will cause 
tangential entry, and at the same time make 0.2 equal to 90 degrees. 

Reference to Fig. 192 will show that the direction of V 2 for a given 
angle, ^ 2 , is determined by the relative lengths of the vectors, 112 and v^. 
Vector V 2 is fixed in direction by ^2 and in magnitude by Q and 02 , but 
112 depends upon the wheel speed, Mj. The value of the latter to make a 2 
equal to 90 degrees and bring about tangential entry will be determined 
in the following article. 



speed 64. (Courtesy of Allis-Chalmers Mfg. Co.) 4^0 ^ ,3 7 

steel scroll case removed. 
(Courtesy of AUis-Chalraers Mfg. Co.) 
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195. Speed for Tangential Entry and Perpendicular Oif^Flow 

From the velocity parallelogram at entrance^ by use of the law of sines 

we obtain . /^ \ 

U\ sin — ai) 

Vi sin 

With a 2 at exit equal to 90 degrees, the value of 52 becomes zero, giving 


A' = 


UiSi 

g 


— V 1 cos ai 

g 


as the value of the head utilized. Replacing h' by Ckh, the value of V\ 
becomes 

Ui 


, ehgh 


Ui cos ai 

which substituted in the first equation gives 


Ui 


ehgh 


Ui cos ai 


X 


sin (I3i - ai) 
sin 


Solving for u and introducing the factor, 2, in both numerator and de 

nominator, . -- 

fh sin (/3i - ai) 


Ui 


2 sin cos^i 
This equation is of importance in that it shows 


X Vlgh. 


(190) 


(a) that the best speed depends upoy the value of ai and j0i and there¬ 
fore can be altered by changing these values. 

(b) that every runner has a best speed that varies with the square root 
of the head under which it runs. 

(c) that the best speed may be expressed, as in the case of the tan¬ 
gential turbine, by 


III 


= <i>\^2gh. 


The value of 4> varies from about 0.58 to 1.0 or more for the mixed-flow 
turbine and from about 1.0 to 2.0 or rnore for axial- or propeller-type tur¬ 
bines. If its value be determined for a given runner by computation or 
test, the best speed may be readily determined for any head. 

196. Runner Design as Affected by Speed and Capacity 

The head and the available rate of flow vary widely among power 
plants. Generally speaking, large flow-rates accompany low heads and 
relatively small rates of flow are available at high heads. The speed also 
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under a high head is inherently high, since Ui = (p\/2gh and <j> is limited 
in its range of values. Under a low head the speed likewise is low, and if 
an operative speed is to be maintained that is not abnormal, a runner 
with a low value of <j> must be used under high heads, and a runner with 
a high value of </> under low heads. Runners are classified as low, high or 
medium speed according to their value of <^. 

Because of difference in flow-rates, low 
heads usually require runners of large water 
capacity and high heads require runners of 
low capacity. The terms high and low are 
used in a relative sense only without regard 
to actual rates of discharge. Accordingly 
runners may be again classified as being of 
high, low or medium capacity, and the term 
may refer to either the discharge-rate or the 
power output since the latter is a function 
of the discharge. The result of these various 
conditions of head, speed and capacity is 
that runners of low speed and capacity are 
generally demanded under high heads, while 
runners of high speed and capacity arc 
necessary under low heads. The speed re¬ 
quirements can be met by alterations in 
design, giving to ai and such values as 
wall yield the desired The capacity re¬ 
quirement is similarly met by altering the 
design to produce large or small passage - 
ways through the guides and runner. How' 
this can be done is shown in P'ig. 201, which 
shows partial sections, both parallel and 
normal to the shaft, through four types 
of runners. For ease of comparison, it is 

assumed that the four types have the same diameter, Z), and operate 
under approximately the sarne head. Drawing {a) shows a runner much 
resembling the original Francis wheel, having restricted flow areas and 
such values for oli and as make 0 low in value. It is essentially a 
high-head runner of relatively low speed and capacity. In (i) is shown 
a runner having a slightly larger capacity and, under the same head, 
it would develop a larger power. Its value of <i> is also considerably 
larger. It represents a turbine of medium speed and capacity. Runner 
(c) is an extreme type embodying large capacity and a high value of It 


Fio. 200. 76-Inch Bronze Runner 
of Grace Plant Turbines. 
(Courtesy<)f Allis-Chalmers Mfg. Co.) 
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is especially adapted to low heads where large powers and high speeds 
can only be obtained by large flow-rates and by keeping Ui (hence 
<i>) as high as possible. The runner {d) is of the propeller type and is the 
most extreme development of the high-speed, high-capacity turbine. Its 
use is confined principally to low-head plants, and it will be discussed 
later. 

The chief differences in the first three types should be carefully noted. 
The vertical height, of the guide passages, hence the total height of 
the runner, increases as the capacity increases. The blades also extend 



nearer the shaft in the successive designs, and the water undergoes a 
greater change in direction while in the runner. This is necessary if the 
water is to be guided smoothly without excessive turbulence into the 
mouth of the draft tube. If runner {a) were to have its dimension B in¬ 
creased without a change in the blading, the central space within the 
runner would be too small to discharge the increased quantity. It is neces¬ 
sary to change the design of the blading so that it will discharge the 
greater part of the water in an axial direction. 

The sections made on a plane normal to the shaft show the influence 
of speed alterations upon the shape of the blades at entrance. The ve¬ 
locity diagrams are constructed with equal values of Fi, indicating ap¬ 
proximately equal heads. The higher rotative speeds shown in {h) and 
(c) cause the relative velocities, to make a larger angle with the 
rim-tangent, and the blading must be changed to obtain tangential entry. 

In our theory so far, we have dealt with a purely inward radial-flow 
runner in which the direction taken by the water is confined to a plane 
normal to the shaft. Such a runner is no longer used, although the one 
shown in (a) approximates it. All the types shown, however, may have 
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their velocity diagranis drawn at entrance and exit, and a little thought 
win show that our fundamental theory and equations are applicable to 
each. Some difficulty may be met in fixing upon the proper values for 
^ 2 ) ^ 2 ) ^2 and F 2 , as well as for 0:2 and J 82 ? since the exit edges of the blades 
extend over a considerable radial distance, and these quantities vary for 
individual stream-lines. The same difficulty is found at entrance to the 
high-speed runner, as the entrance edge of the blade is usually cut back 
at the crown as shown in (r). At both points it is necessary to use average 
values for the vectors in the equations which have been deduced. This is 
particularly true of the propeller runner, where both the entrance and 
exit edge of the blade are radial in direction. The action of the water 
upon this runner is not essentially different from that upon runners of 
lower speed and capacity, but it is more difficult to analyze. Progress in 
the design of this runner has been made largely by careful analysis 
coupled with experimental testing. 

In conclusion it is to be emphasized that the terms high and low are 
relative only. A high-speed runner operating under a low head may have 
actually a low rpm., but its peripheral speed, Ui, will be high for the head 
it is under, and its rpm. will be much greater than would be maintained 
by a low-speed runner designed to give the same power under the same 
head. The 10,800 hp. turbines of the Cedar Rapids Plant of the Mon¬ 
treal Light, Heat and Power Company have a speed of only 55.6 rpm. 
under a head of 30 feet, but they have a 0-value of 0.80, indicating that 
they are high-speed turbines. 

197. Rate of Discharge 

Because the turbine is but a special form of orifice, the exit velocity 
from the draft tube may be written, 

Fs = cWlgh. 


From this and the relation, F 3 = Fi X ^, we obtain 

A3 

Fi = ^ c'V^, 

Fi = cVigh- 

The rate of discharge in terms of therefore is 

Q = cAia/ 2gh. 


(191) 


(192) 


Analysis and experiment show that c varies, for a given head, with the 
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speed of rotation, generally decreasing in value as the speed increases. 
This may be explained by nojing that the runner exerts a centrifugal 
action on the water within it, which increases with the rotative speed, 
and tends to oppose the flow of water into the runner. 1 


Fig. 202. 3370 hp Turbine of Porto Rico Ry., Light and Power Co., with Cast-Steel Scroll 

Case. Head 155 feet. (Courtesy of S. Morgan Smith Co.) i 


For the speed which insures tangential entry and perpendicular dis¬ 
charge (i.e., the speed of best efficiency), the value of c is easily deter¬ 
mined as follows. In Art. 195 it was shown that for this condition Uy 
should have the values, 

Vy sin (/3i - ay) 
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and 


Uy = 


^hgh 


VI cos ay 

Equating these values, there results 


V 


^ ^ \ 9 cin (R, - 


sin 


2 sin (jSi — ay) cos 


ay 


X 


(193) 


Evidently c has the value, 


Ch sin 


2 sin (jdi — ai) cos a[ 


(194) 


This value holds only for the speed of maxijnum efficiency, for which 
4> has the value, 




hh si- 

= 


sin (jSi — ay) 


2 sin cos Q!i 


(195) 


as shown in Art. 195. At any other speed (or value of <f>), or for any posi¬ 
tion of the gate other than that corresponding to maximum efficiency, c 
will have a different value. Turbines generally operate at a constant fixed 
speed, but the head variation at the plant causes </> to vary also. 

Equation (194) has little practical value other than showing c to be 
independent of the head. It also shows that turbines of high capacity have 
large values of c, because of the large values of a] and (iy necessary in 
these turbines. Numerical values of c commonly range from 0.60 to 0.85 
for mixed-flow turbines and exceed 1.0 for turbines of the i)ropeller Lyi)e. 


198. Efficiency 

In Art. 191 a very general expression for the hydraulic elficicncy was 

found to be ^ 

Ch = “ W 26 ' 2 )- 

gh 

The following values may now be substituted: 

lly — 4)'\/ 2gh 

Sy = Vy cos ay = C's/2gh COS ay 


U2 = Ui X ~ = 0a/ 2gh X — 

ry ry 


S> = + !)■> COS = U9 + —- Vy cos ^2 = H - - C\/2gh cos jdo 

(12 t /2 

(j) n/ 2gh X C V2gh cos /i 2 - 

a 2 
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Making these substitutions, we obtain 

eh = 2<t>c{cos ■ — cos ^ 2 ) - 20" (-Y. (196) 

Tl (I2 \Ti/ 

If a 2 = 90°, then U 2 S 2 = 0 and the equation becomes 

Ch = 2(t>ccosai. (197) 

Equation (196) applies to any reaction turbine, regardless of the speed 
or position of the gate. 

Equation (197) holds only for the speed and gate of maximum effi¬ 
ciency, for which tangential entry and perpendicular off-flow are obtained. 



Fig. 203. Efficiency-Load Curves for Three Types of Turbines. 

They are deduced here for the sole purpose of showing that the hydraulic 
efficiency is independent of the head. 

The mechanical efficiency (see Art, 191) changes with the head, in¬ 
creasing slightly as the head increases. The change is small, however, 
and, unless the head be greatly increased, may be neglected. It follows 
that the overall efficiency is practically constant for moderate changes in 
head. 

The dependence of e% upon c, ai and Ai, which vary with the gate 
opening, shows that the overall efficiency varies with the gate. Loss by 
turbulence at entrance to the runner increases rapidly as the gate moves 
away from the position of maximum efficiency, as does the loss at entrance 
to and within the draft tube. The decrease in discharge at low gates 
changes the value and direction of V 2 , so that it no longer is the same in 
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value as the velocity in the upper part of the tube. The result is a loss 
by sudden change in velocity. The spiral motion due to loss of perpen¬ 
dicular off-flow increases the loss within the tube and at exit. 

Figure 203 shows efficiency curves for several types of reaction tur¬ 
bines operating at the speed of maximum efficiency. Efficiency is plotted 
against load carried, the latter being expressed as a percentage of the 
normal load. Each curve shows the falling off in efficiency at part-load 
and over-load. They indicate that in general the maximum efficiency of 
medium-speed turbines is slightly better than for turbines of high speed. 
The curve for high-speed turbines falls off more rapidly at part-load than 
for turbines of lower speed, indicating that high-speed turbines are less 
suited to conditions of widely varying load. For purpose of comparison, 
the curve for a tangential turbine is also drawn, showing the relatively 
better performance at part-load. 

199. The AxiaLFlow or Propeller Turbine 

It has been shown how th6 demand for high speeds and capacities under 
low heads led to the development of the mixed-flow type of turbine. The 
higher the rotative speed is made, the less the torque need be to furnish 
a given power, since power is the product of torque and angular velocity. 
With lessened torque the runner may be made of lighter construction 
and, per horsepower developed, less water used. The increasing of the 
speed therefore results in a saving of material and in keeping the diameter 
small. High speeds require smaller electric generators, and the units may 
be spaced at shorter intervals in the power-house, saving much in the 
cost of the entire plant. Under extremely low heads, not even the high¬ 
speed Francis runner has the speed and capacity necessary for low-cost 
production of power. In its development, however, engineers discovered 
that the cutting-back of the radial tips of the runner caused the speed of 
maximum efficiency to be raised (see Fig. 201(c)). Following out this 
idea, a runner was obtained whose blades consisted of the lower portions, 
only, of those comprising the ordinary high-speed, high-capacity Francis 
runner. Due to the lessened torque, there existed no good reason for 
keeping the runner band, and it was omitted, thereby eliminating the 
water friction of the outside of the band. It was also found that using 
fewer blades increased the discharge, due to decreased runner friction and 
increase in area of the passages. In this way a runer was obtained having 
a few blades and much resembling the ship's propeller. Its profile was 
somewhat bell-shaped, but experiment soon showed that the separate 
blades could be built with straight radial axes without sacrifice in effi¬ 
ciency. In practice, both forms are still used, but the blade with approxi- 
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mately straight axis is more common (Fig. 201(^^)). The relative speed 
of propeller turbines is from 50 to 100 per cent faster than that of the 
mixed-flow type, while maximum efficiency is but a little less. At part¬ 
load the efficiency is found to decrease rapidly with the gate. 



I'lG. 205. LQ-Inch Cast-Steel Runner for the 13,500 hp Turbines of the Byllesby Engineer¬ 
ing and Management Corp. Head 37 feet. Speed 106 rpm. Specific speed 135. 
(Courtesy of Allis-Chalmers Mfg. Co.) 


The design of the guide apparatus remains practically unchanged, but 
the several illustrations show that the runner is placed well below the 
guides, leaving a large space immediately above it. Water from the guides 
enters this space with the usual whirling motion from which the torque 
in the shaft is ol)lainefl. If (he design and speed of the runner give i)er- 
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pendicular off-flow, the water enters the tube with no whirl. Since the 
torque is proportional to the change in the whirl, a torque may be pro¬ 
duced even if the water leaves the guides with no whirling motion, as 
would happen with guides set in radial planes. In this case, it would be 
necessary for the runner to initiate the whirl in the water, and that the 
tube be designed to reduce the whirl as much as possible before the water 
enters the tail-race. Better efficiency, however, can be obtained by in- 



30 40 50 ’ 60 70 80 90 100 

Percent of Maximum Capacity 

Fig, 206. Load-Efficiency Curves for Propeller Turbines. 

itiating the whirl in the guide apparatus and reducing it to zero in the 
runner. 

The previous theory of this chapter is applicable to this runner but, as 
in the case of the mixed-flow runner, it is difficult to assign proper average 
values to the several velocities at entrance and exit. For example, Ui and 
U 2 vary widely over the different portions of the entrance and exit edges 
of the blade, as do the other vectors. In the space above the runner, the 
water is in a state of free vortex, whirling about the shaft and simultane¬ 
ously approaching the runner. A water particle leaving the guides and 
nearing the shaft increases its velocity of whirl. This follows from the 
fact that it is giving up none of its energy (slight loss by friction neg¬ 
lected), and its moment of whirl or torque therefore remains unchanged. 
This being so, its velocity of whirl must increase as the center of whirl 
is approached. Along a radial line, therefore, the velocity of whirl is a 
maximum near the shaft and decreases as the distance from the shaft 
increases. If the entrance edge of the blade be approximately radial, V\ 
will vary widely over its length, as will the entrance angle ay. The analy¬ 
sis of the vectors at entrance therefore becomes complicated. To reduce 
the whirl of all the stream-lines to a low value and to cause at all 
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points of the exit edge to be alike and small, requires most careful de¬ 
signing of the blades. The high linear speed of the blades results in very 



Fig. 207. 42,500 hp Turbine at Safe Harbor on the Susquehanna River, Pa. Head 53 feel. 
Speed 109 rpm. Runner-diameter 218 inches. Specific speed 150. 

(Courtesy of S, Morgan Smith Co.) 

high relative velocities of the water over their surfaces, and the friction 
loss is large. In general the maximum efficiency possible is somewhat less 
than for wheels of lower speed, but the advantages gained by the higher 
sj)eed offset this loss. 
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It has already been stated that the part-load efficiency of the propeller 
turbine is less than for those of lower speed. This is due largely to the 
turbulence produced at entrance and to the loss of perpendicular off- 
flow at exit. Kaplan of Czechoslovakia conceived the idea of making 
the blades movable about a pivot in the shaft, thereby making it possible 
to rotate them so as to produce tangential entry for a wide amount of 


Fig. 208. Section through Safe Harbor Plant. (Courtesy of S. Morgan Smith Co.) 
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gate movement. For such a runner the efficiency will decrease but slightly 
as the load decreases from normal to 30 or 40 per cent of normal. Typical 
efficiency curves for propellers having fixed and movable blades are shown 
in Fig. 206, and the difference in part-load efficiency is noticeable. For 
purpose of comparison, a similar curve for a high-speed Francis turbine 
is also shown. 

The invention of the propeller turbine and the movable blade were 
notable achievements in turbine development. Not only can the movable- 
blade runner be used with good efficiency under wide fluctuations in head 
inherent in low-head plants, but the inclusion of one or more such units 
in a plant of several units allows a high operating efficiency to be main- 
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tained. The total plant load may be distributed among the units so that 
the fixed-blade runners may always operate under normal load, leaving 
the part-load to be carried by the one or more runners having movable 
blades. 

Figure 207 shows a Kaplan turbine manufactured by the S. Morgan 
Smith Company of York, Pa. The blades are rotated by means of a pis- 


Fig. 209. Vertical Turbine with Adjustable Blades and Fixed Guide Vanes. 

(Courtesy of I. P. Morris Corp.) 

ton moving in the cylinder of a servomotor. The piston is actuated by oil 
pressure furnished by the speed governor. It connects by a rod, inside 
the main shaft, with small cranks fastened to the inner ends of the blades. 
As the rod moves up or down, the blades are rotated. The governor also 
controls the position of the guide vanes, and the rotation of the blades 
is simultaneous with the movement of the guides. 

The I. P. Morris Division of the Baldwin-Southwark Corporation has 
proposed a new turbine employing the Kaplan runner but using stationary 
guide vanes. Figure 209 is taken from a catalogue issued by the company 
and shows the general construction. The speed ring, guide case, gate 
mechanism and to]) cover arc omitted and replaced by a series of fixed 
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vanes placed in a radial direction above the runner and supporting a 
steady-bearing at the center. ^The usual mechanism for operating the 
runner-blades is contained in the main shaft and hub of the runner. By 
eliminating the expensive gate mechanism, the construction is simplified 
and cheapened. An efficiency curve, By for such a runner is reproduced 
from the same catalogue, together with two other curves (Fig. 210). One^ 
of the latter. A, is drawn for a Kaplan turbine using movable guides; 




' t 

the other, C, for a runner‘having fixed blades but movable guides. The 
efficiency curve, is remarkable as indicating very high efficiencies at 
part-load. * 


200. Laws and Constants 

If. two or more reaction turbines are made similar in design, differing 
only in size so that all corresponding linear dimensions have a common 
ratio, their best speeds, discharges and powers under any head will be 
given by the relations 

¥ 

n = Hu —y 
Q = QuD^¥y 

and 

hp. = PuD^¥, 

These same equations were derived for similar tangential turbines (Arts, 
185 and 186), and were based upon the fact that the numerical values of 
0, Cy eh and e are practically the same for all such turbines that differ 
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only in size. This fact is true also of reaction turbines as shown by the 
theory just presented (equations 194, 195 and 196). The equations them¬ 
selves, therefore, are equally applicable to reaction turbines. Due to the 
wider range in values of found in the several types of runners, tiu has 
limi ting values more divergent than in the case of tangential turbines 
and approximately as follows: 

For Francis turbines ftu = 1050 to 1800. 

For propeller turbines Uu = 2500 to 4200. 

An expression for the value of Qu may be derived that clearly shows the 
influence of design on capacity. Obviously, turbines of large capacity 
have correspondingly large values of 

For each turbine the rate of discharge may be expressed by 



the parenthesis quantity representing the gross peripheral area of the 
runner at entrance, Vr the radial component of Fi, and B the height of 
the runner passages at entrance. The quantity x represents the per cent 
of the gross area not occupied by the edges of the blades. Since F,- = Fi 
sin ai = c sin ai\/2gh, and B may be expressed as mZ?, there results 

1 

Q = 0.175cmx sin a\D^¥ 
or 

Q = QuD^¥. 

The influence of the factors c, m, x and ai on Qu is clearly seen. Turbines 
of large capacity have relatively large values of ai and m. Their value of 
c is also large, since c increases with ai (Art. 195), and x is large by reason 
of the fact that fewer blades are used in such runners in order to reduce 
hydraulic friction. 

For Francis turbines, Qu = 0.001 to 0.05. 

For propeller turbines, Qu = 0.015 to 0.25. 

The value of Pu in the third general equation was shown to be (Art. 185) 


Pu = Qu 


we 

550 


The value of e in modern turbines ranges from 80 to 94 per cent, the 
higher values generally being found in large turbines. If c = 0.88, the 
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value of Pu is if e be 0,80, equals Pu generally has value! h|i 
tween these limits. Its extreme^range may be stated as 

For Francis turbines, = 0,0001 to 0.005. 

For propeller turbines, P„ = 0.0015 to 0.0025. 


A fourth relation given in Art, 185 as applicable to tangential turl)iltf| 
of similar design was 


= fluVPu = 




his must also apply to similar reaction turbines since they have lltiP 
values of and P„. To was giveli the name specific speedy it being 1 hi 
speed of a hypothetical runner having the proper diameter to give OM 
horsepower under a one-foot head. Its range in value according to priMiy 
practice is approximately as follows: 

For Francis turbines, fis = 10 to 110. 

For propeller turbines, = HO to 200. 

It is to be noted that Us involves both the elements of speed and [HTwnfj 
1 urbines of low speed and low capacity will have low values of whll# 
high values of yig attach themselves to turbines of high speed and lar||l> 
capacity. In this way the specific speed becomes an index of the chlti! to 
which the turbine belongs. 


201. Measurement of the Diameter » 

The lise of the laws and constants involves the diameter of the rutliutfi 
and turbines are often rated according to this diameter. In the i4 
the original Francis runner (Fig. 188), this was measured at the polm tl< 
entrance and accordingly was the overall diameter of the runner. Wllh 
the development of the mixed-flow runner and the cutting back t»f tlif« 
blades at this point, it became necessary to fix more definitely the po|n( 
of measurement. Some makers specified the diameter at the top of llu* 
entrance edge of the blades, while others measured it either just above 
below the band, A fourth method, and one now generally adopted^ l! In 
measure it at mid-height of the entrance edge of the blades, as indiciltod 
in Fig. 201. It cannot be followed, however, in the case of the [irupdiyr 
runner, and common practice has been to use the overall diameter of tlili 
runner as the nominal one. More recently it has been proposed that foi 
(/// reaction runners the nominal diameter be the overall diameter of {\m 
discharge area. This method seems an excellent one, as it affords a numt 
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accurate comparison of runners by means of their numerical constants. 
Obviously the value of the latter depends upon the choice of the nominal 
diameter and, in stating such values, the method of measuring the diam¬ 
eter should be clearly indicated. 

The limiting values of the constants given in Art. 200 were computed on 
the basis that the nominal diameter of the Francis runner is measured at 
mid-height of entrance, and that the extreme diameter is the nominal 
diameter of the propeller runner. 


202. Illustrative Examples 

Example 1. —The turbines installed at the Boulder Power Plant on the 
('olorado River have a rated capacity of 115,000 hp. at 180 rpm, under a 
head of 475 feet. Their rated discharge is 2v550 cfs. and the nominal diame¬ 
ter 132 inches. The constants have the following values: 


Dn 

flu — 7= 

Vh 


132 X 180 


V475 

{(t, = 1090 4 - 1840 = 0.592) 
Q 2350 

hp. 


= 1090 


Qu = 
P„ = 


132^ X 21.8 


= 0.(M)62 


115,000 


= 0.00064 


1322X 475 X 21.8 
= tiuVK,, = 1090 X 0.0252 = 27.4 


These values are close to the lower limiting value given in Art. 200, in¬ 
dicating a low-speed, low-capacity turbine. Its actual rpm. is not low 
and its power is enormous; but the speed and power are low for so high 
a liead. 

Example 2.—A rather unusual development exists on the Rock River 
at Dixon, Illinois, where propeller turbines, 138 inches in diameter, de¬ 
velop 800 hp. and discharge 1100 cfs. at 80 rpm. under the small head of 
7 fci'l. For these turbines. 


138 X 80 

nu = - = 4180 

V7 


Pu = 


1100 


1382 X V7 
800 


= 0.0219 


138^ X 7V7 


= = 0,00227 


- 


418oVo,00227 = 199 
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The turbine is obviously of high speed and capacity, a necessary conseJ 
quence of the very low head. 

Example 3.—At Safe Harb^or, on the Susquehanna River, the head i$' 
55 feet and the turbines each develop 42,500 hp. If turbines similar to 
those in the previous example had been used, what would have been theiq 
diameter, speed and discharge in order to develop this power? 

Solution .—Since the specific speed of the turbine is 199, the speed to 
develop 42,500 hp. under a 55-foot head can be found from 


or 


199 


nV42,500 

ssV vTs ’ 


n = 145 rpm. 


The unit speed of the given design being 4180, we may write 


Dn 

4180 = 

Vh 


D X 145 


. 7.42 ’ 

from which ^ ^ • i. 

D = 214 inches. 

Finally, ^ ^ = 0.0219 X 2U^ X VSS = 7440 cfs. 


The turbines actually used at Safe Harbor were of different design and 
had a diameter of 218 inches, discharging,8200 cfs. at 109 rpm. 

203. Conditions of Operation 

The modern turbine is ordinarily made to run at a constant speed re¬ 
gardless of fluctuations in head, and variations in loading. In general the 
head varies with the flow of the stream, decreasing in most cases as the 
rate of flow increases above normal. This is because the water level be¬ 
hind the dam does not rise as rapidly as the level of the tail-water (Art* 
176). In seasons of low flow, also, the head may decrease if the demand 
for power requires more water than the stream is furnishing. Under this 
condition, the level of the pond or reservoir back of the dam gradually 
lowers. If the speed of operation remains constant, the value of 0 changes 
with the head, varying inversely as y/h. Operating at the wrong value 
of 0, the turbine decreases in power and efficiency. 

It is seldom possible to operate a turbine under a constant load. Thii 
is especially true in the case of electrical generation where the load may 
vary considerably from hour to hour. Variations in load are accompanied 
by changes in the position of the gates. For a given wheel speed there li 
but one gate position that secures tangential entry (Art. 194), and at aU 
other positions the resulting entrance loss lowers the operating efficiency, 
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A turbine is usually designed to develop its maximum efficiency at a 
load less than the greatest it is capable of carrying. This load we have 
defined as the normal load. Loads above or below this are designated re¬ 
spectively as overloads and part loads. Generally an overload capacity of 
10 to 25 per cent is provided. The load of maximum capacity \sfull load. 
The gate at which the full load is 
obtained when operating at the 
normal 0, is the full gate. 

204. Turbine Characteristics 

Because of changes in head J 
and gate during operation, it be- ^ 
comes of interest to the engineer 
selecting a turbine to know what 
will be the effect of these changes 
upon the power and efficiency of ^ 
such turbines as he may have | 
under consideration. Since this I 

Ll- 

can be determined only from ^ 
actual tests, the builder usually | 
furnishes such test data in the | 

foriri of a series of graphs similar 1 

. • 

to those shown in Fig. 211 or 
Fig. 212. The tests may have 
been made upon turbines smaller 
than those to be used, but we = 
know that the laws and con- £ 
stants given in Arts. 186 and 200 ^ 
may be used to relate their per- = 
formances. x 

The curves of Fig. 211 show 
the variation in power, discharge 
and efficiency as the speed and 
gate opening vary. Speed is repre¬ 
sented by the abscissae, and separate curves for each gate opening indi¬ 
cate the effect of speed changes. The percentage amount of the gate open¬ 
ing is indicated on each curve. Power and discharge at any speed are 
dependent upon the head, and to eliminate this variable from the diagram, 
the power and discharge data are reduced to values corresponding to a one- 
foot head. For a head of one foot, the value of <(> is directly proportional 
to the revolutions per minute, hence it is permissible to plot revolutions 
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per minute under a head of one foot in place of values of 0. Diagrams 
constructed in this manner are useful in computing the performance of 
another turbine of like design, sfnce the effect of changes in head and 
diameter is given by the general laws of Art. 186. 

A more comprehensive diagram may be constructed as shown in Fig* 
212. For each position of the gate the various observed powers are plotted 
against the corresponding speeds, both being reduced to a one-foot head* 


Fig. 212. Characteristics of a 53 -Inch Francis Turbine. One-foot head. 

(Courtesy of S. Morgait Smith Co.) 

These points are shown in the diagram, a dotted curve being used to con¬ 
nect the powers obtained at any one gate. The curves may be labeled to 
indicate the particular gate (not done in this diagram). If the computed 
efficiency, corresponding to each plotted power, be written down beside 
the point, it is possible to connect points having equal efficiencies (or 
interpolated values) and so obtain the full-lined iso-efficiency curves. 
Discharges are not plotted, but may be obtained for any desired speed 
and power from the relation, Q = hp, X 550 we. 

The nominal specific speed of a turbine is generally computed for the 
speed of maximum efficiency and for the maximum load. It is obvious 
that may have a wide range of values if computed for part-loads. In 
the diagram the speed of maximum efficiency is 27.25 rpm. The maximum 
power at this speed is 3.95 and the nominal value of is 

n, = 27 . 25 V 3.95 = 54.2. 
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The normal load is 3.45 hp., and the corresponding ris is 27.25V3.45, 
or 50.6. For any other power, the value of the speed necessary to give 
this same Us may be computed, and plotted points having this may 
be Joined by a curve. Similarly, other values of ris may be assumed and 
curves drawn to represent them. This procedure was followed in Fig. 212 
where the curves are designated by a symbol sometimes used instead 
of fig. 

The diagram may be used to determine the performance of the tur¬ 
bine under a wide range of speed, head, gate opening and diameter, as 
the following example will show. 

Example.—A turbine is to be selected that will develop 5500 hp. at 
normal load, under a head of 150 feet at 360 rpm. 

These data indicate a specific speed at normal load of 


n. 


360 V 5 500 
150V Vl5d 


which is that of the 53-inch turbine whose characteristics appear in Fig. 
212. A study of a turbine of like design will be made, therefore, in order 
to ascertain its suitability for the assumed operating conditions. 
Diameter ,—For the 53-inch turbine under a one-foot head, 

Dfi 

= ^ = 53 X 27.25 = 1445, 


which must also be the value for the proposed turbine, of diameter Z), 
operating at its normal speed and head. Accordingly, 


or 


D X 360 

Viso 


1445, 


D = 49.2 inches. 


Maximum Power ,—For the 53-inch turbine, the maximum power at 
normal speed under a one-foot head is found from the diagram to be 3.95 
hp. The corresponding efficiency is 82 per cent. For the 49.2-inch turbine 
under a 150-foot head. 


Max. power = 3.95 X 



150^ = 6250 


hp. 


This represents an overload capacity of 13.6 per cent, which is less than 
is usually allowed. 

Efficiency at Part-Load ,—The efficiency at the normal load of 5500 hp. 
is seen to be 89 per cent, and the efficiency at the maximum load of 6250 
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hp. has just been found to be 82 per cent. A load of 6000 hp. corresponds 
to a load of 3.78 hp. on the 53-inch turbine under a one-foot head. Thia j 
is obtained as follows: ( 

53 1 

6000 X ( 777^ ) X-3 = 3.78. 

V49.2/ 150=^ . ( 

Loads of 4000, 3000 and 2500 hp. will be found to correspond to loads 
of 2.52, 1.89 and 1.58 hp., respectively. On the diagram these loads are j 
found to correspond to efhciencies of 86.5, 84.7, 80.5 and 78.0 per cent. J 


Loads and efficiencies are therefore 

as follows: 


Load 

Efficiency 

6250 hp. 

82.0 per cent 

6000 

86.5 

H 

5500 “ 

89.0 

li 

4000 “ 

84.7 

a 

3000 “ 

80.5 

a 

2500 

78.0 

C( 


Performance at Reduced Head .—Let it be assumed that at times the 
head falls to a low value of 130 feet. A speed of 360 rpm. at this head cor¬ 
responds to a speed of 29.3 rpm. for the 53-inch turbine under a one-foot 
head. This is obtained as follows: 

49.2 1 

,pm. - 360 XX - 29,3. 

For this speed the diagram gives a me,ximum power of 3.96 hp. at 83 per 
cent efficiency, indicating that for a 49.2-inch turbine under a head of 
130 feet, the maximum power will be 


3.96 X 



X 130= = 5050 hp. 


Loads of 4000, 3000 and 2500 hp. at 130-foot head will be found to cor¬ 
respond to loads of 3.14, 2.35 and 1.95 hp. on the diagram. At a speed of 
29.3 rpm. the diagram shows that these loads would be carried with effi¬ 
ciencies of 86, 81.7 and 78.5 percent, respectively. Loads and efficienciei 
are therefore as follows: 

Load ' Efficiency 

5050 hp. 83.0 per cent 

4000 “ 86.0 “ 

3000 “ 81.7 “ 

2500 “ 78.5 “ 
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These data, as well as data obtained for operation under the normal head, 
may be plotted to give separate load-efficiency curves. If desired, data 
for interpolated heads may be computed and plotted, so that the char¬ 
acteristics may be known for all anticipated operating conditions. 

It will be noted that the required diameter of 49.2 inches was used in 
all calculations. Most turbine manufacturers carry in stock complete 
patterns for their various designs, covering a wide range in sizes. It is 
quite unlikely that a diameter of 49.2 inches would be among the pat¬ 
terns, and probably the nearest size would be 48-inch. The builder would 
doubtless make any desired size at an increased cost. If the 48-inch size 
were used at the speed and head designated, it would be slightly deficient 
in required power. Its characteristics could be determined in the same 
manner as followed for the 49,2-inch. 

205. Selection of Turbines 

It has long been the practice of turbine builders in this country to 
carry in stock several distinct designs of turbines, or at least the patterns 
from which to build them. A large variety of sizes in each design is usually 
available, and from these it is often possible to select a tutbine to satis¬ 
factorily meet the desired operating conditions. 

If the speed and capacity under a given head are fixed, the computation 
of the corresponding specific speed will slibw which particular design of 
a builder’s line will meet the requirements. Each builder can furnish 
characteristic curves for his separate designs, from which the values of 
the constants may be readily determined. Certain values of Wj may not 
be included in any one maker’s line, but among the various makers it is 
usually possible to find at least one who can furnish the necessary tur¬ 
bine. If not, then the turbine must be built to order, or a change made 
in the desired speed or the capacity, or in both. If a design be available, 
and satisfactory from the standpoint of having the right then from 
the characteristic curves its performance at part-load and under change 
of head may be studied as was done in the preceding example. 

While it is the general practice of builders to carry stock designs or 
patterns in order to meet the demand for small and medium-sized tur¬ 
bines at low cost, the majority of the large turbines constructed during 
recent years have been of special design. In such cases it is only neces¬ 
sary to turn the specifications over to the builders and ask for bids. 

In nearly all cases it is desirable to maintain as high a speed as prac¬ 
ticable in order to reduce the size and cost of the turbine and its genera¬ 
tor. The smaller these units are, the closer they may be spaced in the 
power-house, which means a substantial saving in construction costs. 
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The greater the speed for a given power, the greater becomes the value 
of Usj and the problem is to select a specific speed that will be high and 
at the same time safe. Experience has shown that pitting of the ninner 
(see Art. 193) has often occurred with high values of 


t'lG. 213. 1500 hp Propeller Turbine of Moody Type, for ^loreau ^Ifg. Co. Diameter 115 

inches. Speed 120 rpm. Head 15.5 feel. Specific speed 151. Equipped with Moody 
spreading draft tube. (Courtesy of I. P. Morris Corp.) 

Professor Lewis F. Moody offers the following formula for determining 
the maximum safe value of n.^ in terms of h, the given head: 




5050 
h + 32 


+ 19. 


It is based upon data obtained from a large number (T turbines that have 


li 
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given satisfactory performance, without pitting, over a period of years. 

A similar equation, 

632 

Vh' 

has been proposed by W. M. White of the Allis-Chalmers Mfg. Co., 
which agrees quite well with the Moody equation and is simpler. Both 
equations are limited in use to the Francis type of runner. The White 
equation also agrees closely with a curve of values offered by Professor 
Angus in his Hydraulics for Engineers. 

The method of computing the necessary diameter of a turbine has 
already been shown in the example worked out in Art. 204. In making 
preliminary plans and estimates it is sometimes desirable to obtain the 
approximate diameter without the use of the data and computations 
that such a method requires. For this purpose the author proposes the 
relation, 

n, = 1910P/-^^^ 
or 



applicable to Francis turbines only. With the value of Pu thus obtained, 
use may be made of the equation, 

hp. = 

to obtain the necessary diameter. The above relation between ns and Pu 
was obtained by the logarithmic plotting of data obtained from a large 
number of turbines that have been constructed. Most of the data were 
taken from Water Power Engineerings by Professor H. K. Barrows. The 
relation is necessarily approximate but agrees closely with present prac¬ 
tice. 

The example used in Art. 204 may be used to illustrate the method. 
There it was desired to compute the diameter of a turbine to develop 
5500 hp. at 360 rpm. under a head of 150 feet. The corresponding value 
of Us was found to be 50.8 and, from the characteristic diagram shown in 
Fig. 212 of a 53-inch turbine having this a diameter of 49 inches was 
found satisfactory. Without such a diagram we might proceed as follows: 

By the author^s equation, 

/ 50.8Y-«'^ 

vTolo/ 


P. 


^ 0.00133, 
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and for 5500 hp., 

5500 = 0.001331)2(150)% 

P = 47.5 inches. 

This is very close to the value previously obtained. 

From, rather limited data the writer has attempted to relate Us and 
for turbines of the propeller type, with the following result: 



The equation differs from that proposed for Francis turbines, mainly be¬ 
cause of the different method followed in measuring the diameter. The 
writer believes that it can be used for'Francis turbines, also, if their over¬ 
all diameter at the point of discharge be taken as their nominal diameter, 
as was explained in Art. 201. 

Reaction wheels of the Francis type have been used up to heads of 
nearly 1000 feet, the highest head so far being that at the Oak Grove 
Plant of the Portland Railway Light and Power Company in Oregonr' 
Here a single imit of 35,000 hp. ’operates imder a head that varies from 
850 to 930 feet. Two views of the turbine are shown in Figs. 193 and 194. 

The propeller turbine was originally intended to produce high speeds 
and large capacities under very low heads. Foj* years its use was restricted 
to heads of 30 feet or less, but it has been developed until successful in¬ 
stallations have been made at heads of approximately 100 feet. The 
largest units of this type in the world are at Bonneville, Oregon, on tlie 
Columbia River. These have the movable-blade runner and are rated 
at 60,000 hp. at 75 rpm. under a 50-foot head. The diameter of the run¬ 
ner is 291 inches, and the specific speed is 138. 

206. Other Notable Installations 

In addition to the turbines already mentioned, there are others that 
arc remarkable either because of size or capacity. 

For some years the 70,000 hp. Francis turbines in plant No. 3C of the 
Niagara Falls Power Company were the largest, in capacity, of all tur- 
bines in this country (Figs. 195 and 196). They operate at 107 rpm. under 
a head of 213 feet, indicating a specific speed of 34.7. The nominal diam¬ 
eter is 176 inches. 

The 56,000 hp. turbines in the Conowingo plant on the Susquehanna 
River are the largest Francis turbines built, having a maximum tliamo* 
ter of 222 inches. They operate at 81.8 rpm. under an 89-foot head and 
have a specific speed of 70.8. 
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Also of 56,000 hp. are the Francis turbines at Lower Fifteen Mile Falls 
on the Connecticut River. The head is 170 feet, and at 138.5 rpm. the 
specific speed is 62. 

The turbines at Wheeler Dam in Alabama are notable examples of 
the fixed-blade propeller type. They deliver 45,000 hp. at 85.7 rpm. under 
a head of 48 feet and the corresponding specific speed is 143.5. 

PROBLEMS 

1 . A turbine operating at 200 rpm. under a head of 100 ft. uses 483 cfs. Other 
data are as follows: 

vi = 2.8 ft, ai = 30° px = 107° Vx = 57.8 ft. per sec. 

rs = 2,22 ft. a 2 = 90° ft = 157° 

Compute relative velocity at entrance, the value of </>, power input to shaft and 
hydraulic efficiency. Ans, 0 = 0.73; 5000 hp.; 91 per cent. 

2 . Compute the power applied to the shaft, and the hydraulic efficiency, of a 
turbine having the following dimensions and conditions of operation: 

Oil = 18° = 3.0 ft. Ax = 3.5 sq. ft. ^ = 65 ft. rpm. = 150 

ft = 165° r 2 = 2.0 ft, a 2 = 4 sq. ft. Q = 140 cfs. 

Ans, 920 hp.; 89.3 per cent. 

3. Compute the power applied to the shaft, and the hydraulic efficiency, of a 
turbine having the following data: 

oLx = 25° 4> ^ 0.70 Ax = 0 . 80 a 2 Q = 140 cfs. 

ft = 155° c = 0.75 ra = 0.88ri ^ = 64 ft. 

Ans, 880 hp.; 86.4 per cent. 

4. A Francis turbine, 48 in. in diameter, discharges 159 cfs. under a head of 

350 ft. at 410 rpm. If ax be 18 degrees and Ax = 1.36 sq. ft., compute the 
torque and power applied to the shaft. Assume perpendicular off-low at exit. 
What will be the hydraulic efficiency? Ans, 68,600 ft. lb.; 5350 hp*.; 

84.6 per cent. 

5. The discharge of a turbine was found to be 1400 cfs. when operating at 
the speed which produced perpendicular off-flow. It had the following dimen¬ 
sions: 

= 25.8 sq. ft.; tx = 3.0 ft.; ax = 27°; ^x = 100° 

Compute (a) hp. applied to shaft; {h) hydraulic efficiency if h were 95 ft,; (c) 
the rpm. Ans. 12,500 hp.; 83.2 per cent; 168 rpm. 

6 . An inward-flow turbine has the following data: 

zJi = 25 ft. per sec. — SS ft. per sec. 

r\ = 3.0 ft. fa = 2.5 ft. 

p\ * 27.5 lb. per sq. in. rpm. = 240 
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Compute the probable pressure head at exit from the runner if k = 0.2, and 
- _ - Ans. —10.5 ft 

Zi — Z2. 

7. A Francis turbine has datS, as follows: ri = 4.67 ft.; r 2 = 4.0 ft.; Aj* 

5.9 sq. ft.; = 6.8 sq. ft.; ai = 12°; ^2 = 165°; k = 0.20; Q = 113 cfs.; tpm. 

= 38.2; — = 0. Compute the relative velocities at entrance and exit, the head 

w 

lost by friction in the runner, and the pressure head at entrance. 

Ans. tJi = 4.1 ft. per sec.; V 2 = 16.6 ft. per sec.; 

Pi 

lost head = 0.86 ft.; — = 6.3 ft. 

xe? 

8. At 240 rpm. a turbine discharges 40 cfs. The pressure at entrance to the 
runner is 27.5 lb. per sq. in., and at exit 11 lb. per sq. in. below atmospheric 
pressure. Other data are: 

aj = 90° ri = 3.0 ft. ai = 1.6 sq. ft. 

^2 = 160° r 2 = 2.5 ft. zi = S 2 

Compute the head lost by friction in the runner and the value of k. 

Ans. 2.2 ft.; A; = 0.032. 

9 . A straight flaring draft tube has top and bottom diameters of 20 in. and 
30 in., respectively. The water, velocity at the top is 10 ft. per sec. where thfl 
elevation is 15 ft. above the level of the tail-water. Assuming a loss in the tubo 
equal to one-half the velocity head at exit, compute: (a) the pressure head at 
the top; Qj) the total head at the same point with reference to the tail-water as a 
datum; (c) the total head at exit; {d) power in water at top and at exit; (e) 
power lost in the tube by friction. Ans. 16.1 ft.; 0.46 ft.; 0.31 ft.; 1.14 hp., 

0.77 hp.; 0.37 hp. 

10. A vertical, conical draft tube has a length of 21 ft., a top diameter of 3 ft., 
and an outlet diameter of 5 ft. At full lo'ad the discharge is 141.5 cfs. The exit 
end of the tube is immersed 2 ft. below the tail-water level. Assuming the lost 
head in the tube to equal the velocity head at exit, what pressure may be 
expected at the top of the tube? What power will be in the discharge at this 

Ans.-10.3 lb. per sq. in.; 26 hp. 

11. A maker’s catalogue gives the following data regarding a 72-inch turbine. 
Under a head of 40 ft. its power will be 2828 hp. at 117 rpm., and its discharge 

will be 780 cfs. Compute values of <t>, Pu, Qu and w*. 

Ans.<j> = 0.725; = 1333; = 0.00214; 

(2„ = 0.0236; ns = 61.6. 

12. The Turner’s Falls turbines are rated at 10,000 hp. and 97 rpm. under li 
head of 59 ft. 

(a) Compute n^, Qu and if the efficiency be 85 per cent and the dmm* 
eter 114 in. 

(b) Compute Pu by the approximate equation in Art. 205 and check againit 

the value found in (a). “ 59.3; “ 1440^ 

()„ = 0.0176; Pu - 0.0017. 
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13. The Kaplan turbines at Safe Harbor on the Susquehanna River are rated 
at 42,500 hp. at 109.1 rpm. under a 55-foot head. 

(a) If their diameter be 218 in., compute Wu and Pu. 

(b) Check the above value of Pu by using the w, - P„ relation given in Art. 

205. Ans. (a) - 150; Uu = 3210; 

Pu - 0.00219 

14. The turbines at Station No. 3 of the Niagara Falls Power Company are 
rated at 37,500 hp, at 150 rpm. under a 214-foot head. Their nominal diameter 
being 132 in. 

(a) Compute the values of Wu, P„ and 

{b) Compute Pu by the approximate method of Art. 205. 

Ans. (a) nu = 1355; P^ = 0.000687; 

Us = 35.5. 

{b) Pu = 0.00069. 

15. A 30-inch turbine uses 91.3 cfs. when run at 222 rpm. under a head of 16 

ft. Its efficiency is 81.2 per cent. What would be the hp. of a 42-inch turbine 
of the same design if run at the same 4> under a head of 25 ft.? What would be 
its rpm.? Ans. 517 hp.; 198 rpm. 

16. It is desired to develop 6500 hp. at 250 rpm. under a head of 150 ft. 

(a) Of the several turbines listed below, which one most nearly satisfies these 
conditions? 


Turbine 

nu 

ns 

1 

1066 

25 

2 

1288 

30 

3 

1380 

40 

4 

1288 

50 


(5) What value of rpm. would make this turbine exactly fitted to the other 
imposed conditions? 

(c) What diameter would be needed in {b)? 

(d) Check diameters obtained by approximate method of Art. 205. 

Ans. {b) 260 rpm.; (c) 65 inches. 

17. A turbine is to be selected to develop 3600 hp. at 600 rpm. under a head 
of 400 ft. 

(a) What type of wheel is indicated? 

(^») Assume that a certain 24-inch runner of stock design gives 0.182 hp. at 
47.8 rpm. under a 1-ft. head and uses 2.07 cfs. Would a runner of this design 
fulfill the stipulated conditions? If so, what diameter would be necessary? 

18, The characteristics of a 45-inch turbine indicate a discharge of 54.1 cfs. 
and 4.92 hp. at 34.7 rpm. under a 1-ft. head. 

(a) Compute the constants. 

(6) How would you classify it as to speed? 

(c) What diameter of the same design should give 1375 hp. under a 100-ft. 
head? 
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{d) At what speed should an 18-inch runner of the same design run under & 
64-ft. head, and what would be its discharge? 

Ans. (a) Mu = 1565; n, = 17; Pu = 0.0024; Qu = 0.0267( 
(c) 24 in.; (d) 695 rpm., 69.4 cfl,, 

19. A certain plant has six turbines, each 40 in. in diameter, operating at 360; 
rpm. under a 100-foot head. They are alike in design and in all respects similar 
to the 53-inch Smith turbine whose characteristics are shown in Fig. 212. 

(a) On a certain day at 2 p.m., four units are in operation, all carrying theirl 

fidl load. What hp. is being developed, what is the total water discharge, arid| 
what is their efficiency? Ans. 8980 hp.; 970 cfs.; 82 per cent,^ 

(b) At 3 P.M. the plant load increases to 13,300 hp. If under the new load all 

six turbines divide it equally, what will be the total discharge and what thfl' 
p -ffi p.ifiTir.y? Afts, 1380 cfs.j 85 per centii 

20 . Using the characteristic curves for the 53-inch turbine shown in Fig. 212, 

compute the hp., discharge, efficiency and rpm. of the same turbine under a 
head of 36 ft. at normal load. Ans. 745 hp.; 205 efa:; 

89 per cent; 164 qjiIL 

Assume that a seasonal change in the river-flow causes the head to drop to 
25 ft. At the same gate and speed as before, what will be the power and effi¬ 
ciency? ' 

If the gate be now opened to its maximum position, as indicated by thdi' 
dotted curve at the top of the diagram, what power and efficiency will result? t 

Ans. 490 hp.; 81 per cenli 

21. A test of a 30-inch Francis turbine at 0:85 gate gave the following resultl^, 

under a head of 17.10 ft.: ' 


Rpm. 

Efficiency 

Hp. 

193 

0.841* 

142.5 

205 

0.864 

147.8 

209 

0.870 

148.5 

212 

0.869 

149.0 

213 

0.866 

147. 8 

214 

0.860 

147. 7 

216 

0.853 

146.5 


{a) What would be the hp,, efficiency and discharge of a 48-inch turbine ot 
same design at 0.85 gate under a head of 50 ft. at 230 rpm.? 

Ans. 1880 hp.; e = 0.855; Q = 387i 
(b) At what rpm. should the 48-inch turbine be run to obtain maximujSK 
efficiency at the above gate, and what would the efficiency be? 

Ans. 223 rpm.; 87 per cent. 
22, A p]?nt contains three 56-inch turbines operating at 218 rpm. under a 
normal head of 70 ft. When running at this head, two units at 0.8 gate furnfeh 
the power demanded. 

(a) Compute this power and the discharge of each unit. 
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{b) During high-water periods the head falls to 49.5 ft. If under this head 

three units be operated, what maximum power can they furnish and what 

amount of water will each unit use? 



Test data on a 28-inch turbine of same design furnish the following values for 

a 1-ft. head; 




Gate 

0 

Hp. 

Efficiency 

0.8 

0.79 

2.03 

0.85 

1.0 

ti 

2.18 

0.82 

1.08 

ti 

2.18 

0. 77 

0.8 

0.86 

1.90 

0.80 

1.0 


2.26 

0.84 

1.08 

a 

2.28 

0.80 

0.8 

0.94 

1.58 

0. 69 

1.0 


2.20 

0. 80 

1.08 

£i 

2.35 

0. 79 




Ans. {a) 9500 hp.; 700 cfs. 




[b) 9800 hp,; 715 cfs. 

23. A 31-inch turbine when tested 

at 0.75 gate showed the following results: 

Pu 

Efficiency 

n-u 

0.001425 


0. 777 

1000 

^ 0.001525 


0.830 

1100 

0.001580 


0.866 

1200 

0.001620 


0.890 

1300 

0.001655 


0.903 

1380 

0.001618 


0.902 

1400 

0.001515 


0. 872 

1500 


(a) What would be the hp. and efficiency of a 42-inch wheel of like design 
under a head of 49 ft., turning with a speed of 225 rpm. and opened at 0.75 gate? 

{b) What would be the hp. of this 42-inch wheel if the head on the plant 
dropped to 45 ft. and the gate were kept at 0.75? 

Ans. {a) 992 hp.; 90 per cent 
{b) 855 hp. 














CHAPTER XIV 
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Centrifugal Pumps 


207. General 

If a reaction turbine, placed below the level of the tail-water, should 
be rotated in a reverse direction by power applied to the shaft, the flow 
through it would be reversed and water continuously raised from the 
tail-race to a higher level. A low efficiency would probably result from 
the fact that the runner and guide case were not designed for a reversed 
flow, and large losses would occur in the runner and at exit from it. Such 
a reversed turbine illustrates in a general way the operation of the so- 
called centrifugal pump. Were the level of the tail-water below' the tur¬ 
bine runner, it would be necessary that all passages between the tail- 
water and the turbine casing be previously filled with water if the turbine 
were to operate as a pump. Even with modified design, the runner would 
be unable to pump the air which would otherwise fill these passages. 
Similarly, we shall find that the centrifugal pump must be filled or primed 
before it can operate. The essential difference between the centrifugal 
pump and the reaction turbine is that* the water in the turbine gives up 
energy to the runner and creates a torque in the rotating shaft, while the 
water in the pump receives energy from the impeller that was created by 
the torque of the rotating pump shaft. It will be seen later that the theo¬ 
ries of the pump and the turbine have much in common. 

The principal parts of a centrifugal pump are the impeller with its 
shaft, and the casing which surrounds it. The liquid is admitted to th6 
impeller, in an axial direction, through a central opening in its side called 
the eye. Passing through the channels of the impeller, the liquid is dis¬ 
charged into the surrounding casing and flows to the discharge pipe. 

The pump received its name from the fact that centrifugal action ll 
depended upon for the discharge of the liquid from the rotating impeller, 
In Chapter III it was shown how the rotation of a liquid mass results in 
a pressure rise throughout the mass, the rise at any point being propor¬ 
tional to the squares of the angular velocity and the distance of the point 
from the axis of rotation. If the speed of the pump^s impeller be sufficiently 
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high, the pressure in the liquid at the outer periphery may be made to 
exceed the static pressure of the water in the surrounding casing, and 
flow in an outward, radial direction will take place. At the eye of the im¬ 
peller a partial vacuum will be created, and atmospheric pressure will 
force liquid through the supply pipe to replace that being discharged from 
the impeller. 

The main object sought in the design of the pump is to increase the 
pressure in the liquid being handled, and to keep at a minimum the head 
losses which tend to occur at various points. While traversing the impel¬ 
ler, the water receives the pressure increase, but it leaves the impeller 
with a high velocity which represents a large amount of kinetic energy. 
If good efficiency is to be obtained, this high velocity must be gradually 
reduced to the lower velocity in the discharge pipe, and the kinetic energy 
converted into pressure energy. The manner in which this is accomp¬ 
lished differentiates the various types of pirnips. 

208. Types of Pumps 

Broadly speaking, centrifugal pumps may be divided into two classes: 

1 . The turbine pump. 

2 . The volute pump, with or without a vortex chamber. 

In the turbine pump the impeller is sur- 
rotmded by a series of guide vanes 
which by their divergence furnish 
gradually expanding passages for the 
water to follow after leaving the im¬ 
peller (Fig. 214). In these passages 
the water loses velocity and gains in 
pressure. The vanes are fixed in posi¬ 
tion at such an angle as to receive the 
water without shock as it leaves the 
impeller. From the vanes the flow is 
into the surrounding casing which may 
be circular^ and concentric with the 
impeller, or volute-shaped like the scroll 
case of the reaction turbine. Fitted with 
a diffusing ring^ as the guide vanes and 
their enclosed channels are called, the 
pump very much resembles a reversed turbine and is known as a turbine 
pump. When well designed, the diffusor is capable of converting as much as 
75 per cent of the kinetic energy in the impeller-discharge over into pres¬ 
sure energy. Like the guide vanes of the turbine, the vanes of the diffusor 
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will be correctly set or shaped for but one rate of discharge at a given im¬ 
peller speed. For other discharges, a loss by shock or turbulence will occur 
at entrance to the diffusor, renting in a lowered efficiency. The cost of 
the turbine pump with its diflusor is materially greater than that of the 
more simple volute pump and, because of this fact and its lowered effi¬ 
ciency under variable conditions of speed and discharge, it is not com¬ 
monly used in this country. 

The volute pump (Fig. 215) has no diffusing ring, and the water from 
the impeller enters the casing whose shape provides, to a limited extent, 



th6 means for a gradual reduction in velocity between the impeller and 
the point of discharge from the casing. The sectional area of the casing 
generally increases uniformly from the nose at a to the point of connec¬ 
tion with the discharge nozzle. This results in a uniform velocity through¬ 
out the casing, because the rate of increasing the area is directly propor- 
* tional to the distance from a around the discharge periphery of the im¬ 
peller. If rightly designed, the casing velocity may be made approxi¬ 
mately that of the water leaving the impeller, although it is commonly 
less. Were it possible to equalize the two, there would still occur a loss 
at this point due to the more or less abrupt change in direction which 
the water undergoes. If the velocity in the casing is kept down to the 
value of the velocity in the discharge pipe, there will be considerable loss 
due to the difference between the casing velocity and that of the water 
discharged from the impeller. A compromise design is often used in which 
the casing is gradually enlarged to produce a corresponding reduction in 
velocity as the discharge nozzle is approached. 
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An improvement over the simple volute casing consists in placing be¬ 
tween the impeller and the volute an anmdar space known as the vortex 
or whirlpool chamber. It is usually formed as a part of the casing, with 
side walls that are parallel or nearly so (Fig. 216), and serves as a diffusor 
without guide vanes. Into it the water from the impeller enters with a 
whirling motion, and a single particle follows a spiralling path while 



passing through it. Since no work is done on the water while in this cham¬ 
ber, its energy remains constant save for the slight lossfcy friction. The 
torque which the water is capable of producing therefore does not change 
as it passes the chamber, and its velocity of whirl must vary inversely 
as its radial distance from the center. The reduction in velocity being 
accompanied by a rise in pressure, the chamber performs a double service 
and adds to the efficiency of the pump. If the velocity upon leaving the 
chamber and in the casing is to be that in the discharge pipe, a vortex 
chamber of large diameter is necessary, adding materially to the cost of 
construction. Usually it is made much smaller than would be necessary 
to meet this requirement. 

209. Single^ and Multi-Stage Pumps 

In a single-stage pump a single impeller is used to develop the pressure 
necessary to produce the required discharge against the given head. The 
practical limiting head against which a single impeller may be used is 









































about 300 feet, although in a few instances this has been greatly exceeded, 
For higher heads it is not economical to use a single impeller, since either 
a very high rotative speed must be used or an impeller of large diameter. 
In either case, high mechanical stresses result and poor efficiency is ob¬ 
tained because of disk friction and leakage losses. Because of the clear¬ 
ance space necessary between ^the impeller and the surrounding casing 
(Fig. 215), water which has passed through the impeller may flow in 
limited quantity back to the suction side, thereby decreasing the pump's 


Fig. 217. Single-Stage, Double-Suction, Volute Pump Directly Connected to Electric Motor. 

(Courtesy of Goulds Pumps, Inc.) 

efficiency. This is known as the leakage loss. Under very high heads this ^ 
loss becomes a quantity of importance due to the great difference in pres¬ 
sure between the discharge and suction sides of the impeller. For high 
heads it is customary to use two or more impellers in series, so placed 
and connected that the water discharged with increased pressure from 
one impeller flows to the suction opening of the second, and so on. The 
quantity pumped is the quantity passing a single impeller, but the total 
pressure head created by the impellers is the sum of the pressure heads 
developed by each impeller of the series. Such a pump is known as a 
multi-stage pump, the several impellers and their connecting passages 
being contained in a single casing. Pumps using ten stages have been 
built, but it is better mechanical construction to limit the number of 
stages to five or six and use two such pumps in series. 

Pumps are often further classified as single-suction or double-suction 
pumps according to whether the impeller receives water on one side or 


I 



on both sides (Figs. 215 and 218). For handling large quantities of liquid 
against low heads, it is more economical to use a double-suction impeller, 


Fig. 218. Sectional View, Single-Stage, Gouble-Suction Volute Pump. 
(Courtc&y of Goulds Pumps, Inc.) 


drawing the liquid from a common suction pipe. Such an impeller may 
be considered as the equivalent of two single-suction impellers placed 



Fig. 219. Single- and Double-Suction Impellers. (Courtesy of Frederick Iron and Steel Co.) 

back to back. The head developed by it is practically the same as that 
developed by a single-suction impeller of the same diameter and run at 
the same rotative speed, but its discharge is the combined discharges 















of both sides. It has the advantage of being hydraulically balanced 
against side thrust, which in the single impeller is a troublesome factor. 

Impellers are open or closed according to whether or not they have side 
plates, or shrouds. The closed impeller provides better guidance for the 
liquid and is more efficient. The open impeller is useful in the pumping 
of liquids containing suspended so^d matter, such as wood pulp, sewage 
and water containing sand or grit (Fig. 224). It is less liable to clog when 
handling such materials. For pumping water, the gain in efficiency ob¬ 
tained by using the closed impeller generally compensates for its in'- 
creased cost. 

210. Axial Thrust and Balancing 

Wliere double-suction impellers are used, the symmetry of the flow 
1 carls to almost perfect balancing of the impeller. In pumps using single- 
Hucllun impellers this is not so, and means must be provided for balancing 
the impeller against the axial thrust, which would otherwise cause it to 
be displaced from its intended central position in the casing. The thrust 
arises from two causes. First, the water in flowing through the impeller 
exerts upon it an axial thrust in the direction of inflow, due to the change 
in momentum as the water is turned from an axial to a radial direction. 
Except in the case of pumps of large capacity, this thrust is compara¬ 
tively small. The second cause of thrust is the difference between the 
water pressures on the two outsidcfaces of the mipeller. Unless designed 
to be hydraulically balanced by these pressures, it will be found that the 
pressure on the suction side of the impeller will be much less than on the 
opposite side, and a thrust will be created toward the suction side. Sev¬ 
eral methods for hydraulically balancing these pressures are in common 
use, but a detailed description of them is beyond the scope of this brief 
treatment. Generally, thrust bearings are used in conjunction with these 
methods because the impeller cannot be Balanced hydraulically at all 
rates of discharge. 


211. Input to Pump 

It has been stated that the pump in many respects is similar to a re¬ 
versed turbine, and it will be assumed that the reader is familiar with the 
turbine theory as presented in the previous chapter. For convenience, 
the same system of notation will be employed, and the subscripts 1 and 
2 used in referring to the entrance and exit points of the impeller, re¬ 
spectively. 

In the case of the turbine (see Art. 190) the power input to the shaft 

was found to be x 

Power Input = M{uiSi — U 2 S 2 ), 


and the head given up by the water was accordingly 


I f UlSi — U2S2 

h -- 

By the same process of reasoning there employed, the power input from 
the impeller of the pump may be written 

Power Input = M{u 2 S 2 — 


and the value of the head addefi to the water will be 


g 

These expressions at once follow the fact that the liquid, in passing 
through the impeller, is given a moment of whirl whose value is M (r 2^2 “ 
This represents also the torque exerted upon the liquid by the im¬ 
peller, and the product of this torque times the angular velocity of rota¬ 
tion must give the power supplied to the liquid. 

In both equations, ^ 2^2 will always be greater than u^Si since the 
liquid enters the impeller with little or no moment of whirl. 

Unlike turbines, pumps are usually constructed with no guide vanes 
at entrance to the impeller, and the direction of the liquid^s velocity at 
this point is not definitely known. It is commonly assumed that the ab¬ 
solute velocity of the water at the point 1 is radial in direction and there¬ 
fore has no moment of whirl. If this be so, or so assumed, then the value 
of Si must be zero and the equations reduce to 


and 


Power Input = ^(^ 2 ^ 2 ) 
_ U2S2 

g 


(198) 

(199) 


Except at very low speeds, it is certain that the water approaches the 
impeller entrance with a whirling motion, due to the actiou of the impel¬ 
ler in setting up a drag in the water. In fact, a spiralling flow has been 
found often to exist for some distance back in the suction pipe of the 
pump. For this reason it is incorrect to assume that UiSi is always zero 
in value but, because this initial whirl is produced by the action of the 
impeller, we may say that the impeller does impart to the water aU the 
moment of whirl which it has as it leaves the impeller. Equations (198) 
and (199) therefore correctly express the power and head imparted by 
the impeller. 
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212. Losses 


The losses occurring during^ operation may be grouped as hydraulic 
losses, mechanical losses and leakage loss. 

The hydraulic losses, in their order of occurrence, arise from 

(a) Friction in the intake connection. 

(b) Shock at entrance to and exit from the impeller. 

(c) Friction in the impeller. 

(d) Friction in the casing. 

(e) Friction in the discharge connection. 



For any given blade angle, and speed of rotation, a study of the ve¬ 
locity relations at entrance (Fig. 220) shows there can be but one rate of 
discharge that will insure tangential entry. Usual operating conditions 

call for variations in the rate of discharge, 
and shock loss at entrance is generally 
present. 

We have already seen that the loss at 
exit from the impeller is caused by the 
'more or less sudden change in the water’s 
velocity as it enters the casing. 

The mechanical losses arise from 


Fig. 220 


(a) Disk'friction between the impeller 
and the water which fills the clear¬ 
ance spaces between the impeller 
ajid casing. 

(b) Bearing friction. 


An unsatisfactory aspect of these losses is our inability to express with 
any great degree of accuracy their magnitude under variable, or even 
constant, conditions of operation. Flow conditions are less favorable than 
in the case of the turbine, due mainly to the fact that the flow is radially 
outward from the center, necessitating the use of diverging passages. The 
flow through the turbine is radially inward toward the center, allowing 
the use of converging passages. From our study of the diverging tube and 
the converging nozzle (Chap. VI) we know that the latter is by far the 
more efficient in conserving head and energy. 

It is also to be noted that less guidance is furnished to the flow in the 
pump, not only at entrance to and exit from the impeller, but in the latter 
itself where comparatively few vanes or blades are used. Better guidance 
here would result from an increased number of vanes, but the increased 
friction loss would offset this gain. 
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213. Head Developed by the Pump 

Equations (198) and (199) give the power and head imparted by the 
impeller. The power to drive the pump must be greater by the amount of 
power lost in mechanical friction. The head developed by the pump, 
which must equal the head against which the pump operates, will be less 
than that furnished by the impeller, by the amount of head lost in hy¬ 
draulic friction within the pump. This loss varies considerably, even at 
constant speed, with the rate of discharge, and the head developed is a 



very different thing from the head, h\ given by equation (199). Never¬ 
theless, certain helpful information may be obtained from a study of the 
relation between h' and the rate of discharge. We will assume a constant 
rotative speed. Equation (199) may be written 

h! = = — (^2 + ^^2 cos ^ 2 ), (200) 

g g 

making use of the value of ^2 derived in Art. 192. Since V 2 is the relative 
velocity, it is proportional to the rate of discharge. Three typical cases 
arise, according to whether j52 is equal to, greater, or less than 90°. The 
equation is that of a straight line, and if ^2 is equal to 90°, the value of 
y is constant, regardless of the rate of discharge. If ^2 be greater than 
90°, cosine ^2 is negative and h' decreases with increase in Q, Similarly, 
if ^2 be less than 90°, // increases with (9. The head-discharge relation for 
these three cases is gniphically shown in Fig. 221. 













426 


CENTRIFUGAL PUMPS 


Of greater interest and importance, however, is the relation between 
Q and the head actually developed by the pump. This too will be affected 
by the angle 1 ^ 2 , but because of the hydraulic losses which now have to 
be considered, the graphical plotting of this relation for a given pump 
will resvdt in a curved line whose general shape depends upon the way the 
losses change with the rate of discharge. If ^2 be equal to 90°, the head 
developed may be nearly constant for the smaller rates of discharge, but 
will decrease rapidly as the larger rates are reached (Fig. 222). If ^2 be 



Discharge 
Fig. 222 


less than 90°, the curve may rise slightly at low rates of discharge, but 
will fall rapidly thereafter. For values of ^2 larger than 90°, the head gen¬ 
erally decreases rapidly with increase ih the rate of discharge. The above 
statements are true only in a general way, and exceptions to them are 
to be expected. It is true, however, that increasing the value of ^2 tends 
to produce curves with increasing droop as the rate of discharge increases. 

The head-discharge curve is frequently spoken of as the pump charac¬ 
teristic, and is of value in determining whether or not a certain pump is 
adapted to given conditions of operation. Thus, for instance, a pump with 
a steeply falling characteristic would be desirable in pumping out dry- 
docks where the head constantly increases. With such a pump the rate of 
discharge would decrease as the head increased and there would be no 
danger of overloading the driving motor. Where little variation in total 
head is encountered and the discharge rate fluctuates, a pump having 
a flat characteristic is desirable. The power demand from such a pump 
naturally increases with the discharge. Usually the designer provides 
that, for a pump of this sort, the power required shall be a maxi^ium at 
or near normal capacity. Variation in head or capacity from normal can¬ 
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not then result in overloading the driving motor. Beyond normal capacity 
the decrease in head takes place at a rate faster than does the increase 
in discharge, and the power required falls off. Below normal capacity the 
increase in head takes place at a less rapid rate than does the decrease 
in discharge, and again the power demand falls off. This is a valuable 
feature of the pump having a fairly flat characteristic up to normal 
capacity. 

A pump having a rising characteristic is generally used when the actual 
lift is of small and constant amount, and the friction head large and 
variable with the rate of discharge. This would be the case of a pump re¬ 
quired to supply a long pipe-system where the demand for water varies, 
but a constant pressure is desired. 

214. Efficiencies 

The efficiency of the pump will be the ratio of the waterpower output 
to the power input from the prime mover driving the pump. By water¬ 
power output is meant the power, or energy per second, actually deliv¬ 
ered by the pump and represented by Qwh. The efficiency is therefore 

Qwh 

^ = -- 

Power Input 

In analyzing pump performance, use and mention are often made of the 
hydraulic, the mechanical and volumetric efficiencies. 

The hydraulic efficiency may be defined as the ratio of the power ac¬ 
tually delivered by the pump to the power imparted by the impeller, 
and therefore may be written as 

Qwh _ h 

^ ^ Y 

The volumetric eflQciency is the ratio of the quantity of water dis¬ 
charged per second from the pump to the quantity passing per second 
through the impeller. These differ by the rate Qi at which water from the 
impeller leaks through the clearances between the impeller and casing, 
and finds its way back to the eye of the impeller. This efficiency may be 
written ^ 

'^^<2+ <2/ 

The mechanical efficiency is the ratio of the power actually delivered 
by the impeller to the power supplied to the shaft by the prime mover. 
Accordingly, ^ (Q + Qi)wh' 

Power Input 
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The overall efi&ciency will then have the value 


or 


fh 

C — C}i X C'D X ~~ 7 / 
n 


Q 

<2 + ft 


{Q + Qt)wh' 
Power Input ’ 


Qwh 

Power Input ^ 


as was first obtained. The efficiency that can be attained with a given 
pump depends upon its speed and tate of discharge. If a constant speed 
be maintained, the efficiency wall depend upon the rate of discharge. It 



Fig. 223. Double-Suction Impeller for Single-Stage Pump. 
(Courtesy of AUis-Chalmers Mfg. Co.) 


will increase with the discharge up to a certain point, and thereafter 
gradually decrease. This may be seen from the efficiency curve shown in 
Fig. 231, which graphically depicts the results obtained from a test. The 
discharge and head corresponding to the point of maximiun efficiency 
give the conditions for normal operation of the pump at the tested speed. 

A similar variation in efficiency with discharge will be found at any 
other speed, the maximum occurring for a definite combination of head 
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and discharge. The speed producing the highest maximum efficiency will 
be the rated speed of the pump, and the discharge and head for which 
the efficiency was obtained will determine the pump’s normal rating. 

The maximum efficiency possible at any speed generally increases with 
the speed up to a certain speed, and then diminishes. Pump efficiencies 
vary from about 50 per cent up to about 90 per cent. In general pumps of 
large capacity give the higher efficiencies because of the relatively low 
percentage of power lost in mechanical friction and because of the lower 
hydrauHc losses in the passages of the larger pumps. 



Fig. 224. Open-Type Impeller with Shaft Assembly. 
(Courtesy of De Laval Steam Turbine Company) 


215. Shut-ofF Head or Head of Impending Delivery 

If, during the running of the pump, a valve on the discharge line be 
gradually closed, the discharge and the power output fall to zero. The 
work of the prime mover becomes that required to turn the pump against 

bearing and water friction. The head developed now exists in the form 

2 

of pressure and, by the law governing rotation, should equal-Some 

pumps by actual test are found to develop this head at shut-off, but it 


U2 


U2 


usually ranges from 0.85 — to 1.15 — according to the design of the 

pump. In all pumps a small flow takes place through the impeller at shut¬ 
off, due to the leakage of water through the clearance spaces back to the 
eye of the impeller. This leakage gives rise to a velocity of discharge, V 2 y 
from the impeller, representing a certain amount of kinetic energy. Some 
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of the latter will be converted into pressure head in the casing, tending : 
to augment the developed head. If the water in the casing rotates, as it ; 
may, the head will be furthef increased by its centrifugal action. The j 
flow through the impeller, however, gives rise to a frictional loss within | 
the impeller which tends to reduce the head developed. The net result j 

' o 

'^2 . I 

is that the shut-off head may be greater or less than — according to j 

f 

whether the conversion of velocity head into pressure head exceeds or is j 
less than the head lost in the impeller. It is generally found that if ^2 be J 
equal to 90°, the two are about equal and the developed head is approxi- | 

mately-If 1^2 be less than 90°, V 2 is large and the head may be as ^ 

2^ ' y 

2 » 

much as 1.15 — • For values of ^2 greater than 90°, F 2 is relatively small 

i 

and the effect of friction in the impeller is to reduce the shut-off head to ' 

i 

values as low as 0.85 — • f 

2^ 

The head at shut-off must always exceed the static head to be pumped ^ 
against, otherwise pumping cOuld not begin upon the opening of the dis- j 
charge valve. ' 1 

216. Eflfect of Speed Variation : 

From the triangle of vectors at exit from the impeller, we have the 
relation 

¥ 2 ^ = U 2 ^ + V 2 ^ - 2 U 2 V 2 cos (180° - 132), 
or * 

¥^ -f- -|- 2W2^2 cos j32‘ 


From this we obtain 


U 2 V 2 cos p 2 = 


¥2^ - U2^ - V2^ 


Again, from equation ( 200 ) we have 

H — — {u^ -|- U 2 V 2 cos 162 ) 

in which the above value of U 2 V 2 cos ^2 may be substituted, giving 

,11 

2s 2g^ 2g' 

The head h developed by the pump we have seen to be less than by 
the amount lost in the impeller, and by shock or turbulence at its exit. 


( 201 ) 
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If the first loss be expressed by k 
developed may be expressed as 


V2^ ¥ 2 ^ 

— and the second by k' -, the head 

2 ^ , 2^ ^ 


U2 V2 

h = —- a 

2g 


¥ 2 ^ 

+ b—- 

2g 2g 


The equation contains the three velocity vectors at point 2 , whose values 
bear certain geometric relations, one to another, when the pump is oper¬ 
ating at best speed. 



Fig. 225. 3-Stage, Single-Suction, Direct-Connected Pump. 

(Courtesy of Goulds Pumps, Inc.) 

If the speed be changed, it is a warrantable assumption that the best 
efficiency will result if the vectors be maintained in their previous rela¬ 
tions. This requires that V 2 and V 2 be proportional to U 2 since the vector 
triangles would then remain similar. If the discharge of the pump be 
controlled so as to accomplish this, the above equation shows that the 
head developed will vary as the square of the speed. Since Q is propor¬ 
tional to V 2 , it will vary directly as the speed. It follows that the water 
horsepower will vary as the cube of the speed. Summarized, we have 

h varies as n^, 

Q varies as n, 
whp. varies as n^. 

These relations rest on the assumption that the efficiency is constant 
at all speeds so long as the vector relations at discharge are unimpaired. 
'Pests show a considerable variation in efficiency with speed. 
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In an actual installation, the discharge can be proportional to the speed 
only when the head on the pump is mainly the friction head in the dis¬ 
charge pipe and the lift is small, ^hen the friction head varies with the 
square of the discharge and, since the pump head varies with the square 
of the speed, it follows that the discharge varies with the speed. If the 
lift constitutes the bulk of the head, the head will change but little with 
the speed and the discharge will increase or decrease faster than the speed. 

It is common practice to use the same pump for different heads by 
varying the speed, and the discharge and speed may be approximately 
computed by the above relations. 

Illustrative Example.—A certain Goulds pump by actual test de¬ 
veloped a head of 82 feet when discharging 2000 gpm. at 1750 rpm. The 
efficiency was 87 per cent. If the speed be changed to 1450 rpm., the 
head and discharge by the relations just determined would be as follows: 

" - “ “ “• 

1450 

Q = 2000 X = 1660 gpm. 

An actual test of the pump at this speed showed a discharge of 1680 
gpm. against a 56-foot head, and an efficiency of 87 per cent as before. 

For a speed of 1150 rpm. the rules give a discharge of 1315 gpm. and 
a head of 35.4 feet. The test showed 1280 gpm. at a head of 35 feet. The 
efficiency was 83 per cent. 

The agreement is remarkably close, and the discrepancy at 1150 rpm. 
is due to a change in efficiency. * 

2l7. Effect of Varying the Impeller Diameter 

In the previous article it was shown how different conditions of dis¬ 
charge and head could,be met by changing the speed. Another method is 
to change the diameter of the impeller, using the same pump casing. 
ITcquently the change is effected by turning down the impeller in a lathe 
and, if the reduction in diameter be slight, the efficiency wiU change but 
little. 

Assuming, as in the previous article, that the vector relations at exit 
from the impeller must remain geometrically similar if the best efficiency 
is to be realized, we may reason as follows: 

For a given speed of rotation, the vector U 2 will vary directly as the 
diameter, and the head as the square of the diameter. If the distance 
between shrouds at exit remains unchanged in reducing the diameter, 
the exit area will vary with the diameter. The value of V 2 will be propor¬ 
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tional to U 2 y hence to the diameter, and the discharge will vary with the 
diameter squared. The water horsepower will then vary as the fourth 
power of the diameter. 

Summarizing— 

h varies as 
Q varies as 
whp. varies as 

These relations must be regarded as approximate because of the possible 
change in efficiency. 



Fig. 226. 3-Stage Boiler Feed Pump with Split Case. (Courtesy of Frederick Iron and 

Steel Co.) 


Frequently where the change in diameter is slight, the change in area 
at exit is neglected and Q is assumed to vary as D, and the whp. as 
Illustrative Example.—The pump referred to in the previous article 
delivered 2000 gpm. at 1750 rpm. against a head of 82 feet. The diameter 
of the impeller was 10.5 inches. By substituting an impeller 9 inches in 
diameter, the head and discharge at the same speed should be 

h = S2 X ( —) = 61 ft. 

\10.5/ 




1470 gpm. 


A test of the 9-inch impeller gave 1470 gpm. at a 64-foot head and 1580 
gpm. at a 61-foot head. The agreement of theory and test is not as close 
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as it was when considering the case of a change in speed, and the dis¬ 
crepancy is due mainly to a 5 per cent drop in efficiency. 

218. Pumps of Homologous Design 

If pumps of like design be built, varying only in size, so that they are 
homologous in all respects, their performances are easily related by 
theory. 

The heads, we have seen, will vary as U 2 ^, or as the square of the 
diameters. The rate of discharge will vary as V 2 and as the discharge area 






Fig. 227. Sectional View of Single-Suction, Multi-Stage Pump, - ^ 

(Courtesy of De Laval Steam Turtine Co.) 

of the impeller. If the pumps operate at their best speeds, V 2 wiU vary 
with ^ 2 , or as the diameter. Since the discharge area will vary with the 
square of the diameter, it follows that the rate of discharge must vary 
with the cube of the diameter. The power output would then vary as 
the fifth power of the diameter. Therefore, 

h varies as 
Q varies as 
whp. varies as 

1'hc relationship between h, Q, power output and the rotative speed, f 

we have already shown to be , . « 1 

h varies as w 1 

Q varies as n f 

whp. varies as n^, 

Combining these relations and expressing them equationally, || 

h = kD'^n^ (a) 

Q = \h) |i 

whp. = (r) |l 

i 
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k, ki and ^2 being numerical constants, common to all the pumps so long 
as they operate at their best speed. Equation {a) may be written 


n ^ flu 


D 


( 202 ) 


Substituting this value of n in {h) and {c), we obtain 

Q = QuD^h^ 

and 

whp. = 

If we combine equations (202) and (203), eliminating D, 


J 


which may be written 


ns = 


ty/Q 


(203) 

(204) 



The physical concept of Us may be obtained by noting that it is the speed 
at which one of the series would run if its impeller diameter was such as 


Fig. 228. Rotating Element of a Single-Suction, 5-Stage Pump. 
(Courtesy of Allis-Chalmers Mfg. Co.) 


to discharge 1 cubic foot per second against a 1-foot head. It is directly 
comparable to the specific speed of the turbine and is designated as the 
specific speed of the pump. If we express Q in gpm., 


fU 


«V gpm. 

' 


(205) 


The four equations correspond to those derived for a series of homologous 
turbines, and Qu and Pu are constants for the series of pumps if oper- 
IIled at the speed of maximum efficiency. The equations arc very help- 
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ful in selecting a pump for given conditions of operation. If the speed, 
head and discharge are fixed, the^ specific speed is likewise fixed, and it 
is at once known whether or not a given design of pump is suitable. If it 
is, then from equation (202) the required diameter may be obtained. 

Again, if the best speed and head are known by test for one of a series 
of pumps, equation (202) will determine the best speed and head for a 
joump of the same series but of different diameter. 



Fig. 229. 48-Inch Screw-Type Impeller for Drainage Pump. 

(Courtesy of Worthington Pump and Mach. Corp.) 

The value of ranges from about 500 to 12,000 or more, depending 
u])on the type of impeller. For impellers o? the general design so far dis¬ 
cussed, the range is from 500 to about 5000. Impellers, similar in design 
lo the propeller type of runner used in turbines (see Fig. 230), are fre- 
(|uently enii)]oye(l to give large capacities at high speeds. For such im¬ 
pellers, y/j, may have values ranging from 5000 to 12,000. 

Single mi I-How impellers should not have values of less than about 
05 (), or greater than 5000, if good efficiency is desired. Very low values of 
Wti indicate large impellers of narrow width, which are characterized by 
larg(‘ losses due to disk friction and hydraulic losses within the impeller, 
lmj)ellers liaving values of in excess of 5000 indicate relatively high 
capa('ities, necessitating very wide impellers in which the guidance of 
the water is relatively poor. The best efficiencies are obtained with values 
of between 1200 and 4000. 

The value of for a number of impellers on a single shaft (multi-stage 
])UJnps) is to be computed by using the head and discharge developed by 
a single impeller, dffie specific speed, corresponding to a given set of 
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Fig. 230a. High-Speed Pump with Screw-Type Impeller and Fixed Guide Vanes. Impeller 
shown in Fig, 203b. (Courtesy of De Laval Steam Turbine Co.) 



Fig. 230b. Impeller of Pump Shown in Fig. 230a. 
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operating conditions, therefore enables one to determine the number of 
stages into which it is desirable to divide the total head in order to got 
good efficiency. * 

Example.—Assume that it is desired to pump 2000 gpm. at 1730 
rpm. against a head of 800 feet. 


w, = 


1750V2000 

800t 


520. 


This is too low a value for good efficiency, and we will assume the head 
to be divided into four stages of 200 feet each. Then 


1750x72000 

200t . 


= 1475, 


H 


which is a value compatible with good efficiency. If three stages be used, 
equals 1200, which still is large enough to produce reasonably goiKl 
efficiency. For two stages of 400 feet each, the value of drops to 870, 
which is possible, but the efficiency will be low. The cost of a multi-stage 
piunp increases with the number of stages used, and in selecting a puiDp 
for the above conditions, it is necessary to balance increased cost agalniil 
the higher efficiencies obtained by increasing the number of stages. 


i 


I 


219. Pump Characteristics 


The curve showing the relation between the head developed and ratit 
of discharge, at constant speed, has already been referred to as the pump’ll 
characteristic. Curves showing the variation in efficiency and power with 
head, at a constant speed, are likewise characteristics of the pump, ami 
of equal importance. In general, characteristic curves may be used tO re¬ 
late any two or more of the variables, head, speed, discharge, efficiency 
and power. From such curves the performance of the pump over a wide 
range of operating conditions may be determined. 

Figures 231 to 234 Hlustrate various characteristics drawn from tout 
data of a 6-inch, single-stage Goulds pump having a double-suction Im¬ 
peller 10.5 inches in diameter. (It is customary to designate pump Vtlrm 
in terms of the diameter of the discharge connection, whereas in turblm^M 
the size is usually expressed by the diameter of the runner.) 

Figure 231 shows the performance of the pump at a constant spead irf 
1750 rpm. The usual curves of head-discharge, efficiency and rcquirnd 
power are drawn. From them complete information regarding the pump’l 
performance at this speed may be obtained. This particular pump witpi 
also tested at speeds of 1450 and 1150 rpm., and similar curves could bl' 
drawn for each speed. 
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Figure 232 shows the characteristics of the pump at different speeds, 
the curves being drawn for the conditions of maximum efficiency only. 
Since three speeds only were tested, the curves are approximate at speeds 
much less than 1150 rpm. 



Fig, 231. Characteristic Curves for 6-Inch Single-Stage, Double-Suction Pump. Speed 
1750 rpm. Impeller diameter 10.5 inches. (Data by Courtesy of Goulds Pumps, Inc.) 



Speed in KPM 

Img. 232. Characteristics for a 6-Inch Single-Stage, Double-Suction Pump. Showing con¬ 
ditions for maximum efficiency at different speeds. (Data by Courtesy of Goulds Pumps, Inc.) 

In Fig. 233 are shown the head-discharge relations at the three tested 
speeds, and iso-efficiency curves are drawn covering the normal operating 
1 ‘ange. 

A fourth diagram (Fig. 234) illustrates how the pump’s performance ut 
constant speed may be shown if equipped with impellers of different 
diameter. The speed chosen was 1450 rpm., but similar diagrams could 
be constructed for the other tested speeds. 
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Such characteristics as illustrated can usually be furnished by the 
manufacturers, and give full information regarding performance over a 
wide range of conditions. 



Discharge in GPM 

Fig. 233. Head and Efficiency Curves for Three Different Speeds. Six-Inch Single-Stage, 
Double-Suction Pump. (Data by Courtesy of Goulds Pumps, Inc.) 



Capacity in GPM 

I'1(1. 234. Head and Efficiency Curves for 6-Inch Single-Stage, Double-Suction Pump. 
Speed 1450 rpm, and impellers of different diameter used in same casing. (Courtesy 
of Goulds Pumps, Inc.) 

220. Centrifugal versus Reciprocating Pumps 

The centrifugal pump offers many advantages not found in the recip¬ 
rocating pump, and has grown greatly in popularity during recent years. 
Operating at high rotative speeds, they may be directly connected to 
steam turbines or electric motors which in themselves are most efficient 
at high speeds. They have no reciprocating parts, are comparatively free 
from vibration, and contain no valves requiring constant inspection and 
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maintenance. Unlike the reciprocating piunp with its positive piston dis¬ 
placement, the centrifugal pump suffers no damage if the flow be stopped 
by the sudden plugging of the discharge pipe or by the closing of a valve 
in the line. Its simple and rugged construction keeps maintenance costs 
at a minimum, and its first cost is generally less than for a reciprocating 
pump of the same capacity. It can handle, with fair efficiency, water 
carrying large amounts of suspended solids and gritty material, and is 
much used in dredging operations where mud, sand and even good-sized 
stones form a part of the discharge. An efficiency of 95 per cent, or bet¬ 
ter, has been reached with reciprocating pumps, whereas the maximum 
for centrifugal pumps has been about 90 per cent. At low heads, however, 
and with low capacities, the reciprocating pump has an efficiency gener¬ 
ally less than that of the centrifugal pump. 

221. Installation and Operation 

Where pumps are set above the level of the supply, the pressure will be 
less than atmospheric at the inlet, and may be determined from 

obtained by writing Bernoulli’s theorem between the reservoir and the 
pump inlet. Here z is the height of the inlet above the supply, v is the 
velocity in the inlet, and hf represents the head lost by friction in the 
foot valve, strainer and suction pipe. 

Assuming that — and hf each have values of 1 foot, the pressure at in- 

let would be 14.7 pounds per square inch below atmospheric pressure if 
s were made about 32 feet. No pump could operate under such conditions 
because of the rapid vaporization of the water at this low pressure, and 
the filling of the pump with water vapor. The equation shows that for a 
given rate of flow the pressure at the inlet varies inversely as z. It is 
commonly agreed that z should never exceed 22 feet, and experience has 
shown that for dependable operation it should not exceed 15 feet with 
water temperatures between 50° and 100° F. For higher temperatures, z 
must be decreased with increase in temperature, becoming zero at about 
150° F. With water hotter than 150° F., it is necessary to provide posi¬ 
tive pressure at the pump’s inlet. 

Because of its inability to handle air, a centrifugal pump must be 
primed before operating. This may be done in several ways. If the suc¬ 
tion pipe has its open end below the pump’s level, it may be fitted with 
a foot valve which opens to permit the flow of water up the pipe, but 
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closes as soon as the flow ceases, leaving the pump and pipe filled with 
water. So equipped, the pump is always ready to start. The valve is often 
fitted with a strainer, and the v^ter passages are made large in order to 
minimize entrance loss. 

When a foot valve is not used, the pump may be primed by closing the 
discharge valve and exhausting the air from the pump and suction pipe 
by means of a steam ejector or other form of air pump. Water from the 
supply wiU then rise and prime the pump. The discharge valve should be 
kept closed while starting the pump, and not opened until the speed has 
been brought up to normal. In this way the load is brought upon the 
pump gradually. 

In Uke manner, before stopping the pump, the discharge valve should 
be closed slowly with the pump running at normal speed. 

Centrifugal pumps are comparatively free from troubles. What few 
arise are generally found on the suction side of the pump, and are due 
to leaky joints and stuffing boxes. 


PROBLEMS 

1. A 24-inch impeller rotates at a speed of 2000 rpm. and the relative velocity 
of the water at exit is 25 ft. per sec. The value of 132 is 165°. 

Compute (a) the magnitude and direction of the absolute velocity F 2 . 

(b) the magnitude of its tangential and radial components. 

2. An impeller, 12 inches in diameter, discharges water at the rate of 2244 
gpm. when running at 1200 rpm. The blade angle at exit, ^ 2 , is 150° and the 
exit area, a 2 , is 0.2 sq. ft. Assuming the hycjraulic losses in the impeller and at 

V2^ 

its exit may be expressed by 3— and 0.35— , respectively, and neglecting 

other fosses, compute (a) the value of the head developed by the pump; (b) the 
approximate value of the shut-off head. Ans. (a) 41.3 ft.; (b) 55 ft. 

3. The discharge of a pump is 673 gpm. at 1800 rpm. The impeller has a 

diameter of 7.5 in. and a discharge area, ^ 2 , of 0.0765 sq. ft., the latter being 
computed normal to the direction of the relative velocity at exit. The value of 
^2 is 155°. Assuming radial entry and a leakage loss amounting to 2 per cent of 
the discharge, compute the head imparted by the impeller. Ans. 74.8 ft. 

4. A pump delivers 500 gpm. at 1700 rpm. against a head of 60 ft. and 
requires 15 hp. for its operation. If the speed were reduced to 1420 rpm., what 
would be its probable discharge, developed head and required power? 

Ans. 418 gpm.; 41.8 ft.; 8.75 hp. 

If the impeller, whose diameter is 8 in., be replaced by one of 6-inch diameter, 
and the speed be maintained at 1700 rpm., what would be the resulting capacity, 
head and required power? Ans. 280 gpm.; 33.7 ft,; 4.75 hp. 
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5. From the test curves shown in Fig. 233, compute the probable increase in 
discharge due to an increase in speed from 1450 rpm. to 1750 rpm., the head 
remaining constant at 70 ft. What would be the efficiencies corresponding to 
the two speeds? 

At what speed must the pump run to deliver 1200 gpm. against a head of 50 
ft.? What horsepower will be required? 

6. In Fig. 231 are given the characteristics of a 6-inch pump with a 10.5-inch 
impeller running at 1750 rpm. If a 10-inch pump of strictly homologous design 
be operated at 900 rpm., what should be its capacity and head? 

Ans. 60.5 ft; 4750 gpm. 

7. It is required to pump 1600 gpm. against a head of 200 ft., using a motor 
whose speed is 1150 rpm. Will a 2-stage pump be more efficient than one of 
single-stage? 

8. How many stages would be necessary for a pump to deliver 220 gpm. 
against a head of 400 ft. at 3600 rpm., assuming the impellers to have a value 
for ns of 2000? 

9. A pump is to deliver 1000 gpm. at 1200 rpm. against a head of 900 ft. 
Assuming the minimum possible value of n^ to be 500, how many stages will be 
required? How many would be required if were to be made about 1300, and 
would this be a practical pump? 
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222, The Ffec Cylindrical Vortex. Closed Boundaries 


The effects produced by rotating a mass of liquid about a vertical axis 
were discussed in Chapter III. It waS shown that the surface of the liquid, 
if free, assumes the form of a paraboloid of revolution; that the pressure 
at any point is increased by the rotation, the increase being proportional 
to the square of the distance to the point from the axis of rotation; and 
that surfaces of equal pressure, like that of the liquid, form paraboloids 



pdA 


p}-f-dp )dA 




Fig. 235* 


of revolution. The liquid rotates as a mass, and the velocities of points 
on a radial line vary directly with the radial distances of the points from 
the axis. Such conditions are said to constitute a forced vortex, the con¬ 
ditions being the result of applying energy from an outside source. 

Figure 235 shows a closed, ring-shaped vessel filled with a liquid. It is 
being rotated with an angular velocity, w, about its own axis. If the 
vessel be quickly brought to rest, the contained liquid will continue to 
rotate for a time due to its own energy. The vortex is said now to he free 
and we shall inquire into the velocity and pressure conditions at the 
points (l) and (2). Friction will be neglected. The flow must be free there¬ 
fore from turbulence, and particles at these points follow circular paths. 
For the stream-line passing through (1), 

2 V 

— ^ = a constant (206) 

2g w 
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at aU points in the line. The same is true for the stream-line passing 
through point (2), but due to centrifugal action the pressure at (2) is 
greater than at (1) by dp. Considering an elementary prism of liquid ex¬ 
tending between the two points, the value of dp may be obtained from 

w 

dAdp = dAdr--, 
g r 

^ being the velocity at point (1). From this, 

dp = ~v^—^ (207) 

g r 

If equation (206) be differentiated with respect to r, 


2v dv 1 dp 
2g dr w dr 


dp . 


Substituting for its value from (207), and simplifying, 

(LT 


dv 

dr 



Multiplying by dr and dividing by v, 


dv dr 

h’ = 0. 
V r 


By integration, 
or 

and 


loge V + loge r = 5, a constant, 
\oge{vr) = B, 

= C, a constant. 


The equation shows that along a radial line the product of v and r is 
constant, so that v varies inversely with r. This is just opposite to the 
velocity variations in a forced vortex. The equation also shows that v 
becomes infinite for r equal to zero. Since this is impossible, it follows that 
in a free vortex the liquid cannot extend to the center of rotation. 

As for the pressure variation along a radial line, we have from (207), 


or 


dp = 


w „ dr 
— ^ — 
g r 


wC^ 

dp - -a dr . 


(208) 
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Integrating between finite limits, 

p2 - P\ ±\ ^ ^iW 

2g Vi^ faV 2g \ri“ 


w 




The form of the imaginary free surface that would correspond to this 
radial variation in pressure is shown in Fig. 236 by the curve ab. Any 


^ _ 


■f 


1 - ' - 



1 / 


— — — 

lA. 


1 

■1 




dx 


Datum 


JJlL 


^ Fig. 236 

point, w, on the curve may be referred to the indicated axes by the co¬ 
ordinates X and y. It will be seen that x has the value, r, and dy 
Equation (208) therefore may be written as 


w 


Integrating, 


‘dy = —^ dx, 
gx^ 


y = 


2gx' 


2 > 


(209) 


which is the equation of a hyperbola. The imaginary free surface is there¬ 
fore a hyperboloid of revolution. 

The position of the X-axis in the figure may be determined as follows. 
The point, n, on the imaginary free surface has a linear velocity, v, ontl 


a velocity-head, — ■ 
Since 


vx = vr = C, 


2g 2gx 


,2 > 
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and from equation (209) 



The X-axis therefore lies above the point, n, a distance equal to the ve¬ 
locity head at that point. For a point in the liquid vortex directly be¬ 
neath w, the total head (Fig. 236) is 


V p 

-+^ + z = H, 

2g w 


and the X-axis lies above the chosen datiun a distance H. The curve, ab, 
is asymtotic to the axis of rotation and to the X-axis. 


223. Vortex with a Free Surface 


We shall now imagine an open cylindrical vessel, partly filled with a 
liquid, to be rotated at a speed sufficient to uncover a portion of the floor 
of the vessel (a forced vortex with surface that of a paraboloid of revolu¬ 
tion). If the vessel’s motion be quickly stopped, a free vortex will be mo- 



Fio. 237 



b 


nientarily formed and the surface curve will be changed to that of a 
hyperboloid (Fig. 2Zla). At its center wiU be the necessary cone of free 
air. Obviously such a condition can exist only momentarily, since in a 
real liquid the loss of energy through viscous shear will cause a subsidence 
in the general level. The surface then takes the form shown in Fig. 237J. 
The central air space is replaced by a volume of liquid which rotates as 
& forced vortex and merges gradually with the free vortex surrounding it. 
Such compound vortices are often seen in moving streams when a mass of 
rotating water rises to the surface. 

224. Free Spiral Vortex 

If upon a free cylindrical vortex there be superimposed a motion 
toward, or away from, the center, we have what is known as a free spiral 
vortex. Such a condition may be observed sometimes in a cylindrical or 
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hemispherical vessel from which a liquid is being drawn through an open¬ 
ing at the center of the vesseFs bottom. The liquid assumes a whirKng 
motion, the surface becomes approximately that of a hyperboloid of 
revolution, and a core of air extends downward to the orifice. The path 
followed by any liquid particle is spiral in form, the direction of the whirl 
being usually determined by some initial disturbance in the liquid. 

The spiral vortex with a free surface is of 
little importance in engineering, but a free 
spiral vortex formed within closed bound¬ 
aries is of common occurrence. If the vortex 
takes place between parallel flat surfaces, 
the path of a particle is an equiangular or 
logarithmic spiral. This may be shown as 
follows. 

Figure 238 shows a portion of the path 
followed by a small mass of particles, the 
mass being momentarily at w, and having 
the velocity, v. The center of the vortex is 
at 0 and the vectors, Vs and are the spin 
and radial components, respectively, of v. The angular momentum of the 
small mass is Mvti^ which may be written as 

Mvti = MvsT + Mvr X zero, 

from which 

Mvtx = MVsT. 

» 

Since Mvti is constant, v^r is also constant, showing that Vs is inversely 
proportional to r. The rate of flow may be measured by the product of Vf 
and the area of a cylindrical surface passing through m and having its 
center at 0. Denoting the distance between the parallel surfaces by, 5, 

Q — IttT B Vry 

from which it is seen that VtT is constant and Vr varies also inversely as r. 
With both Va and Vr varying inversely as r, the angle a must be constant 
at all points in the path of the mass. The path is therefore an equiangu¬ 
lar, or logarithmic, spiral. 

A common example of the free spiral vortex is found in the flow through 
the vortex chamber of a centrifugal pump (Fig. 216). In passing through 
the impeller, the water forms a forced vortex combined with an outward 
flow; but in the vortex chamber, where no work is being done on the 
water, a free spiral vortex with outward flow is found. 



o 

Fig. 238 
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Example.—Water leaves a 10-inch impeller with a velocity of 50 feet 
per second and at an angle of 20 degrees with a tangent to the impeller. 
The radial width of the vortex chamber being 6 inches, what velocity 
wiU the water have as it leaves the chamber? What angle will the velocity 
make with a tangent to the periphery of the chamber, and what will be 
the rise in pressure due to the presence of the chamber? 

50 X 5 = ?; X 11 



V = 22.7 ft. per 

sec. 

50^ 


_ 22.f 

H 

64.4 

W 

64.4 ^ 

w 

P2 


= 30.8 ft. 


W 

w 




P 2 — pi = 13 lb. per sq. in., friction neglected. 

It is seen that the vortex chamber produces a substantial rise in the 
water pressure, and this is the function of the chamber as was pointed 
out in Art. 208. 

Throughout the previous discussion of the free vortex, the effect of 
viscous friction was neglected. Measurements made of the velocity varia¬ 
tion in a vortex indicate that frictional effects are most pronounced in 
that portion of the vortex where the velocities have their highest values. 
This is what one would expect. 
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225. Mass and Weight 

Much confusion and misunderstanding often surround the use of the 
various systems of units employed in the measurement of force, mass 
and acceleration. The difficulty is due largely to lack of a clear under¬ 
standing of the terms, mass and weight. If these quantities be defined and 
understood, the establishment of a system of measuring units follows 
easily. 

Mass. Mass may be defined as the amount of matter contained in a 
body. Regardless of how it be measured, it cannot vary with change in 
location on the earth!s surface. 

Standards for measurement of mass have beta set up. At London, care¬ 
fully preserved, is a piece of platinum which has been adopted as the 
standard English unit of mass. Arbitrarily it has received the designation 
of one pound of mass. Used in this sense, tjie word pound has no implica¬ 
tion ol force. It simply denotes a definite amount of matter. Similarly, at 
Sevres, France, is preserved a piece of platinum, a qq q part of which has 
been adopted as the French unit of mass. Arbitrarily, this unit has been 
designated as one gram of mass. Here, too, the word gram has no implica¬ 
tion of force. 

The mass of any body, expressed in either pounds or grams, may be 
determined by direct comparison with these standard masses (or replicas 
of them), using a lever balance. 

Weight.—The correct definition of weight is the amount of pull which 
the earth exerts upon a given body. Since this pull varies with the distance 
of the body from the earth's center, the weight of the body will vary with 
latitude and elevation. Weight is therefore di force, and we shall see later 
that there are four units in use for the measurement of force. For the 
moment, we shall confine ourselves to the discussion of two of these units. 

The earth's pull upon the English unit of mass, at sea level and Lat. 

450 


THE FOUR SYSTEMS OF UNIT MEASURES 451 


45°, has been adopted as one force unit and has received the name of one 
pound of force. It is a perfectly definite amount of force, but unfortunately 
has the same name as the unit of mass. 

Similarly, the earth's pull on the French unit of mass, at sea level and 
Lat. 45°, has been adopted as another force imit and has been given the 
name of one gram of force. It, too, is a perfectly definite amount of force, 
and has the same name as the corresponding unit of mass. 

The earth's puU is proportional to the acceleration it produces in a 
body falling freely in vacuo, hence proportional to g. If go be the accele¬ 
ration produced at sea level and Lat. 45°, and g the acceleration at any 
other locality, the earth's pull, W, upon a body where the acceleration is 

g 

g will be Wo X ~ , if Wo represents the pull on the same body at sea level 
and Lat. 45°. 

True weight may be determined by use of a spring-balance which indi¬ 
cates the varying tension in the spring as the body is moved from place 
to place. Such a balance has its scale divisions marked off to accord with 
puU in standard pounds of force or grams of force as above defined. 

Weight as determined by a lever-balance is not the amount of the earth's 
pull on the body, save at sea level and Lat. 45°; for, in using a balance 
of this sort to weigh a body, we put on the balancing lever a collection of 
masses, called ^‘weights," which are replicas of the standards at London 
or Sevres. Weight, so determined, is the weight as it would be recorded 
at sea level and Lat. 45°. Nevertheless, this is the common method for 
determining weight. 

It might be pointed out that variation in weight with change of locality 
is indeed small. Weight of a body increases approximately one-half of one 
per cent as it is moved from the equator to the poles, and decreases ap¬ 
proximately one-twentieth of one per cent with each mile of increase in 
elevation. Evidently W very closely equals Wo and the slight discrepancy 
may be neglected save in precise physical measurements. 

226. The Four Systems of Unit Measures 

Newton's second law of motion states, in effect, that a force acting 
upon a body will produce an acceleration that is proportional to the 
mass of the body and the acceleration. Algebraically stated, 

Force = K X mass X acceleration, 

in which K is the constant expressing the proportionality. 

To make numerical use of this equation, we must select units for the 
measurement of the three quantities involved, If the units be so chosen 
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that one unit of force will produce one \mit of acceleration in one unit of 
mass, the value of K will be unity and we may write 

F = Ma. 

Two of the umts may be chosen arbitrarily and the third derived by ex¬ 
periment so as to conform with the law which this equation expresses. 

Tk^ English Systems, —Let us choose the paundu as the unit of mass, 
and one foot per second each second as the unit of acceleration. The force- 
unit we shall derive by considering the acceleration produced by the 
earth’s pull (gravity) upon any body falling freely in vacuo at sea level 
and Lat. 45 . This has been found to be 32.174 feet per second each 
second. The mass of the body being one pound^^^f, so that the earth’s pull 
upon it is one pound of force, we shall have one pound of force producing 

32.174 units of acceleration in one pound of mass. By Newton’s law, a 

force equal to of a pound of force would produce in this unit of 

mass one unit of acceleration, hence this fractional part of a pound of 
force is the unit we seek. To it is given the name one poundaf and we 
see that 

32.174 poundals = 1 pound of force. 

It is a definite, constant amount of force. For the mass of one poundji/, 
just considered, falling freely at sea level and Lat. 45°, we may write 

32.174 poundals = 1 pound^i/ X 32.174 ft. per sec.^ 
from which 

1 poundal = 1 pounds 1 ft. per sec.^ 

The units we have chosen constitute 

The English Absolute System 
Unit of force = 1 poundal 

Unit of mass = 1 pound^vf 

Unit of acceleration = 1 ft. per sec.^ 

Note. The weight of a body and its mass, in this system of units, are 
numerically equal at sea level and Lat. 45°. Therefore in using the rela¬ 
tion F — Ma^ the value of M will be the weight, W of the body at sea 
level and Lat. 45°. Previously we have seen that Wo is always weight as 
determined by a /cz?er-balance, regardless of location. 

In establishing the English Absolute System, we arbitrarily selected 
the mass and acceleration units and proceeded to derive the force unit. 
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Let us now select the force and acceleration units and derive a mass unit. 
We shall adopt the pound and one foot per second each second as the force 
and acceleration units, respectively. We know that the earth’s pull (one 
pound of force) upon a mass of one pound will produce an acceleration of 

32.174 feet per second each second at sea level and Lat. 45°. The same 
amount of force applied to a mass 32.174 times larger than the povmd- 
mass would produce an acceleration of one foot per second each second. 
This large mass is the unit of mass we seek and to it is given the name 
of one English slug. We see that 

1 slug = 32.174 pounds of mass. 

For the mass of one pound, just considered, falling freely in vacuo at 
sea level and Lat. 45°, we may write 

1 pound of force = slugs X 32.174 ft. per sec.^, 

from which, 

1 pound of force = 1 slug X 1 ft. per sec.^ 

These units constitute 

The English Gravitational System 
Unit of force = 1 poundj? 

Unit of mass = 1 slug 

Unit of acceleration = 1 ft. per sec.^ 


It is called a gravitational system because the gravitational pull upon 
a standard pound of mass, at sea level and Lat. 45°, is the unit of force. 
Like the poundal, the pound of force is a definite, unvarying amount of 
force. 

Note. In using the equation, F = Ma, the value of M (in slugs) is 
computed from 


Ms 


Wo 

32,174’ 


since Wo numerically equals the mass of the body in pounds^if. 

If the weight of the body be determined by a spring balance, its mass 
in slugs may be computed from 


Ms 


g 


where W is spring-balance weight and g is the acceleration by gravity at 
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the locality where the weighing is done. That this is correct may be seen 
from 

W = Wo x^, 

So 


by which 


W 

g go 


Wo 

32.174 


= Ms 


as stated above. 

The Metric Systems,- —Two systems of metric units may be set up cor** 
responding to the two systems of English units just described. The method 
of procedure will be identical with that followed in establishing the Eng-' 
lish systems. 

To commence with, let us arbitrarily choose, for the unit of accelern* 
tion, one centimeter per second each second \ and for the mass unit, one 
gram of mass which is a thousandth part of the platinum mass preserved 
near Paris. The force unit must now be derived from experiment. 

The earth^s pull, at sea level and Lat. 45°, will produce in a freely fall¬ 
ing body an acceleration of 980.665 centimeters per second each second. 
If the mass of the body be one gram, the earth’s pull upon it at thli 
locality is said to be one gram of force, and we have one gram of force 
producing 980.7 units of acceleration in a one-gram mass. A small forCQ 


equal to 


1 

980.7 


of a gram would produce one*unit of acceleration in thli 


unit of mass, and this small force is the unit we seek. It is designated ai 
one dyne. Evidently, 

980.7 dynes = 1 gram of force. 


We therefore have 

The Metric Absolute System 
Unit of force = 1 dyne 

Unit of mass = 1 gramj»^ 

Unit of acceleration = 1 cm. per sec.^ 


Here, as in the English Absolute System, the mass of a body is numcfU 
cally equal to its weight at sea level and Lat. 45°. 


Let us now select units of force and acceleration and derive a mass unit 
as we did in the English Gravitational System. We shall choose one gram 
of force as our force-unit, and one centimeter per second each second an 
the acceleration-unit. The earth’s pull (one gram of force) upon a mass of 
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one gram, at sea level and Lat. 45°, produces an acceleration of 980.7 
centimeters per second each second. The same amount of force acting 
upon a mass 980.7 times larger than the gram of mass would produce an 
acceleration of one centimeter per second each second. This large mass 
is the tinit of mas^ we seek, since our unit of force produces in it a unit of 
acceleration. To it is given the name of one metric slug. Evidently, 


1 metric slug = 980.7 grams of mass. 


For the one-gram mass, falling freely at sea level and Lat. 45°, we may 
therefore write 

F = Ma 

where 


1 


1 gram of force = slug X 980.7, cm. per sec.^ 
980,7 


from which 


1 gram of force = 1 slug X 1 cm. per sec.^ 


We now have the units of 


The Metric Gravitational System 
Unit of force = 1 gram^ 

Unit of mass = 1 metric slug 

Unit of acceleration = 1 cm. per sec.^ 


The system is called a gravitational system because the gravitational 
pull on one gram of mass, at sea level and Lat. 45°, is the unit of force. 

Wo 

For a given body, its mass in slugs {Ms) is computed from 


980.7 ^ 


since 


Wo numerically equals the mass of the body in grams. 


Summary Tabulation 



English 

Metric 

Units 

Gravitational 

Absolute 

Gravitational 

Absolute 

Force 

Mass 

Acceleration 

1 pounds 

1 slug 

J ft. per aec.^ 

1 poundal 

1 poundjif 

1 ft. per sec.^ 

1 gram/r 

1 metric slug 

1 cm. per sec.^ 

1 dyne 

1 gramjif 

1 cm. per sec.^ 
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ENGLISH AND METRIC SYSTEMS 


Conversion Factors 

1 poundi? = 32.17 poundals =^53.6 grainsj? = 444,822 dynes 
1 poundal = 0.0311 poundsi? = 13,826 dynes = 14.10 grarnsj? 
1 slug = 14.881 metric slugs 
1 foot = 30.48 centimeters 
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NATURAL TRIGONOMETRIC FUNCTIONS 
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Diame- 

TEB IN 

Inches 

Abea 

Diame¬ 
ter IN 
Inches 

Area 

Diame¬ 
ter IN 
Inches 

Area 

Square 

Inches 

Square 

Feet 

Square 

Inches 

Square 

Feet 

Square 

Inches 

Square 

Feet 

1.0 

0.7854 

.005454 

4.0 

12.5664 

.087266 

7.0 

38.4845 

.267254 

.1 

0.9503 

.006599 , 

.1 

13.2025 

.091684 

.1 

39.5919 

.274944 

.2 

1.1310 

.007854 

.2 

13.8544 

,096211 

.2 

40.7150 

.282743 

.20 

1.2272 

.008522 

.25 

14.1863 

.098516 

.26 

41.2825 

.286684 

.3 

1.3273 

.009218 

.3 

14.5220 

.100847 

.3 

41.8539 

.290652 

.4 

1.5394 

.010690 

.4 

15.2053 

.105592 

.4 

43.0084 

.298669 

.5 

1.7671 

.012272 

.6 

15.9043 

.110446 

.6 

44.1786 

.306796 

.6 

2.0106 

.013963 

.6 

16.6190 

.115410 

.6 

45.3646 

.315032 

.7 

2.2698 

.015763 

.7 

17.3494 

.120482 

.7 

46.5663 

.323377 

.76 

2.4053 

.016703 

.76 

17.7205 

.123059 

.76 

47.1730 

.327590 

.8 

2.5417 

.017671 

.8 

18.0956 

.125664 

.8 

47.7836 

.331831 

.9 

2.8353 

.019689 

.9 

18.8574 

.130954 

.9 

49.0167 

,340394 

2.0 

3.1416 

.021816 

6.0 

19.6350 

.136354 

6.0 

50.2655 

.349066 

.1 

3.4636 

.024053 

.1 

20.4282 

.141863 

.1 

51.5300 

.357847 

.2 

3.8013 

.026398 

.2 

21.2372 

.147480 

.2 

52.8102 

.366737 

.26 

3.9761 

.027612 

.26 

21.6475 

.150380 

.26 

53.4562 

.371223 

.3 

4.1548 

.028852 

.3 

22.0618 

.153207 

.3 

54.1061 

.375736 

.4 

4.5239 

.031416 

.4 

22.9022 

.169043 

.4 

55.4177 

.384845 

.6 

4,9087 

.034088 

.6 

23.7583 

.164988 

.6 

56.7450 

.394063 

.6 

5.3093 

.036870 

.6 

24.6301 

.171042 

.6 

58.0880 

.403389 

.7 

5.7256 

.039760 

.7 

25.6167 

.177205 

,7 

59.4468 

.412825 

.76 

5.9396 

.041247 

.76 

25.9672 

.180328 

.76 

60.1320 

.417584 

.8 

6.1575 

.042760 

.8 

26.4208 

.183477 

.8 

60.8212 

.422370 

.9 

6.6052 

.045869 

.9 

27.3397 

.189869 

.9 

62.2114 

.432024 

8.0 

7.0686 

,049087 

6.0 

28.2743 

.196350 

9.0 

63.6173 

.441766 

.1 

7.5477 

.052414 

.1 

29.2247 

.202949 

.1 

65.0388 

.451658 

.2 

8.0425 

.055851 

.2 

30.1907 

.209658 

.2 

66.4701 

.461640 

.26 

8.2958 

.057609 

.26 

30.6796 

.213053 

.28 

67.2000 

.406671 

.3 

8.5530 

.059396 

.3 

31.1725 

.216475 

.3 

67.9291 

.471730 

.4 

9.0792 

.063050 

.4 

32.1699 

.223402 

.4 

69.3078 

.481029 

.6 

9.6211 

.066813 

.6 

33.1831 

.230438 

.6 

70.8822 

.492237 

.6 

10.1788 

,070686 

.6 

34.2119 

.237683 

.6 

72.3823 

.502654 

.7 

10.7521 

.074667 

.7 

35.2565 

.244837 

.7 

73.8981 

.513181 

.75 

11.0447 

.076699 

.76 

35.7847 

.248505 

.76 

74.6610 

.618486 

.8 

11.3411 

.078758 

.8 1 

36.3168 

.252200 

.8 

75.4296 

.623817 

.9 

11.9459 

.082958 

.9 

37.3928 

.259072 

.9 

76.9769 

.634561 


The above table may be used for finding the areas of circles whose diameters are not within 
the limits of the table. Since the areas vary as the squares of their diameters, the given di¬ 
ameter may be divided (or multiplied) by 10, and the area found from the table under the 
resulting diameter corrected by moving the decimal point two places to the right (or left). 
Thus to find the area of a 22-mch circle: 

From table, area of 2.2-inch circle = 3.8013 sq. in. = .026398 sq, ft. 

Therefore area of 22-inch circle ^ = 380.13 sq, in. = 2.64 gq. ft. 

Again, to find the area of a 0.75-inch circle: 

From table, area of 7,5-inch circle = 44.1786 sq. in. = 0.306796 sq. ft. 

Therefore area of 0.75-inch circle = 0.4418 sq. in. = 0.00307 sq. ft. 

It will also be apparent that the fit&i two columns in the table may be used for any unit 
of measure. 











































































Absolute pressure, 23 
Acceleration by gravity, 19 
Adhesion, 6 
Adiabatic constant, 17 
Air, properties of, 16 
viscosity of, 17, 18 
weight of, 16 
Air-flow, in pipes, 254 
through orifices, 124 
through nozzles, 144 
through Venturis, 245 
Archimedes principle, 47 
Atmospheric pressure, 16 

Backwater, 307 
Barometer, water, 25 
mercury, 26 
Bends in pipes, 203 
d 3 aiamic pressure on, 321 
head lost in, 203 
Bernoulli's theorem, 74 
application of, 82 
compressible fluids, 85 
for adiabatic flow, 86 
for isothermal flow, 85 
for rotating casings, 376 
incompressible fluids, 74 
Borda’s mouthpiece, 139 
Boundary layer, in drag phenomena, 
327 

in pipes, 236 
Bourdon gauge, 31 
Branching pipes, 225 
Buoyancy, center of, 47 
Buoyant effort, 47 

Capillarity, in tubes, 7 
Cast-iron pipes: 
deterioration of, 187 
friction factors for, 185, 194 
thickness of, 46 
Cavitation, 378, 379 
Center of buoyancy, 47 ^ 

Outer of pressure, 37 


Centrifugal pumps, 416 
characteristics of, 438 
double suction, 420 
effect of impeller diameter, 432 
effect of speed changes, 430 
efficiencies, 427 
end thrust, 422 
head developed, 425 
head at shut-off, 429 
homologous, 434 
hydraulic efficiency, 427 
installing, 441 

laws and constants, 431-435 
losses, 424 

mechanical efficiency, 427 
multi-stage, 419 
open impellers, 422 
operation of, 441 
power input, 422 
single suction, 418 
specific speed of, 435 
turbine pump, 417 
types of, 417 

volumetric efficiency, 427 
volute pump, 418 
vortex chamber, 419 
Chezy’s formula: 
open channels, 269 
pipes, 221 

Cipolletti’s weir, 170 
Coefficient, of contraction, 105 
of discharge, 105 
of roughness, 270 
of velocity, 105 
of pipes, 236 
Cohesion, 6 
Cole’s pitometer, 241 
Components of pressure, 43 
Compressible fluids, flow of; 
through nozzles, 144 
through orifices, 124 
through pipes, 254 
through Venturis, 245 
Compressibility of water, 4 
Conjugate depths, 295 
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Contraction, sudden, in pipes, 202 
suppression of, 115 
Critical depth, 295 
occurrence of, 298 
Critical velocity, 72 
in open channels, 296, 299 
in pipes, 188 
Current meter; 

measurements by, 308 
Cylinders, stress in, 45 

Dams, as weirs, 173 

design of spillways for, 174 
Density, 3 

Depth of flotation, 48 
Differential gauge: 
mercurial, 31 
oil, 33 

Diffusers, 148, 150 
Discontinuity, surface of, 328 
Divergent tubes, 148 
Divergent flow, 150 
Divided flow in pipes, 225-233 
Draft tubes, 335, 368, 377 
Drag, on spheres, 326 
on flat plates, 328 
Dynamic force of streams, 318 
Dynamic similarity, see Similarity. 

Energy, and head, 77 
gradient, 212, 289, 291 
specific, 289, 295-298 
Enlargements in pipes, 199 
Entrance loss: 
pipes, 137- 
re-entrant tube, 140 
short tube, 138 

Float gauge, 312, 313 
Flotation, 48 
Flow, laminar, 71 
turbulent, 71 
Fluids, definition of, 2 
properties of, 2 
Francis weir experiments, 157 
Freeman’s nozzle experiments, 143 
graphical method for pipes, 233 
Friction factor: 

in terms of Reynolds number, 193 
values of, 184-187, 194 


Friction loss, in pipes, 181 
in orifices, 106 
* in nozzles, 106 
in short tubes, 137 
its nature, 81 
Froude number, 96 
in experimentation, 173 

Gases, equation of state for, 16, 17 
Gas-flow through 
nozzles, 144 
orifices, 124 
pipes, 254 
Venturis, 245 
Gate-valve, 207 
Gauge, Bourdon, 31 
differential, 31 
hook, 164 

Gauging rivers, 308-314 
Globe-valve, 207 
Gradient, pressure, 210 
energy, 212, 289, 291 
^ Gravity, acceleration by, 19 
A.P.I. and Baum6, 14 
specific, for mercury, 30 

Hazen and Williams formula, 224, 226 
Head, and energy, 77 
elevation, 75 
pressure, 24 
total, 76 
veloci^, 75 
Hook gauge, 164 
Hose, friction loss in, 186 
Hydraulic jump, 300 
Hydraulic radius, 221, 268 

Immersed bodies: 
buoyancy of, 47 
drag on, 324 
flow around, 324-329 
Impulse wheel, 341 
Inertia force, 92-98 
Isothermal, process, 17 
flow in pipes, 254 

Jets, energy of, 142 
force of, 318 

Joukovsky, water hammer experiments, 
253 

Jump, hydraulic, 300 
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Kinematic viscosity, 10 
of air, 18 
of oils, 13 
of water, 10-12 
Kutler’s formula, 269 

Laminar flow, 71 
in boundary layers, 236 
in open channels, 287 
in pipes, 190 
Loss of head: 
at discharge, 198 
at entrance, 137, 140, 197 
at valves, 207 
by bends, 203 

by gradual enlargement, 201 
by pipe friction, 181-187 
by sudden enlargement, 199 
in nozzles, 106 
in orifices, 106 
in short tubes, 137 
in Venturis, 246 

Manning’s formula, 274 
Mercury, barometer, 26 
differential gauge, 32 
specific gravity of, 30 
Metacenter, 51 
Meter, current, 308 
Venturi, 243 
Modulus of elasticity, 6 
Momentum, principle of, 88 

Non-uniform flow, 290, 306 
Nozzles, flow in, 136 
head lost in, 106 
meter-, 144 
needle-, 343 
on pipes, 235 

Oil, gravity of, 14 
expansion of, 15 
viscosity of, 14 
Open channels, 267 
advantageous sections, 277 
backwater in, 307 
Bazin’s coefficient for, 271, 273 
Chezy’s formula for, 267 
conditions at entrance, 287 
conjugate depths, 295 
critical depth, 295 


Open channels (ConL) 
critical velocity, 296, 299 
energy gradient, 289, 291 
flow-measurements, 308 
Horton’s values of », 270 
irregular sections, 282 
jump in, 300 

Kutter’s coefficient for, 269, 272 
laminar flow in, 287 
Manning’s coefficient for, 274 
minimum energy in, 295 
non-uniform flow in, 290, 306 
specific energy, 289, 295-298 
transitions in, 304 
uniform flow, 267, 283 
varied flow, 290 

variation in pressure with depth, 288 
velocity distribution in, 287 

Orifices, flow through, 103 
circular, 103-111 
coefficients, 105-112 
effect of velocity of approach, 118 
falling head, 126 
flow of air through, 124 
head lost in, 106 
in pipe lines, 119 
reaction of jet from, 323 
rectangular, 112 
square, 112 
standard, 103 
submerged, 116 
suppressed contraction, 115 
under low heads, 113 

Piezometers, 29 et seq. 
connection of, 35 

Pipes, bends in, 203 
branching, 225 
coefficient of, 236 
compressible fluids in, 254 
critical velocity, 188 
deterioration of cast-iron, 187 
divided flow, 225 
economic diameter, 220 
energy gradient, 212 
flow diagram for, 219 
flow through, 180 
friction factors, 184-187, 194 
hydraulic radius, 221 
laminar flow in, 190 
lost head in, at entrance; 137, 197 
at exit, 198 
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Pipes, lost head in {Cont,) 
by bends, 203 

by change in diameter, 199-203 

by elbows, 206 

by pipe friction, 181-187 

by valves, 207 

nature of, 180 

measurement of flow in, 237 
by pitot tubes, 237 
by salt-velocity, 247 
by Venturi meters, 243 
pressure-gradient for, 210 
pumping through, 214 
required size of, 216, 219 
Reynolds number and /, 193 
rough, 195 

Schoder’s formulas for, 225 
siphons, 213 
stress in walls of, 45 
summits in, 212 
turbulent flow in, 71-73 
velocity distribution in, 236 
water-hammer in, 248 
Williams and Hazen formulas for, 
224, 226 

with nozzles, 235 
Pitometer, Coleys, 241 
Pitot tubes, 237 
Press, hydraulic, 12 
Pressure, atmospheric, 25 
center of, 37 
components of, 43 
gauges, 29-35 
gradient, 210 
intensity, 21 
of water vapor, 25 
on surfaces, 35 
transmission of, 18 
Pumping: 
suction lift, 441 
through pipes, 214 
work done in, 215 
Pumps, see Centrifugal. 

Radius, hydraulic, 221, 268 
Rapid flow, 295 
Reaction of jets, 323 
Resistance of immersed bodies, 324 
Reynolds experiments, 188 
Reynolds number, 92 
in pipe flow, 193 
in experimentation, 92, 98 


Rivers, flow in, 306 
4 measurement of, 308 
Rotating liquids, 62 
free surface of, 62 
pressure in, 63, 65, 67, 447 
Roughness, in pipes, 187, 195 
in open channels, 270, 273 
relative, of pipes, 196 

Salt-dilution measurements, 313 
Salt-velocity measurements, 247 
Salt water, weight of, 4 
Separation, in divergent tubes, 151 
in drag phenomena, 328 
in^pipe bends, 203 
Ships, stability of, 51 
Short tubes, 136 
Similarity, conditions for, 91 
limitations of, 98 
principle of, 91 
Siphons, 213 
Sluice-gates, 131 
. Specific energy, 289 
Specific weight, 3 
Spill-way design, 174 
Stagnation point, 327 
Surface tension, 6 

Tables: 

Areas of circles, 461 
Bazin's coefficient, m, 273 
broad-srested weir coefficients, 173 
capillary rise in tubes, 8 
coefficients, of contraction-loss, 203 
of diverging tubes, 149 
of expansion of oils, 15 
of standard orifices, 110-112 
of valve-loss, 207 

friction factors for pipes, 184-187, 194 
Horton’s values of w, 270 
Kutter’s coefficient, 269 
Manning’s coefficient, 274 
metric and English units, 450 
specific gravity, of mercury, 30 
trigonometric functions, 457 
vapor pressures, 25 
viscosity, of air, 18 
of oils, 13 
of water, 10-12 
Temperature, absolute, 16 
effect on viscosity, 10 
Tranquil flow, 295 
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Transitions, in pipes, 199-203 
in open channels, 304 
Translation of liquid bodies, 59 
Transmission of pressure, 18 
Tubes, capillary rise in, 7 
diverging, 148 
flow through, 136 
standard short, 136 
Turbine pumps, 417 
Turbines, propeller type, 391 
Kaplan, 396 

Turbines, reaction type, 365 
best speed for, 384 
cavitation in, 378 
characteristics of, 403 
classification of, 306 
conditions for best efficiency, 380 
conditions of operation, 402 
description of, 366 
discharge rate, 387 
draft tubes of, 368, 377 
effect of speed and capacity on design, 
384 

efficiency, 389 
full gate, 403 
full load, 403 

fundamental conceptions, 370 
head on turbine, 373 
head utilized, 373 
hydraulic efficiency, 373 
laws and constants, 398 
measurement of diameter, 400 
measurement of head, 373 
mechanical efficiency, 373 
notable installations, 410 
perpendicular off-flow, 382, 384 
power input, 372 
power output, 373 
relative speed, 384 
selection of, 407 
specific speed, 400 
speed regulation, 367 
tangential entry, 381-384 
torque on shaft, 374 
unit discharge, 399 
unit power, 399 
unit speed, 399 

Turbines, tangential type, 338, 341 
action of jet, 350 
best speed for, 353 
bucket losses, 352 
bucket proportions, 341 


Turbines {Cont) 
coefficient of relative speed, 346 
efficiency of, 354 
full load, 356 

general description of, 341 
general proportions of, 342 
head on, 349 
hydraulic efficiency, 355 
laws and constants, 356 
mechanical efficiency, 355 
notable installations, 347 
power input, 352 
power output, 353 
relative speed, 346 
specific speed, 358 
speed regulation, 344 
unit discharge, 357 
unit power, 357 
unit speed, 356 
Turbulent flow, 71 

Units of measure, 450 

Vapor pressure, 25 
Varied flow, 290 
Velocity, coefficient of, 105 
critical, 72 

-head, computation of, 79 
Velocity distribution: 
in free jets, 145 
in pipes, 236 
in open channels, 287 
effect of, on velocity head, 79 
effect of, on pipe coefficient, 236 
Venturi meters, 243 
Viscosimeters, 13 
Viscosity, absolute, 8 
of water, 10-12 
of oils, 13 
of air, 17 

Viscosity, kinematic, 10 
of water, 10-12 
of oils, 13-14 
of air, 18 

Vortex, forced, 62-68 
free, 444 
free spiral, 447 

Wake formation, 327 
Water, barometer, 25 
compressibility of, 4 
-hammer, 248 
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Water {Cont.) 
modulus of elasticity, 6 
specific weight of, 3 
vapor pressure of, 25 
viscosity of, 10-12 
Weight, specific, 2 
of water, 3 
Weirs, 154 
broad-crested, 171 
Cipoletti^s, 170 

contracted rectangular, 154, 158, 166 
errors in head measurement, 176 


Weirs (Cont,) 
formulas for suppressed: 

* Bazinas, 162 
Francis’, 157 
Rehboch’s, 162 
Stearns’, 159 
Swiss Society, 162 
measurement of head, 164 
trapezoidal, 170 
triangular, 167 

Williams and Hazen formula, 224 
diagram for, 226 







